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Abstract 

In a recent paper the authors proved a multiplier theorem for Hardy spaces HP(G), 0 < p < 1, 
defined on a locally compact Vilenkin group G. The assumptions on the multiplier were expressed 
in terms of the "norms" of certain Herz spaces K(l/p—l/r,r,p) with r restricted to 1 < r < oo 
and p < r. In the present paper we show how this restriction on r may be weakened to p < r < oo. 
Furthermore, we present two modifications of our main theorem and compare these with certain 
results for multipliers on Lp(R")-spaces, 1 < p < oo, due to Seeger and to Cowling, Fendler and 
Fournier. We also discuss the sharpness of some of our results. 

1991 Mathematics subject classification (Amer. Math. Soc): primary 43 A 22; secondary 43 A 
15,43 A 70. 

1. Introduction 

Throughout this paper G will denote a locally compact Vilenkin group, that is 
to say, G is a locally compact Abelian topological group containing a strictly 
decreasing sequence of open compact subgroups ( G , , ) ^ such that 

(i) sup{ order(G„/G„ + i) : n e Z} < oo, 

(») U°°oo Gn = G and f T o o G„ = {0}. 

The dual group of G is denoted by T and for each n e Z w e set 

r„ = {y G r : y(x) = 1 for all x e G„). 
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288 C. W. Onneweer and T. S. Quek [2] 

We choose Haar measures p on G and A on T such that /x(Go) = A(r 0 ) = 1. 
Then (/x(G„)) _ 1 = k{Tn)~mn for each n e Z. It is an easy consequence of 
condition (i) for G that for every a > 0 there exists a constant C > 0, C 
depending only on a, such that for every k e Z, both 

oo 

(1.1) X > , r a < 
j=k 

and 

(1.2) Ł (m;)B < C(mt)°. 
j = - 0 0 

The metric d on G x G defined by d(x,x) = 0 and d(x,y) — {m„)~l if 
x — y e G„\Gn+i generates the original topology on G. For x e G we set 
|x| = <i(x, 0). If A is any set then XA will denote the characteristic function 
of A. Also, for each n e Z we set A„ = tfj„xc„- It is easy to see that the 
Fourier transform of A„ is given by (A„) A = Xr„- In [5] the definition and 
a brief summary of the basic properties of the spaces of test functions y(G) 
and distributions J?"(G) are given. We now present the definition of the Herz 
spaces and the Hardy spaces on G. 

DEFINITION 1.1. Let a e. R and 0 < p, q < oo. A measurable function 
/ : G ->• C belongs to the Herz space K(a, p, q) if 

l l / l k ( a . „ . , ) : = (^t((mlra\\fxG,\GlJ\P)vSj < o o , 

with the usual modification if q = oo. 

DEFINITION 1.2. Let 0 < p < 1. A distribution / e y"(G) belongs to 
the Hardy space HP(G) if the function / * : G C defined by f*{x) = 
s u P / 1 / * A,(x) | belongs to L"(G). We set 11/11«, = ||/*||p. 

DEFINITION 1.3. A function a : G -> C is a (p, oo) atom, 0 < p < 1, if 
there exists a set / of the form x + G„ such that (i) supp a C / , (ii) ||a||<x> < 
( M ( / ) ) - 1 / p = (mn)l/p, and (iii) fG a(x) d/i(x) = 0. 

In [5] it was shown that the Hardy spaces HP(G) can also be characterized 
in the usual way in terms of (p, o o ) atoms on G. 
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The space of (Fourier) multipliers of HP(G) will be denoted by ^ (Hp); 
thus (f> G (Hp) if 4> e L°°(r) and if there exists a constant C > 0 such that 
for all / € Hp{G) we have | | ( 0 / ) V | | W P < C\\f\\HP. We mention here that in 
order to show that a function (p e L ° ° ( r ) belongs to ^ # (Hp) it is sufficient 
to show the existence of a constant C > 0 such that for all Ł e Z and every 
(/>, o o ) atom a with supp a C G„ for some n € Z and ||a||oo < ( w „ ) 1 / p we have 
II (0*2) v I I = IIW>*)V * a IIHP < C, where & = 0 x r t ; see Remark (4.2) in [5] 
for further details. 

Throughout this section we shall use the notation <f>k — 4>XRK and 4>k = 
4>XRK+L\RK, where <f> e L ° ° ( r ) and k e Z. 

