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ON THE AVERAGE DISTANCE PROPERTY IN FINITE
DIMENSIONAL REAL BANACH SPACES

REINHARD WOLF

The average distance Theorem of Gross implies that for each N-dimensional real
Banach space E (N > 2) there is a unique positive real number #(E) with the
following property: for each positive integer n and for all (not necessarily distinct)
%1, T2, ..., T in E with [|z1]| = ||22l| = ... = ||@a]| = 1, there exists an = in E
with ||z|| = 1 such that

=Y lls = all = #(E).

i=1

In this paper we prove that if E has a 1-unconditional basis then r(E) £ 2—(1/N)
and equality holds if and only if E is isometrically isomorphic to R™ equipped with
the usual 1-norm.

1. INTRODUCTION

In 1964 Gross published the following surprising result:

THEOREM. Let (X, d) be a compact connected metric space. Then there is a
unique positive real number »(X, d) with the following property: for each positive
integer n and for all (not necessarily distinct) z,, €2, ..., 2, in X, there exists an z
in X such that

1 n
~ Y d(zi, ) = (X, d).
i=1

For a proof of this Theorem see [2]. A survey of contributions to this topic is given
in [1].

REMARK 1.

(a) In the situation of Gross’s Theorem we say that (X, d) has the average
distance property with rendezvous number »(X, d).

(b) Graham Elton first generalised Gross’s Theorem in the following sense
(for a proof see [1]):
Let (X, d) be a compact connected metric space and M*(X) be the set of
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all regular Borel probability measures on X, then r(X, d) is the unique
positive real number with the following property: for each p € M*(X)
there exists an z in X such that

[ dte, ) =r(x, .
X

Moreover there are p, v in M*(X) with

/d(z, y)dv(y) < (X, d)</ d(z, y) du(y),
X X

forall z in X.
() (D(X))/2 € r(X,d) < D(X), with D(X) the diameter of X. For a
proof see Theorem 2 in [2].

2. BASIC DEFINITIONS AND NOTATION

For a real Banach space E let S ={z € E | ||z|| = 1} denote the unit sphere of
E.Forne N, 1< p< oo let £°(n) denote R™ with the usual p-norm.

Recall that an n-dimensional real Banach space E has a l-unconditional basis
@1, ...y8n in E if

n
E aia;
=1

This is equivalent to

, forall &y,...,a,inR.

n
D laile:
=1

<

)

n n
E a;a; E Bia;
=1 =1

for all aj, f1,..., Qn, PBn in R with ja;| < |B;] forall 1 =1,2,...,n.

It is easy to see aj,...,a, is a l-unconditional basis of E if and only if
(a1)/(llarll)s ---» (an)/(ll@a]|) is a 1-unconditional basis of E.

Simple arguments show that if a;,..., a, is a 1-unconditional basis of E, then
its dual basis f,..., fn € E' (f,-(a.,-) = 5;) is a l-unconditional basis of E', the dual
space of E and moreover both of them are Auerbach bases:

Z aiad; Z ﬂi.fi
i=1

=1

n

<Y lal, max|Bil <

i=1

n

< Iﬂll ’

i=1

max o;| <
L 3

for all a3, B1,..., &n, Pn in R.
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For z = Y aia; in E and f = Y B;ifi in E' we simply write z = (a1, ..., as)

i=1 i=1
and f =By, ..., Bl
In [4] it is said that a real Banach space E of arbitrary dimension has the average
distance property with rendezvous number r(E) if Gross’s Theorem holds for the unit
sphere S of E equipped with the norm induced metric:
There is a unique positive real number (called »(E)) such that: for each n in N and
for all (not necessarily distinct) 2,1, za, ..., #n in S there exists an ¢ in S such that

LY i — ol = r()

REMARK 2. Each n-dimensional real Banach space (n 2> 2) has the average distance
property, since in this case S is compact and connected. For example in [3] Morris and
Nickolas proved that

r(£(n)) = w forall =n>2.

