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Abstract. In this paper, Berger spheres are regarded as geodesic spheres with suf-
ficiently big radii in a complex projective space. We characterize such real hypersurfaces
by investigating their geodesics and contact structures from the viewpoint of submanifold
theory.
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1. Introduction. Klingenberg ([4]) proved the following: Let M be an even dimen-
sional compact simply connected Riemannian manifold having the sectional curvature K
with 0 < K < L on M, where L is a constant. Then the length £ of every closed geodesic on
M satisfies £ > 277 /+/L .

Berger gave examples of metrics on S> for which this inequality does not hold. This
3-sphere is called a Berger sphere with a Riemannian metric from a one-parameter fam-
ily, which can be obtained from the standard metric by shrinking along fibers of a Hopf
fibration. Chavel constructed similar metrics on higher odd-dimensional spheres.

Weinstein ([10]) gave a description of these Berger and Chavel examples as geodesic
hyperspheres G(r) (0 < r < m/4/c) with tan?(/cr/2) > 2 in a complex projective space
CP"(c), n =2 of constant holomorphic sectional curvature c(> 0). Indeed, let G(r) be a
(2n—1)-dimensional geodesic sphere of radius » (0 < r < 7r/+/c ) with tan’(\/cr/2) > 2 in
CP"(c). Then in this case there exists a closed geodesic on G(r) whose length is shorter
than 27/ VL, where L is the maximal sectional curvature of G(r). In general, the sec-
tional curvature K of every geodesic sphere G(r) of radius r (0 < r < 7w/./c) satisfies sharp
inequalities 0 < (c/4) cot?(/cr/2) S K < ¢+ (c/4) cot?(y/cr/2)(= L) at each point (see
Section 4).

In this paper, geodesic spheres of radius 7 (0 < r < 7//c) with tan?(\/cr/2) > 2 in
CP"(c), n = 2 are called Berger spheres. It is natural to characterize Berger spheres as real
hypersurfaces isometrically immersed into CP"(¢).

The purpose of this paper is to prove the following two theorems.
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THEOREM 1.1. Let M*"~' be a real hypersurface of CP"(c), n=2 through an
isometric immersion. Then M is locally congruent to a Berger sphere, namely a geodesic
sphere G(r) of radius r with tan®(\/cr/2) > 2, with respect to the full isometry group
SU(n + 1) of the ambient space CP"(c) if and only if at each point p of M there exists
an orthonormal basis vy, . .., Vin—2, &, of T,M such that all geodesics y; = y;(s) (1 =i <
2n — 2) with initial condition that y;(0) = p and y;(0) =v; are mapped to circles of the
same positive curvature k(p) with k(p) < /c / (2v/2) in the ambient space CP"(c), where
&, is the characteristic vector of M at p € M. In this case, the function k= k(p) on M is
automatically constant with k = (y/c /2) cot(y/cr/2).

THEOREM 1.2. Let M*"~! be a real hypersurface of CP"(c), n > 2 through an isomet-
ric immersion. Then M is locally congruent to a Berger sphere if and only if M satisfies
the following two conditions.

(1) There exists a positive constant k with k < \/c/ (2+/2) such that the exterior
derivative dn of the contact form n on M satisfies either dn(X, Y) =kg(¢pX,Y)
forall X, Y € TM or dn(X,Y)=—kg(¢pX,Y) for all X, Y € TM, where g and ¢
are the Riemannian metric and the structure tensor on M, respectively.

(2) There exists a point x of M satisfying that every sectional curvature of M at x is
positive.

We here recall the definition of dn on a real hypersurface M: dn is given by
dn(X,Y)=0/2){Xn(Y)) — Y(n(X)) — n([X, Y]} for all X, Y € TM. For further com-
ments on Theorems 1.1 and 1.2, see Section 5.