Before stating the main result of the paper, Theorem 2.1, we first prove two 
simple lemmas. 

LEMMA 2.1. Let 0 < p < 1. Le? / , g be measurable functions on G 
such that supp g C Gn for some n e Z a«<i bo?/* / a«J g are constant on 
the cosets of Gk in G for some k > n. Then we have for every x e G, 
\f*g(x)\» < (mky-p\f\p*\g\p(x). 

PROOF. Let {z„ + G*} denote the collection of different cosets of Gk in G„; 
thus G„ = U a z„ + Gk- For every x e G we have 

2. Multipliers on Hardy spaces HP{G) 

^f(x - za)g(za)(mk) 

Therefore, 

1/ * * ( * ) ! " < J ] ( " u r p ą  - zJH^z«)!' 
a 

= ( / n t ) 1 - " l / r * l g l " W -
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LEMMA 2.2. Let a > 0, let p, r > 0 and let ( a y ) ^ be any sequence of real 
numbers. Consider the following conditions: 

( oo \ 1 / a 

Y^((mk)p/r-pWj\pr) < o o , 

(
oo \ 1 / a 

(2.3) supCffit) 1 ^- 1 ^*! < oo. 

(i) For 0 < < r, (2.1) w equivalent to (2.3). 

(ii) For 0 < p < 1, (2.2) is equivalent to (2.3). 
(iii) For p — 1 one? 1 < r, (2.2) implies (2.1) arcd, hence, (2.3). 

PROOF, (i) Clearly, (2.1) implies (2.3) for all p, r > 0. Conversely, if (2.3) 
holds then there exists C > 0 so that for all j e Z, | a ; | p < C(mJ)p~1. Therefore, 
for 0 < p < r, 

I oo \ 1 / a / oo \ 1 / a 

( ^ ) 1 - p / r ( ^ ( K ) p / r - ' ' | ^ I T ) < C{mk)l-plr I J2(mj)(p/r-1)aJ <C 

where the last inequality follows from (1.1). 
(ii) Clearly, (2.2) implies (2.3) whenever p > 0. If (2.3) holds we see, like in 

the proof of (i), that 

( oo \ / oo \ ^ a 

G \"jI"") < C(mk)l~p ( Ł o n ; ) ( p - 1 ) o j < C, 
because p — 1 < 0. 

(iii) For j > k and 1 < r we have ( m y ) 1 / r _ 1 < ( m t ) 1 / r _ 1 . Thus, assuming 
(2.2) with p — 1 we immediately obtain (2.1). 

THEOREM 2.1. LetO < p < 1 and0 € L°°(r). 
(a) If p < r < 1 and if 

/ o o \ ( 2 - " > / 2 

s u p ^ ) 1 " ^ f G ( ( m ; ) ^ - " | | ( ^ ) v ^ ( 1 / p _ 1 / r , r , p ) ) 2 / ( 2 - p ) 1 < o o , 

https://doi.org/10.1017/S1446788700034042 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700034042


[5] Multipliers for Hardy spaces 291 

< C I I ^ I I ^ H a l l ^ m J ^ 2 - 1 < C , 

because a is a (/?, 00) atom and <f> e L°°(r). To find a similar inequality for B 
we first observe that Kitada proved in [3] that 

j=n 

where a, = a * ( A ; + t — Ay). Therefore, 

n—1 OO /1 
B< \(<t>JY *aj(x)\pdp(x). 

In [3] Kitada also showed that for x e Gk\Gk+\ with Ł < n — 1 we have 

((t>jy *aj(x) = (<PJ)VXGK\GK+L *aj(x), 

then <f> e Jt (Hp). 
(b)Ifl<r<oo and 

/ 0 0 \ ( 2 - " ) / 2 

sup(mk)l-» ( g ( l l ( ^ ) v H ^ 1 / p - 1 / r , r , p ) ) 2 / ( 2 ^ ) 1 < co, 

then 4>zJK (Hp). 

PROOF. Let a be a (p, 00) atom with supp a C G„ and 

Halloo < (M(G„) ) - , / p 

for some n e Z . Fix Ł e Z, let / = (0*5)v and / * = sup, \f * A;|. Then 

= kf{x)Ydti{x)+ f {f\x)Y dii{x) 
JG„ JG\G„ 

= A + B, say. 