VCOK

In [4] it is shown that
r(€(n)) =2 - i—, r(£=(n)) = g, for all n > 2.

Looking at infinite dimensional real Banach spaces we have for example:
The Hilbert space £2 of absolutely square summable real sequences has the average

distance property with rendezvous number V2 (= nlingo r(lz(n))) , and £ the space of

all absolutely summable real sequences fails to have the desired property. (For a more
detailed discussion see [4]).

3. THE RESULTS

In [4] it is proved that »(E) < 3/2 for all 2-dimensional real Banach spaces E,
and r(E) = 3/2 if and only if E is isometrically isomorphic to £1(2).

Further it is conjectured that r(E) € 2 — 1/n holds for all n-dimensional real
Banach spaces F with n > 2.

In this paper we give a proof of #(E) < 2 — 1/n in the case when E has a 1-
unconditional basis. The proof is based on the following

THEOREM 1. Let E be a real n-dimensional Banach space (n > 2) with a 1-
unconditional basis ai, ..., a, (|lai1]| = ... = ||las]]| = 1). Then we have

n-—1

1 n
3n 2 lle—aill +llz +aill <1+

i=1

li=Il,

n
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for all z in E with ||z|| < 1.
From this we obtain
THEOREM 2. Let E be a real n-dimensional Banach space (n > 2) with a 1-

unconditional basis ay, ..., an(||a:1]| = ... = ||an]| = 1). Then we have

1
E)L2-—;
"(B)<2- 1

moreover r(E) =2 — 1/n if and only if E is isometrically isomorphic to £(n).

REMARK 3. (a) The inequality established in Theorem 1 is sharp in the following sense:
For each E there is at least one z (for example z = 0), such that equality holds. It is
easy to check that for E = £!(n) equality holds for all z with ||z|| < 1.

Furthermore in general the assumption a,, ..., @, is a 1-unconditional basis of E
cannot be replaced by a weaker condition, for example a,, ..., a, being an Auerbach
basis of E:

Let E =¢€*(3),a; =(-1,1,1), a2 =(1,-1,1), as = (1, 1, -1).

It is easy to see that a;, a2, as forms an Auerbach basis of £°(3) and

3
1 2
G E ||:c—a,,-||+||:c+a.,~||=2>1+§.1for::=(1, 1, 1).

i=1

(b) Since the proof of Theorem 2 is based on the proof of Theorem 1, the condition
that E has a 1-unconditional basis is rather more technical than essential for obtaining
the upper bound »(E) £ 2 — 1/n. So the question remains:

Is it true that

(B)<2- 1,

for all n-dimensional real Banach spaces E (n > 2)?

4. THE PROOFS

The following Lemma collects some simple consequences of E having a 1-unconditional
basis:

LEMMA 1. Let E be an n-dimensional real Banach space with a 1-unconditional
basis a1, ..., an (Jlai]] = ... =||ex|| =1). Then we have

(1) If thereis an ¢ = (A1,...,An) in E such that X\; # 0 for all i =
1,2, ...,n and ||z|| = |M]| +... +[Ia], then we have

(s ccs an)ll = |ar| + ... + |aa],
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forall a;,...,a, in R.
(2) Ir|a,1,...,1)| =1, we have

(@, -, an)l = maxjau,

for all a3,..., a, in R.
(3) Letn =3 and (1, 1,0)] = I(0, 1, 1)]| =1 and (1, 1, 1)|| = 2. Then

we have
ll(e1, @z, as)|| = max(las| + |as|, |az]),

for all a;, a3, ag in R.
(4) Let 2 =(e1,...,a,) in E such that 0 < a; < 1/2 for some 1 < i < n.
Then we have

Iz —aill <1+ |[|2[| — 2.

PROOF: (1) By assumption and the Hahn-Banach Theorem we get ||[1, 1, ..., 1]|| =
1 (1,1,...,1]€ E'). Therefore we have |ai| + ... + |aa| < |[(a1,..., an)|| <
]+ ...+ |an], for all a;, ..., a, in R.