We note for comparison the recent paper of Li, Vrancken, and Wang ([5]), which
gives a characterization of three-dimensional Bereger spheres as Lagrangian submanifolds
of CP3. They showed the following (for details, see Theorem 1.2 in [5]): Let ¢ be a
Lagrangian isometric immersion (an open part of) one of the homogeneous 3-manifolds
M3 into a complex space form M;(c)(= CP3(c), CH3(c) or C3?). Then ¢> 0 and ¢ is
minimal and M? is locally congruent to the Berger sphere.

2. Preliminaries. Let M>"~! be a real hypersurface with a unit normal local vector
field N of an n(Z 2)-dimensional complex projective space CP"(c) of constant holo-
morphic sectional curvature ¢(> 0) through an isometric immersion. The ambient space
CP"(c) is furnished with the standard Riemannian metric g and the canonical Kéhler struc-
ture J. The Riemannian connections V of CP"(c) and V of M are related by the following
formulas of Gauss and Weingarten:

VY =VyY +gAX, V)N, 2.1
VN = —AX (2.2)

for arbitrary vector fields X and Y on M, where g is the Riemannian metric of M induced
from the standard metric of the ambient space CP"(c) and 4 is the shape operator of M
in CP"(c). An eigenvector of the shape operator 4 is called a principal curvature vector
of M in CP"(c) and an eigenvalue of A4 is called a principal curvature of M in CP"(c).
We denote by V; the eigenspace associated with the principal curvature A, namely we set
V, ={veIM|Av = Iv}.

On M it is well-known that an almost contact metric structure (¢, &, 1, g) associated
with N is canonically induced from the Kéhler structure (J, g) of the ambient space
CP"(c), which is defined by
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geX. Y)=gUX.,Y), §=-JN and nX)=gE X)=gUX N).

¢, & and n are called the structure tensor, the characteristic vector field and the contact
form on M, respectively. It follows from (2.1), (2.2) and VJ = 0 that

(Vx@)Y =n(Y)AX — g(4X, Y)§, (2.3)
Vyé = pAX. 2.4)

Needless to say, M has two almost contact metric structures (¢, &, 1, g) associated with N
and (¢, —&, —n, g) associated with —N/.
Denoting the curvature tensor of M by R, we have the equation of Gauss given by

2(RX, NZ, W)= (c/H{g(Y, 2)gX, W) —g(X, Z)g(Y, W)

+8@Y. 2)g(pX. W) — g(dX. 2)g(@Y, W) — 28(¢X. Y)g(pZ, W)}
+ gAY, 2)g(AX, W) — g(4X, Z)g(AY, W).

Hence, the sectional curvature K(X, Y) of the real plane spanned by a pair (X, Y) of
orthonormal vectors is given by

KX, Y)=(c/4(1+3g(@X, Y)*) +gAX, X)g(4Y, Y) — g(4X, Y)*.  (2.5)

We usually call M a Hopf hypersurface if the characteristic vector & is a principal
curvature vector at each point of M. The following is a key lemma in this paper.

LEMMA 2.1. ([6]). Let M be a Hopf hypersurface of CP"(c), n = 2. Then the follow-
ing hold.

(1) If a nonzero vector v € TM orthogonal to & satisfies Av = Av, then Apv = ((M +
(c/2))/ 21— 8))¢v, where § is the principal curvature associated with &.
(2) The principal curvature § associated with & is locally constant.

REMARK 2.1. For every Hopf hypersurface M in CP”(c) we find easily that 22 — § # 0
because if 21 — § =0, we have A + (¢/2) =0 (see Lemma 2.1(1)), which contradicts to
c>0.

