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ON ADDITIVE PROPERTIES OF GENERAL SEQUENCES

MIN TANG AND YONG-GAO CHEN

Let A = {01,02, . . .} (ai < a2 < •••) be an infinite sequence of positive integers.
Let A(n) be the number of elements of A not exceeding n, and denote by R2(n) the
number of solutions of aj + a31 = n,i ^ j . In 1986, Erdos, Sarkozy and Sos proved
that if (n — A(n))/logn -> oo(n —> 00), then

N

limsup^(i?2(2fc) - R2(2k + 1)) = +00.

In this paper, we generalise this theorem and give its quantitative form. For example,
one of our conclusions implies that if limsup(n — A(n))/ logn = 00, then

max J2(R2(2k) - R2(2k + 1)) ^ 0.004 mini A(N), (N - A(N))/log N\
K=l

for infinitely many positive integers N.

1. INTRODUCTION

Let A = {<zi, a2,...} (ax < a2 < • • •) be an infinite sequence of positive integers. Put

A{n) = Yl !• For each positive integer n, let i?(n),i?1(n),/?2(n) denote the number

of solutions of

x + y = n, x,yeA,

x + y-n, x <y,x,y&A,

respectively. In [3, 4], Erdos, Sarkozy examined the possible order of growth of the

function R(n) in comparison with that of functions such as logn or logn log logn. In

[7], Erdos, Sarkozy and Sos showed that under certain assumptions on A, \R(n + 1) -

R{n)\ cannot be bounded. In [5, 6], Erdos et al studied the monotonicity proper-

ties of the functions R(n),Ri(n),R2(n). Continuing the work of Erdos, Sarkozy and
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Sos; Balasubramanian [1] concluded: If R2(n + 1) ^ R2{n) for large n, then A(N)
= N + O(logN), and if Rx{n + 1) > fli(n) for large n, then X)e"o//V » N/logN. For
the other related problems, see [2, 8, 9]. aeA

Erdos, Sarkozy and Sos [6] proved that if (n — .A(n))/logn —>• oo(n —>• oo), then
N

limsup 53 (̂ 2(2A;) — i?2(2A; 4-1)) = +oo. Balasubramanian [1] remarked that his method
/t=i

can be employed to prove the same theorem. In this paper, we generalise this theorem
and give its quantitative form.

THEOREM. Let A — {a,i,a2,...} (ax < a2 < •••) be an infinite sequence of
positive integers, No > e be a positive integer such that

(1) max Y* (R2(2k) - R2(2k + 1)) < — A(N)
n^m(iV) f—' v 36

for all N ^ No, where m(N) = N(\ogN + log log N). Then there exists an Ni such that

max ^2(R2(2k)-R2(2k + l))- * N ~

for all N ^ Ni.

From the theorem, we may easily derive the following corollaries:

COROLLARY 1 . Let A = {ax,a2,...} (ax < a2 < • • •) be an infinite sequence of
positive integers such that

N- A(N)
hm —; ^—'- = +oo.

N-H-oo log TV

Then at least one of the following statements is true:

(i) for infinitely many positive integers N, we have

80e logAT 4 8

R (2k + I)) > —
n^C/V)^V~""'"" ' ^ ' ' " ' 3 6

(ii) for all sufficiently large positive integers N, we have

COROLLARY 2 . Let A = {ax,a2,...}\a\ < a2 < • • •) be an inSnite sequence of
positive integers such that

N-A(N)
hm sup —; —— = +oo.

lOg N
Then

N

2{2k) - R2(2k + 1)) = +oo.
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COROLLARY 3 . Let A = {ai, a 2 , . . . } (ai < a2 < • • •) be an infinite sequence of

positive integers such that
N - A(N)

hmsup—; —— — +oo.
Af-H-oo log N

Then

n S ) E W ) - W* + D) > min

for infinitely many positive integers N.

2. PROOFS

LEMMA 1. ([1, Lemma 5.11].) We have

(1 - dxY2 ̂  1 - 2dxd2, if 0 < di < 1/2, d2 > 0.