(2) m?x|a;| < [agy ...y an)ll < m?.x|a,-|| (1, 1,...,1)| = m?.x|a,'|, for all
a1y ..., 0 in R.

(3) From ||(1, 1, 0)|| = ||(0, 1, 1)]| =1 it follows that 81 + 82 <1 and B2 +Bs <1
for all By, B2, Bs] € E' with ||[B1, B2, Bs]|| = 1. By the Hahn-Banach Theorem there
isa f € E', |fll =1 such that f((1,1, 1)) = 2. Therefore we have f = [1, 0, 1}]. So
(@1, 0, as)|| = |a1| + |as| for all a;, as in R. From this and part (2) it remains to
show that - ’

(a1, a2z, as)|| = max(a; + as, az) for all a;, a2, as > 0.

If a; + as > a2 we get ||(a1, @z, as)|| < [[(@1, @1, 0)|| + {|(0, as, as)|| = a1 +as
by part (2).

I o1+as < az weget (a1, az, as)|| < ez ||((a1)/(a1 + as), (a1)/(e1 + as), 0)||+
a2 [|(0, (as)/(a1 + as), (as)/(a1 + as))|| = a2 by part (2).

On the other hand ||(ai, a2, as)|| > [l(@1,0, as)]| = a1 + as and of course
(@1, @z, as)|| 2 a.

(4) llz —aill = li(ea, ...y 1= @y oony @n)ll < (1—2a3) flaifl + [l2f] = 1+ l=]l -
2a;.

PROOF OF THEOREM 1: Let f(z) = (1/(2n)) }_ ||z — ai|| + ||z + a;f| for all z in
=1
E. 1t is easy to see that f((au, ..., an)) = f((lai], ..., |an])) forall a;, ..., @, in R.
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Since ||z — a;l|, [*x + ai]| <1+ 2| forall z in E and all § =1, 2, ..., n, it remains
to show that S((ai,...,as)) < n+ (n—2)|z| for z = (ay, ..., a,,) in E with
llzll €1 and @i, ..., @y > 0, where S((ay, ..., a,)) is defined as S((ai, ..., an)) =
1l —ay, az, ..., ax)|| +... + (1, @2, ..., 1 — an)].

Nowlet z =(a1,...,a,) in E, ||z[| €1 and ey, ..., an > 0. Note that ||z}} <1
implies aj, ..., an < 1.

Let T=a1+...+ay and s = S((a1, ..., as)). We consider five cases:

(1) 7= |i=|
By the triangle inequality we get s <n(1+4+7)—-2r=n+(n—2)|[z|.
2) 7> |=|

(a) There are at least three coordinates of z greater or equal to 1/2. Without loss
of generality let a;, az, a5 > 1/2.

Then we have ||z —ai]] < |jz|| since 1 —a; < a; for i = 1,2,3. So we get
s <3zl + (n-3)A +|lz]) < n—1+(n—2)}jz]), since |jz]] < 1. Therefore s <
n+(n —2) |z}

(b) Without loss of generality let a1, a2 21/2 and a3, ..., a, < 1/2.

Since (1—-aj, @z, ...,a,) = 2 (205 ~ (a5)/(@1))ai + (1/(a1) — 1)z we get

=2

1L — a1, a2y -y @)l < 33 @2 ~ 1/(e)) + (1/(02) — 1) Jal] and therefore

=2

T —
0= @ @ ey @)l < 20— an) = T2 (1) .

The same argument leads to

a1, 1 —az, ..., an)l] € 2(7 - az) — - + (—— - 1) =l -

Hence we get

s$4‘r-—2(a1+a2)——

T—Qq1 T—0O 1 1
_ - — %0
Y e e TR MR IR

ot =3
by Lemma 1 part (4). Therefore
1 1
s<2m+(n—- el +n~(r - el —~+ —
1 02
S2Zr+(n—4)llzll +n-(r - |zl)2=n+(n-2)]z||.