THEOREM 2.1. ([8, 3]). For a real hypersurface M*"~' of CP"(c) (n > 2), M is homo-
geneous in the ambient space CP"(c), that is, M is an orbit of a subgroup of the full
isometry group I(CP"(c))(= SU(n + 1)) of CP"(c) if and only if M*"~" is a Hopf hyper-
surface all of whose principal curvatures are constant on M in CP"(c). Moreover, M is
locally congruent to one of the following:

(A1) A geodesic sphere of radius r, where 0 <r < m/\/c;
(Ay) A tube of radius r around a totally geodesic CP*(c) (1 X €<n—2), where 0 <r <
m/e;
(B) A tube of radius r around a complex hyperquadric CQ"™', where 0 <r < 1w/(2/c);
(C) A tube of radius r around the Segre embedding of CP'(c) x CP"~V/2(c), where
0<r<m/(2/c)andn (= 5) is odd,
(D) A tube of radius r around the Pliicker embedding of a complex Grassmannian
CGys, where 0 <r <m/(2+/c) and n=9;
(E) A tube of radius r around a Hermitian symmetric space SO(10)/U(5), where
0<r<m/(2c)andn=15.

These real hypersurfaces are said to be of types (A1), (Az), (B), (C), (D) and (E).
Unifying real hypersurfaces of types (A}) and (A;), we call them hypersurfaces of type (A).

https://doi.org/10.1017/5S0017089519000016 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089519000016

140 B. H. KIM ET AL.

The numbers of distinct principal curvatures of these real hypersurfaces are 2, 3, 3, 5, 5, 5,
respectively. The principal curvatures of these real hypersurfaces in CP"(c) are given as
follows:

Al “/Tgcot (41”) \/T? cot(@r) cot (41’— %)

s
8
-+

S

“s

I
ENE
N~—
I

A2 - - tan(%”) JTE cot (\/T> + %) ‘/TE cot (*/T?r+ %)
A3 o — — ‘/TEcot(‘/T;r)
A4 - - — —%tan (4r)

§ | oot (ecr) | e cot(er) Ve cot (Ver) e cot (Ver)

The principal curvatures and their multiplicities of all homogeneous real hypersurfaces in
CP"(c) are given in [8, 9].

At the end of this section we review the definition of circles in Riemannian geometry.
A smooth real curve y = y (s) parametrized by its arclength s on a Riemannian manifold M
with Riemannian connection V is called a circle of curvature k if there exist a nonnegative
constant k£ and the unit vector field Y; orthogonal to the tangential vector y along the
curve y satisfying the ordinary differential equations Vy,y =kY; and V; Y, = —ky. It is
well-known that a curve y is a circle if and only if it satisfies the following differential
equation:

VyVyy +2(Vyy, Viy)y =0, (2.6)

where g is the Riemannian metric on M. A circle of null curvature is nothing but a geodesic.

3. Proof of Theorem 1.1. (=) By assumption we can regard our real hyper-
surface M as a geodesic sphere G(r) of radius » with tan®(\/cr/2) > 2 in the ambient
space CP"(c) , n = 2. So the tangent bundle TM of M is decomposed as: TM = {E}r ® V;,
where A& = ./c cot(y/cr)E and A = (/c /2) cot(y/cr/2). We take an arbitrary geodesic
y =y (s) on M with an initial vector y (0) perpendicular to the characteristic vector &, ().
Then, using a fact that ¢4 = A¢ holds on M and equation (2.4), we obtain the following:

Y& (W (), &) = Vi (& (9, §,6)) =2(¥ ()., Vi)
=g(y (), ¢4y (5)) =g(y (5), 497 (9))
=gy (), 97 () = —g(d4y (5), () =0,
so that g(y(s), &, (») is constant along the curve y =y(s), which, together with
g2y (0), &) =0, yields that g(y(s), &,()) =0 for each s. Hence we can find that
Ay (s) = Ay (s) for every s. This, combined with equations (2.1) and (2.2), shows that
ViV (8) = AN and Vy Ny = —Ay(s). Thus we know that the curve y, consid-

ered as a curve in the ambient space CP"(c), is a circle of the same positive curvature
M= (/¢ /2) cot(y/cr/2)) which is independent of the choice of y. Moreover, by the
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assumption that tan(y/c7/2) > V2 we get A < Jec (24/2). Therefore we can obtain the
“only if” part.