LEMMA 2 . Define /(a) = £ <*", 0 < |a| < 1. Then

,2 fc

PROOF: Let S(n) be an arithmetic function such that 5(n) = 1 if n = 2a for some
2 °°

a £ A, otherwise, 6(n) = 0. Since (/(a)) = 5Z R(k)ak, we havefc=2

fc=i t=i

= 2 J 2 H2(2fc)a2* - 2 ^ R2(2k + l)a2k+l - f(a2)

= U(a) + 2J2 R2(2k)(a2k - a2k+1)

= U{a) + (1 - a) ( Y R2(2k)a2k + £ /?2(2fc + l)a2fc+1)

+(1 - a)(J2 R2(2k)a2k -

= U(a) + (1 - a) £>2(fc)a* + (1 - a)

= £/(a) + ^

= U{a) + ^ ( / ( a ) ) 2 + ^ ( / ( - " ) ) 2 + 2 x

where U{a) = 2 £ (R2(2k) - R2{2k + l))a2k+1 - / (a2) . Hence
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This completes the proof of Lemma 2. D

LEMMA 3 . Let x ^ e and m(x) = x(logx + log logx). Then

(R2(2k) - R2(2k + l ) )e - ( 2 *^ < | + max V ) (R2{2k) - R2{2k + 1)).

P R O O F : Let I be an integer with I — 1 < m(x) < /, and

l)), n = 1,2- • • ,/ - 1.

Then
^i <- ^ ( x ) = e-2(logx+loglogx)

By Abel's Lemma, we have

- R2(2k

< (/? - ^2 + • • • + /?'-2 - p1-1 + Z?'"1) max

= (3 max ffn

< max o-n.
n^m(x)

Since R2{2k) ^ A; and 1/(1 - /9) < x, we have

ok 0 . P(R2{2k) - R2(2k + l))e-{2hM s
k=l k=l - f \ - /-/

x(m(x) + 1) + x2

x2 log x
_ x(logx + log log x + 1) + 1

xlogx
5

Hence

(R7{2k) - R2(2k + l))e-(2fc / l ) < - + max ^ {R2{2k) - R2(2k + 1)).
*=1

This completes the proof of Lemma 3.
P R O O F OF THEOREM: Let ip(x) — / (e~( 1 / l ) ) , x > 0, where
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Put a = e-WN\ Then / ( a ) = rp(N), / ( a 2 ) = ip{N/2). Note that

1 - g 1 1 1 1 1 1 1
~^~ ~ N + V.N* + ''' ^ N + N*[6 ~ l) < N + N*

a£A n=l

by Lemma 2 we have

ip(N/2) < ̂ {HN))2 + \ + 2^(R2(2k) - R2(2k +

Thus
OO

(V(iV))2 > 2Nip(N/2) -N- 4N^2(R2(2k) - R2{2k
k=l

Let
g{x) = 11 + 4 max V (R2{2k) - R2(2k + 1)), x > e.

It is clear that g(x) is a monotone increasing function and g(x) > g(e) > 0. By Lemma
3, we have

(2) {i>(N))2 > 2NTP(N/2) - Ng(N).

Note that

e{~2a/N) >e"2

by (1) there exists an N2 > Â o such that for N > N2 we have t/)(A )̂ > 1 and

(3) g(N) < 11 + ^A(N)

Then by (2) and (3) we have

2, if N ^ N2,

T/>(7V/2) > (N/2)1/2Tp(N/4)l/2, if N/2 ^ N2

and so on. Choosing A such that

W2 ^ ^ 2N2,

we have
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Noting that N1^ <$ N*rtt/N «- 2 for N ̂  N3, where N3 is a constant with N3 > 2JV2,
we have ip{N) > iV/4 for all N ̂  N3. By (2), for all N > 2N3,

> 2Nrp{N/2)(l - 2°(N'/2)) > 2NrP(N/2)(l -

that is,

By (3) we have g(N) < N/S.8 for all N ̂  N2. So there exists an 7V4(^ 2N3) such that
4g(N) + 2Ni < N/2 for all Â  > W4. Let Sl(iV) = 4ff(AT) + 2AT4. Then for AT ^ AT4,

For N ̂  Nn, choose an integer fi such that

Then ^
- £ 5l(JY) > 27V4.

Since gi(N) ^ A^/2, we have n ̂  1. If M ̂  2, then

By Lemma 1, we have

Proceeding similarly, by Lemma 1, we have

>N-~\ogN-2m(N)

>N-29l{N) log N - -2-9l {N) log N
log 2

> N -5gi{N)\ogN.

https://doi.org/10.1017/S000497270003848X Published online by Cambridge University Press

https://doi.org/10.1017/S000497270003848X


[7] Additive properties 485

Let x(rc) be the characteristic function of set A. Then
oo oo

log AT
n = l

Hence

Thus

That is,

- 5gy{N) log JV.

59l(N) logJV.

LN ~max y (R2(2k) - R2(2k + 1)) > -LN ~ AW - H - ±W4n ^ m w ^ ^ v y v / ; 80e logiV 4 8

for all N > N4.

This completes the proof of the theorem. 0
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