(c) Without loss of generality let a; > 1/2 and a3, ..., an < 1/2.
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The proof of case (2)(b) shows that

T—a 1
”(l—alia27 "')aﬂ)" S2("-'_a1)_ - + ( —1) ”z”'
a3 [2 3]

So by Lemma 1 part (4) we get

T—m 1 ”
s<2t— ) — + 1 —-=-1)|=|| + 1+ |z]| — 2a4
(e =T (1) el + Y1+ el
: 1
=t (0= 2)llell = (r = el 3= <n + (n = 2) el

(d) a, ..., an <1/2.
By Lemma 1 part (4) we get

s<(1+|zl)n—-27 <n+(n-2)|=|l.

0

Now let z = (a1, ..., ap) in S. We say that z is of Type Iif |a;|+...+|an| =1.
If there are 1, iz in {1, 2, ..., n}, such that ; # i3, |ai,| = |ai;| =1 and a@; = 0 for
all in {1,2,...,n}\ {i1, 12}, we say that z is of Type II.

Furthermore z = (a1, ..., a@,) is a typical element of Type Iif a1, ..., ar >0,
apt1 =...=ap=0forsome 1<k<nand a;j+...+a,=1.

A typical element of Type Il is the vector (1, 1, 0, ..., 0). We formulate the second
part of the following Lemma for typical elements of Type I and Type II. By renumbering
the indices and changing the signs of the coordinates you get the analogous results for
arbitrary elements of Type I and Type IIL.

LEMMA 2. Let f be defined as in the proof of Theorem 1 and let A = {z € S |
f(z) =2 —1/n}. Then we have

(1) =z in A implies z is of Type I or Type IL
(2) = in A is of Type I implies

k
”(ﬂl, s By 0, ., 0)" = 2: |ﬁt|
=1
and

k
"(ﬂl’ "'1ﬂk7 0, ..-,O,ﬂj, 0,.., 0)" =Zlﬂi|+|ﬂil
=1
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for all Bi,...,P,B; in R and all k+1 £ j < n, for
z=(ai, ..., ar, 0, ..., 0) a typical element of Type L
(3) =z in A and z is of Type Il implies
(81, B2, 0, ..., 0)|| = max(|B:], |B2)
for all #,, B2 in R and

1(1,1,1,0,...,0) =...= (1, 1,0, ..., 0, 1) = 2,
for ¢ =(1,1,0,...,0) a typical element of Type II.
PROOF: Let z = (a3, ..., @,) in A. Since f((ai,...,az)) = f((Jea], ---, lanl))
for all 3, ..., a, in R we can assume without loss of generality that o, ..., a, 2 0.

(1) Note that Theorem 1 implies f(y) <2—1/n forall y in §. A detailed look at
the proof shows that equality on S is attained only in case (1) and case (2)(b). Case (1)
leads to the fact that z is of Type I. The estimates in case (2)(b) lead to a; = az = 1.
It remains to show that ag = ... = =0.

The proof of Theorem 1 and z in A imply 2 ||£ - ai]] =2n —2. Since ||z — a4,

Iz —az2ll <1 weget |[z—ay]| =|jlz—axf] =1 a.nd |z — ai]] =2 for all i =3,.
Lemma 1 part (4) implies ||z —ai|| < 2-2a; forall i = 3,...,n. Therefore as =
o=an=0.

(2) The proof of Theorem 1 and z in A again imply Y ||z - a;|]| = 2n — 2 and
i=1

|+ ai|l =2 for all s =1,2,...,n. The assumptions on z and Lemma 1 part (1)
verify the assertions.

(3) Since z=(1,1,0,...,0)in S and ||z +ai||=2fori=1,2,...,3 (zin 4
and the proof of Theorem 1 once again) we are done by Lemma 1 part (2). 0

PROOF OF THEOREM 2: Let f be defined as in the proof of Theorem 1. By
Gross’s Theorem there is an z in S such that f(z) = r(E). By Theorem 1 we have
f(z) < 2—1/n and therefore r(E) < 2 - 1/n. It is easy to check that for E = £}(n)
we have f(z) =1+ ((n—1)/n)||z| for all z in £(n) with ||z|| < 1. Hence we get
f(z)=2—-1/nforall z in S and by Gross’s Theorem r(¢!(n)) =2 —1/n.