(<) Let y; =vi(s) (1 £i<2n—2) be geodesics on M satisfying the hypothesis.
Then it follows from (2.6) that

~

Vi (F07®) = = @)in(s). G.1)
On the other hand, from (2.1) and (2.2) we obtain

~

Vi) <$y,»(s) %‘(S)> = g((Vy,0)7i(5), i($))N — g(Ayi(s), yi(s)Ayi(s). (3.2)
Comparing the tangential components of (3.1) and (3.2), we have
2(Ay(s), yi(s)Ayi(s) =k (p)yi(s) for 1 £i<2n—2,

which, combined with k(p) #0, yields that Av; = k(p)v; or Av;=—k(p)v; for 1 Si <
2n — 2 at the point p = y;(0). Note that & is principal. Indeed, g(4¢&, v;) = g(§, Av;) =0 for
1 £i<2n—2. Thus, we know that our real hypersurface M is a Hopf hypersurface hav-
ing at most three distinct principal curvatures §, k and —k. We here note that the function
k = k(p) is automatically constant on M. In fact, from Lemma 2.1(1), we see that

ké +(c/2) ké +(c/2)
k=——— or k=——0—""—
2k—§ 2k—§

However the latter case does not hold, since ¢ > 0. Then we know that our real hypersurface
M is a Hopf hypersurface having at most three distinct constant principal curvatures &, k
and —k. So, by virtue of Theorem 2.1 and the table of principal curvatures we find that our
real hypersurface M is locally congruent to either a geodesic sphere G(r) (0 <r < 7w//c)
or a real hypersurface of type (A;) of r = 7r/(24/c). In the latter case, the constant function
k is expressed as k = \/c /2, which contradicts to the hypothesis k < /¢ /(2+/2). Again,
using the hypothesis k < /¢ /(24/2) for geodesic spheres G(r) (0 < r < 7r/4/c), we can
see that tanz(ﬁ r/2) > 2, so that we can obtain the “if” part.

4. Proof of Theorem 1.2. Before proving Theorem 1.2 we first compute the sec-
tional curvature K of every geodesic sphere G(r) (0 <7 < 7//c). We take a pair (X, ¥)
of orthonormal vectors that are orthogonal to &. In order to estimate the sectional curvature
K of M, it suffices to calculate K(sin6 - X 4+ cos 0 - &, ). It follows from (2.5) that

K(sin® - X +cos 6 - &, Y) = (¢/4){sin® 0(1 4 3g(¢X, ¥)*) + cot*(V/c7/2)}.
This gives the following inequalities:
(c/4) cot? (Wer/2) K < e+ (c/4) cot? (Ve r/2). 4.1)

We remark that K(X, ¢X) = ¢ + (c/4) cot? (\/cr/2) and K (X, &) = (c/4) cot?(\/cr/2) for
each unit vector X orthogonal to &.

We are now in a position to prove Theorem 1.2.

(=) Let M be a geodesic sphere G(r) of radius r with tan’(\/cr/2)>2 in
CP"(c),n=2. Since M is totally n-umbilical in the ambient space CP"(c) and
Je- cot(y/cr) = (/¢ /2) cot(y/cr/2) — (/c /2) tan(y/c¥/2), the shape operator 4 of M

is expressed as follows:

AX = (/¢ /2) cot(x/cr/2)X — (e /2) tan(y/cr/2)n(X)E forall X e TM.  (4.2)
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In view of (2.4), (4.2) and a fact that ¢4 = A¢ on M we shall compute dn.

dn(X,Y)=(1/2){X(n(Y)) — Y(n(X)) — n([X, YD}
= (1/2){X(g(&, Y) — Y(g(§, X)) — n(VxY — VyX)}
=(1/2){g(@AX, Y) +g(&, VxY) — g(@pAY, X) — g(&, VyX)
—g(VxY — VyX, §)}
=(1/2)g((p4+ AP)X, Y) = g(pAX, Y)
= (V¢ /2) cot(y/cr/2)g(pX, 1),

so that k = (\/c /2) cot(y/cr/2) > 0, which, together with the assumption
tan?(/cr/2) > 2, yields Theorem 1.2(1). Theorem 1.2(2) is an immediate consequence of
(4.1). Thus we have proved the “only if” part.

(<=) Let M be a real hypersurface satisfying Conditions (1) and (2) in Theorem 1.2
in the ambient space CP"(c), n = 2. By virtue of the above calculation we can make use
of the following equality:

dn(X,Y)=(1/2)g((pA+ A$)X,Y) forallX,Y e IM. (4.3)
It follows from Condition (1) and (4.3) that
(A + Ap)X = £2k¢pX forall X € TM. (4.4)

The equality (4.4) shows ¢A4& =0, so that our real hypersurface M is a Hopf hypersur-
face. So we can set A& = §&. We take a principal curvature vector X orthogonal to & with
AX = AX. Then, by Lemma 2.1(1) and (4.4) we see that X satisfies

A+ (c/2)

A+ ———— =+£2k,
+ 2L —36

so that A is a solution to the following quadratic equation with constant coefficients:
422 —8kA+c+48k=0 or 4A%+8kr +c—48k=0.

Hence our Hopf hypersurface M has at most three distinct constant principal curvatures.
Thus, from Theorem 2.1 we find that M is locally congruent to one of homogeneous real
hypersurfaces of types (A1), (A,) and (B). So, in the following we shall check (4.4) one by
one for these three homogeneous real hypersurfaces. We here note that (¢4 + Ap)E =0=
+2keé, since & is principal.

Let M be of type (A;) of radius r (0 < r < 7r//c). Then the above calculation guar-
antees (4.4). Moreover, by Condition (1) we have (/¢ /2) cot(\/c7/2) < /¢ /(2+/2), so
that tan’(,/c 7/2) > 2. Hence, in this case our Hopf hypersurface M is locally congruent to
a Berger sphere.

Let M be of type (A;) of radius » (0 <r < m//c). It is sufficient to check (4.4)
for every X (e TM) perpendicular to £. But, from Lemma 2.1(1) we get both ¢V, =V},
and ¢V;, = V,,, where A; = (/¢ /2) cot(y/cr/2) and hy = —(4/c /2) tan(/c r/2). These
imply that Equation (4.4) does not hold for each r € (0, 7w /+/c).

Let M be of type (B) of radius » (0 <r <m/(2+/c)). Then M has three distinct
constant principal curvatures:

e l+x
Ty

LY 5= (e ),

2 Tl+x
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where x = cot(/cr/2) > 1. Note that ¢V, =V;, and ¢V;, =V;, (see Lemma 2.1(1)).
Furthermore, we see A + Ay = (24/cx)/(1 —x%) <0. So, in this case for the purpose
of checking (4.4) we must solve the equation: A; 4+ A, = —2k. Then we find easily x =
(/€ + Ve + 4k2) /(2k). Moreover, it follows from

(_M)—;(_M) =k< 21//_% that x> /2 —I—\/g.

Thus we can see that our real hypersurface of type (B) of radius r with cot(y/cr/2) =
(V¢ + ¢+ 4k2)/(2k) and cot(/cr/2) > /2 + /3 satisfies Condition (1). We remark
that such real hypersurfaces of type (B) do exist. In fact, since the constant & is written as:
k= ./cx/(x*— 1), by setting x satisfying an inequality x > V2 ++/3 we can guarantee
that the above real hypersurfaces of type (B) exist, where x is a solution to kx> — /cx — k =
0 and x = cot(/cr/2) > 1.