Now let E be an arbitrary n-dimensional real Banach space with a 1-unconditional
basis a1, ..., @y in § and *(E) =2 —1/n. It remains to show that E is isometrically
isomorphic to £(n). In [4] it is shown that r(E) = 3/2 implies that E is isometrically
isomorphic to £!(2) for all 2-dimensional real Banach spaces E. So we can assume that
n 2> 3.

By Remark 1 part (b) there is a regular Borel probability measure x on § such
that

/||:—y||dp(y)22-—1llfora.llzin S.
S
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By definition of f we get

[ fwauts) >2- .

Asin Lemma 2 let A = {y € S| f(y) = 2 — 1/n}. By Theorem 1 we have
fly) <2—-1/n for all y in S, and therefore we get u(4) = 1. Lemma 2 part (1)
quaranteed that A = BU C where B consists of Type I elements of A and C consists
of Type II elements of A. Of course we have BNC = .

Case 1. pu(C) =0.
Take some ¢ > 0 such that ||(¢,...,€)]| =1 and let z = (g, ..., €). Furthermore
let
llz -yl + 1z + vl
2
If ¢ >21/2 it follows that ||z —a;f| < ||z]| =1 forall i=1,2,...,n. So we have
9(a;), g(—a;) < 3/2 forall :=1,2,...,n. Since g is a convex function and Type I

9(y) = for all y in S.

elements are included in the convex hull of a1, —ay, - .., an, —a, we have g(b) < 3/2
for all b in B. Since

[ swants) > 2-
B

we get a contradiction to n 2 3. So it follows that

<1
e<y
By Lemma 1 part (4) we have ||z — a;]| < 2—2¢ forall : =1, 2, ..., n and therefore
g(b) <2—¢eforall bin B. Hence € < 1/n. Since 1 = ||z|| < ne, we get € =1/n. Now
Lemma 1 part (1) quarantees that E is isometrically isomorphic to £!(n).

Case 2. p(C) > 0.

Assume that there are two elements ¢; = (a1, ..., a@,) and ¢z = (B1, ..., Bn) in
C, such that there are 11, i3, i3 in {1, 2, ..., n} with |a;, | = |8 | =1, |ai,| = |Bis] =
1, |aiy| = |Biy| =0 and |ai| = |B;| =0 for all i in {1, 2, ..., n}\ {41, 12, t3}. Without
loss of generality let ¢; = (1,1,0,...,0) and ¢ =(0,1,1,0, ..., 0). Lemma 2 part
(3) and Lemma 1 part (3) imply that

(a1, a2, a3, 0, ..., 0)|| = max(|as| + |as|, |az|)

for all a;, az, ag in R. _
Now define d; = (1/2,0,1/2,0,...,0), d2 = a2, ds = (-1/2,0,1/2,0, ...,0)
and d; = a; fora.lli=4,...,n.
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Furthermore let
1 n
h(y) = — —d; . s
(v) 2n§”y di| + ||y + di|| forall yin S

Note that h((e1, ..., an)) = h((|lai], ..., |ag])) for all a,,..., a, in R.

Easy calculations show that h(a:), k(a2), h(as) < 2—2/n and h(a;) < 2-1/n
for all i = 4,5,...,n. Therefore we get h(b) < 2 —1/n for all b in B. Moreover
it follows immediately that h(ci), h(c2) < 2 — 3/2n. It is easy to check that h(c) <
2—1/n for all ¢ in C. (Note that C is finite and (1,0, 1,0, ..., 0) is not in C since
II(1,0,1,0,...,0)]| =2.)