Next, we shall check Condition (2) for Berger spheres and the above homogeneous
real hypersurface of type (B). The former case is obvious (see (4.1)). We investigate the
latter case. It follows from (2.5) that

2
KX, &) = % pas=S_¢ (1 +tan(y/cr/2))

4 4  tan(\/cr/2)

<0 foreach unit X €V},

and

c N c (1 —tan(y/cr/2))?
4" 4 tan(Jer/2)

Thus we see that every homogeneous real hypersurface of type (B) does not satisfy
Condition (2). Therefore we have proved the “if” part.

K(Y,é)zg—}-)»zé: >0 foreachunit Y € Vj,.

5. Comments on Theorems 1.1 and 1.2. (1) In the statement of Theorem 1.1, if we
remove k(p) < \/c/ (2+/2), this theorem is no longer true. All geodesic spheres G(r) (0 <
r < 1/+/c) and a certain homogeneous real hypersurface of type (A,) satisfy Theorem 1.1
without an inequality k(p) < /¢ /(2+/2). We here recall a fact that if every geodesic y
on a submanifold M" into a Riemannian manifold A7"*7 through an isometric immersion
is mapped to a circle (of curvature k) in the ambient space M™?_ then the curvature k
does not depend on the choice of y. On the other hand, we know that CP"(c) admits no
real hypersurfaces all of whose geodesics are mapped to circles in this space. Hence it is
natural to consider real hypersurfaces some of whose geodesics are mapped to circles of
the same curvature in CP"(c). In this context, we establish Theorem 1.1.

(2) In the statement of Theorem 1.2, if we remove Condition (2), this theorem does
not hold. The Berger sphere and a certain homogeneous real hypersurface of type (B) sat-
isfy Theorem 1.2(1). We here review a fact that CP"(c¢) admits no real hypersurfaces with
dn =0 (see [7]). On the other hand, a complex Euclidean space C" has real hypersurfaces
M?=1 with dn =0 (e.g., the totally geodesic real hypersurface R?*~! satisfies this condi-
tion). So, in some sense the geometry of real hypersurfaces of CP"(c) is more complicated
than that of C". Motivated by them, we establish Theorem 1.2.

(3) We review the length spectrum of every geodesic sphere G(r) (0 <r < 7//c)
for readers (for details, see [2]). We first note that every integral curve yg of the char-
acteristic vector field & is a closed geodesic on G(r) with length 27 sin(\/cr)//c. In
fact, the curve y; satisfies V:& =0, Ve = /¢ cot(v/cr)N and Ve N = —/¢ cot(/cr)é
with y: =&, where V and V are the Riemannian connections of G (r) and CP"(c),
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respectively. These mean that the curve y; can be regarded as a small circle of positive
curvature ./c|cot(y/c7)| on S*(c)(=CP'(c)). Hence, the length ¢ of ye is repre-

sented as: £ =27 /+/c cot?(y/cr) + ¢ =2m sin(y/cr)/+/c. We here consider an inequal-
ity 27 sin(\/cr)//c <2m/\/c+ (c/4) cot?(/cr/2), where ¢ + (c/4) cot>(/cr/2) is the
maximal sectional curvature of G(r). Solving this inequality, we get tan?(\/cr/2) > 2.

Every geodesic sphere G(r) (0 <r <m/4/c) admits countably many congruence
classes of closed geodesics with respect to the full isometry group I(G(r)) of G(r). All
integral curves of the characteristic vector field & are congruent to each other with respect
to 1(G(r)) and the shortest closed geodesics (with common length 27 sin(y/c7)//c)
on G(r). Furthermore, the lengths of all closed geodesics except integral curves of the
characteristic vector field £ on G(r) are longer than 27z /\/c + (c/4) cot?(\/c r/2).

(4) We consider all geodesic spheres G(r) (0 < r < 7r/+/c) from the viewpoint of con-
tact geometry (cf. [1]). A geodesic sphere G(r) is a Sasakian manifold (with respect to
the almost contact metric structure (¢, &, n, g) induced from the Kahler structure J of
CP"(c)) if and only if (1/c /2) cot(y/cr/2) = 1. This Sasakian manifold M has automati-
cally constant ¢-sectional curvature ¢ + 1, so that it is a Sasakian space form of constant
¢-sectional curvature ¢ + 1. Since an inequality 1 < /¢ /(24/2) leads to an inequality
¢ > 8, by the discussion in our paper we find that all Sasakian space forms of constant
¢-sectional curvature ¢ with ¢ > 9 are Berger spheres.

(5) We comment on the sectional curvature K of Berger spheres, that is, geodesic
spheres G(r) with tan?(\/cr/2)>2 in CP"(c). The sectional curvature K satisfies
sharp inequalities 8L < K < L for some § € (0, 1/9) at its each point, where L =c+
(c/4) cot?>(\/cr/2). In this context, we recall the following, which is derived from direct
computation.

LEMMA 5.1. Let G(r) be a geodesic sphere of radius r (0 <r < m//c) in CP"(c).
Then the following three conditions are mutually equivalent:

(1) The radius r satisfies an inequality tan®(\/cr/2) > 2.

(2) The sectional curvature K of G(r) satisfies sharp inequalities SL < K < L for some
8 €(0, 1/9) at its each point.

(3) The length of every integral curve of the characteristic vector field & on G(r) is
shorter than 2r//L, where L is the maximal sectional curvature of G(r).

Needless to say, for every geodesic sphere G(r) (0 <r <m/ /c) in CP"(c) every
integral curve of the characteristic vector field £ on G () is a geodesic.

ACKNOWLEDGMENTS. The authors wish to express their appreciation to the refer-
ees whose remarks and suggestions lead to an improvement of the paper.

FUNDING. The first author was supported by the National Research Foundation of
Korea [grant number NRF-2017R1E1A1A03071005].

REFERENCES

1. T. Adachi, M. Kameda and S. Maeda, Geometric meaning of Sasakian space forms from
the viewpoint of submanifold theory, Kodai Math. J. 33 (2010), 383-397.

2. T. Adachi, S. Maeda and M. Yamagishi, Length spectrum of geodesic spheres in a non-flat
complex space form, J. Math. Soc. Japan 54 (2002), 373—408.

https://doi.org/10.1017/5S0017089519000016 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089519000016

CHARACTERIZATIONS OF BERGER SPHERES 145

3. M. Kimura, Real hypersurfaces and complex submanifolds in complex projective space,
Trans. Amer. Math. Soc. 296 (1986), 137—-149.

4. W. Klingenberg, Contributions to Riemannian geometry in the large, Ann. Math. 69(2)
(1959), 654-666.

5. H. Li, L. Vrancken and X. Wang, 4 new characterization of the Berger sphere in complex
projective space, J. Geom. Phys. 92 (2015), 129-139.

6. Y. Maeda, On real hypersurfaces of a complex projective space, J. Math. Soc. Japan 28
(1976), 529-540.

7. R. Niebergall and P. J. Ryan, Tight and taut submanifolds, in Real hypersurfaces in complex
space forms (Cecil T.E. and Chern S.S., Editors) (Cambridge University Press, New York, 1998),
233-305.

8. R. Takagi, On homogeneous real hypersurfaces in a complex projective space, Osaka
J. Math. 10 (1973), 495-506.

9. R. Takagi, Real hypersurfaces in a complex projective space with constant principal
curvatures 11, J. Math. Soc. Japan 27 (1975), 507-516.

10. A. Weinstein, Distance spheres in complex projective spaces, Proc. Amer. Math. Soc. 39
(1973), 649-650.

https://doi.org/10.1017/5S0017089519000016 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089519000016

https://doi.org/10.1017/5S0017089519000016 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089519000016

	Characterizations of Berger spheres from the viewpoint of submanifold theory
	Introduction
	Preliminaries
	Proof of Theorem 1.1
	Proof of Theorem 1.2
	Comments on Theorems 1.1 and 1.2