For example let

¢=(1,0,0,1,0,...,0):

1 1 1 1 3
e at= (30 210 0) € (B0, 1,0 ) 22

by Lemma 2 part (3).
An analogous estimation leads to ||c + ds|| < 3/2, so we have

:i.lt-‘

1/(3 3
h(c)s£(§+2+2+2+2+§+1+2+4(n—4)) =2-

Summing up we have
1 .
h(a) <2—=forallain 4
n

and 3
h((d], o2, 0, ceny 0)), h((O, a1, 02, 0, ceey 0)) <2- E’L_

for all |o;| = |oz| =1.
Since dj, ..., dn in S we get

/ h(y)du(y) > 2 - l,
A n

and therefore p({(o1, 02,0, ...,0),(0, 01, 02,0, ..., 0), |o1]| = |o2| =1}) = 0.

Therefore, and since Lemma 2 part (2), (3) quarantees that each b in B and ¢
in C have no coordinate unequal to zero in common, we can assume without loss of
generality that

C = {0101 + 0202, 0103 + 0244, ..., O1G2k—1 + 202k, 01| = |o2| =1}
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for some 1 € k € n/2 and that B is included in the subspace generated by

Q2k+13 -3 On .

For convenience let z; = a1, y1 = @2,..., 2% = @G2k—1, Yr = Qk, 21 =
Qak41y -+-3 %5 = Gn; 8 = n — 2k. Furthermore let E; be the subspace generated
by =1, 1, ..., Tk, Y& and E; be the subspace generated by 2, ..., z, and

Si={z€E |l =1}, S:={z€E ||| =1}

Since C = AN S, and B = AN S; we have pu(C) = p(S51) and p(B) = p(S2).
Our next aim is to show that p(C) = (2k)/n. We consider two cases:

(i) u(B) = 0.
Since 1 = p(A) = u(C) = u(S1) we get
1 .
/ |z —ylldp(y) > 2— = for all z in S.
5 n
By Remark 1 part (b) there is some z in S; such that

/ le ~ yll dp(y) = r(Br).
S

Now Theorem 1 implies r(E;) < 2 — 1/(2k), and therefore we get n = 2k. Hence
p(C) = p(4) =1 = (2k)/n.
(i) u(B) > 0.
[4|Iz—yl|dp(y) >2- % forall z in S

implies
W) [ Nl uld i) +u(B) [ e —vlld i) > 2

forall z in S.
By Remark 1 part (b) and Theorem 1 we get some z; in S; such that

[ =l = rmy <2 - g

The same argument leads to some z; in S, such that

1
J el =By <2, ite>2,
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If s =1 we have

min ([ 15 =slafim, [ dndldtsm) <1=2-1,

since S2 = {z1, —z} implies pu/(u(B)) = A6, + (1 —A)é_,, for some 0 < A < 1,
where 6, denotes the measure concentrated on z.

Now for # = z; and z = 23(z1, —z1) in

/A lle - ]| du(y)

we obtain (2 —1/(2k))u(C) + 2u(B) and 2x(C) + (2 — 1/s)u(B) are greater or equal
to 2 —1/n. Since 1 = u(A) = p(B) + p(C) it follows immediately that

Now assume that there is some = in S such that
n
z—ylld—(y) <2- =
S e —slafnm <2- g

Then we get
1 1
(2 - —);L(C) +2u(B) > 2 — =

which is a contradiction to

WO = Z (u(B) = 2 n=2k+).
Hence .
z—y|ld——=(y / —y|| d—==<(y /2-—
[ vz = [ -sla o
forall z in S.
Since C is finite, there are some A. > 0, 3 A. =1 such that
ceC
Y clle el = [ lle—ylldtisv) > 2~ g forall 2 in S
cllz—cll = — —forall zin S.
z [ zT—Yy (C)y 2%

ceC

Note that ||c—c'|| =2 for all ¢ # ¢/, c and ¢' in C by Lemma 2 part (3). So by
> Aclld —¢|l >2—1/(2k) for all ¢' in C and |C| = 4k, we obtain A, = 1/(4k) for
ceC

all cin C.
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Summing up we get

L

s 1 .
— - — Z2—— .
o™ E |z —¢|| + - /B lz — y|l dp(y) > 2 - forall zin S

ceC

Let C ={z1+%1,2%1 —¥1,---, Tk + Yk, Zx — Y&} then we obtain formula (*):

1 s 1
* - _ s _ 5o 1
() gL le—dtlerel+ o [lle—yl+le+ vl duw) >2-
ceC
forall zin S.
Now let V = {o = (01, ..., 0k), lo1]| = ... = |ox| = 1} and identify V with the

set of all vertices of the k-dimensional cubic graph Q. Remember that two vertices of
Q» are neighbours in @} if and only if their coordinates differ in exactly one position.
For each ¢ in V find some ¢, > 0, such that

k [}

Ty = Eq Z(Ui +Dz; — (0 — Dy + eazzi
i=1 i=1
is in S. In the case s = 0 leave the second sum. Since ||z, =1 we get 26, < 1<

(2k + s)e, and therefore 1/n < e, < 1/2.
Find o in V such that Inel‘I,l €s = Eop. Without loss of generaligy (transpose z;
o
and y; ) we can assume that o9 = (1,1, ..., 1).

Let o4, ..., o be the neighbours of ¢y. Since

(1 —2€60,1, 2600, 0, ..., 2660, 0, €0gy - -+ Eap)

€o
= (1 - 2500)($1 +yl) + E_ozal

o1

we get

E
lz1 + 41 = Zopl] 1 — 2€4, + Eﬂ

L4

A similar argument leads to

€
2 + % — 2ao ]l <1 - 2605 + 2
g
and o
l2i — 9 — 2oo | < 1= 260, + >

£

forall i=1,2,..., k.
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Since e, £ 1/2 for all o in V we get by Lemma 1 part (4)
200 — 2l <2 - 2€4,

foral 1=1,2,...,8

Now for z = z,, in formula (*) we obtain

k

1 1 €0, 8
—_—— < = - ~90 _{2 — .
2 S5 ,-E=1 2(1 2650 + — Zo, + 2) + 2n(2 2e0y + 2)

Since €5, 2 €4, forall 1 =1,2,..., k, we get

2—l<2—e,,°<2—l (e,)lfora.]lain V).
n n n

Therefore we get
1

- = €a0 = € foralli=1,2,..., k.
Now repeat this calculation for z = z,, in formula (*). This leads to 1/n =¢,, =
€, for all neighbours o of o;. Then for ¢ = z, for some T # 0¢ a neighbour of o
and so on we obtain ¢, =1/n for all o in V.

By Lemma 1 part (1) we get

k

Z (Ui + 1)31 ﬂ ( 1)3/5 + Z'Ytzt

i=1

—Zla‘l |Ut+1|+|ﬂ‘ —1|+Z|7t

forall a3, B1,-..5 @k, Bky 715 ---3Ys iIn R andall ¢in V.
Now let z = (o1, B1y .-+ @k, Bks Y1, .-+, Ys) be an arbitrary element of E.
Choose o in V such that

1
max (Jai|, [Bil) = S(lel loi + 1] + |Bil los — 1)

forall :=1,2,..., k.
It follows that

=l >

= zma-x(lall ’ lﬂil) + Z hl"'l .
i=1 i=1

Z |as|( ‘+1) lﬂ‘l( i"l)yi+z:|7i|2i
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By Lemma 1 part (2) and the triangle inequality we have

k s
llzll < 3" max(lasl, 18:) + Y il
=1 =1

and therefore we get

k [
lll = 3 max (el 18:1) + D bl

=1

Finally define T': E — £(n),

k - a1 + 6 ay — B
T E aw.'+ﬂ.'ye+z riE | = —— e1+ 2 e +...+
=1 =1

o + Bk ap — By -
+ ekt T et Y me
1=2k+1

where €, ..., e, denote the canonical basis of £!(n).

Now it follows that T is an isometry from E to £'(n) and so we are done. g
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