We have 

A<^(f*(x))2dLi(x)y O ^ C ) ) 1 - " 2 < CH/H^mJ^ 2 - 1 
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j=n k = - o o 

Thus, 

P) 

/ oc \ P / 2 / oo X ( 2 " ^ 2 

^ C E in i , 2 E ( ^ ) p / r " p n ^ ) v i i ^ 1 / , - . / r , , , ) ) 2 / ( 2 " , ' ) • 

Since a]•. = a * (Ay+i - Ay) implies that dj — axr > + 1 \ r y . we see that 

oo oo oo 
E llflyllr2 ^ E MlQiiC))2"-* = {rnj-1* Ł || 
j=l> j=" j=n 

< (mn)l-2/r\\a\\2

2 < (m„) 2 / " - 2 ^ . 

Therefore, using the assumption of the theorem, we see that B < C and we may 
conclude that <p e ^ ( / / p ) . 

(b) Next, assume that 1 < r < oo. Applying Young's inequality in inequality 
(2.4) we see that 

oo n —1 
B * C E E ( ^ ^ " ' i K ^ r ^ A ^ i i n i ^ i i r 

y=n t=—oo 

so that, after an application of Holder's inequality, we obtain 

(2.4) B<J2J2( \^iyxGk\GM*aj{x)\rd^{x)\.^{Gk\GM)l'Plr. 
j=n k=-oo\^Gk\Gk+i / 

(a) Now we assume that p < r < 1. Since s u p p ^ C r 7 + 1 we see that 
(4>jy X G k \ c M is constant on the cosets of Gj+i in G whenever k + 1 < j + 1. 
Also, aj is constant on the cosets of Gj+l in G and suppo, c G„ for j > n. 
Thus it follows from Lemma 2.1 that 

(2.5) 
oo n-l / p sPlr PA"1 

^ < c X ; E ( ^ , " 7 \(<PJyXGk\GtJr*\aj\r(x)dMx)) (mk) 
/=n*=-ooV JGk\Gk+l / ^ 
oo n-l 

< cYi{miylr-"\\aj\\p

r Wr-'WWrXGk\GkJ\P. 
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(\lp-\/r,r,p) 
j=n 

/ oc \ P ' 2 I oc \ (2-")/2 

2/ (2-p) \ 

00 

<cŁ| | t f , | | f | |«>T| |Ł 
j=n 

< c ( Ł > y | | ? ) ( E ( I I ( ^ ) V I I ^ ( . , P - , / , , P , ) 
\j=n J \j=n / 

< c ( m j ' - ^ ( | | ( 0 O v i r , ( 1 / p _ I / , r , P ) ) 2 / ( 2 " P ) j • 

Thus, by assumption, B < C and we may again conclude that <f> e ^ # 

Our first observation is that Theorem 2.1 combined with Lemma 2.2 im
mediately implies Corollary 2.1 below. Corollaries 2.2 and 2.3 are simply 
restatements of Theorem 2.1 in case p — 1 < r and in case 0 < p — r < 1, 
respectively. 

COROLLARY 2.1. Let 0 < p < 1 and p < r < oo. / / 0 e L°°(r) a«d 

s u p ( m t ) 1 / p - 1 | | ( ^ ) v | | / f ( 1 / p _ 1 / r , r , p ) < oo, 
k 

then (p € Jt (Hp). 

COROLLARY 2.2. If<p e L°°(r ) satisfies 
CO 

E I K ^ ' ) V | l * ( l - l / r . r . l ) < 0 0 
;=~oo 

for some r > 1, //z^n 0 

COROLLARY 2.3. LetO<p<l.If4>€ L ° ° ( r ) and*/ 
oo 

2 ( ( w ; ) , / " - , | | ( 0 y ) v I U ) 2 ' ' / ( 2 - ' ' ) < o o , 
y=-oo 

then(pe^(Hp). 

REMARK 1. Combining the techniques used in the proof of Theorem 2.1 with 
those used to prove Theorem (4.7) in [5] we can actually show that under 
the assumptions of Corollary 2.1 the function 0 is a multiplier on the power-
weighted Hardy spaces HP(G) for a satisfying — l+p/r < a < 0. Thus, we 
can extend Corollary (4.8) in [5] from 0 < p < 1 and l < r < o o t o O < p < l 
and p < r. 
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REMARK 2. Corollary 2.1 with 0 < p < 1 and r — 1 may be considered
as the analogue on G of Theorem 3a in [1], in which Baernstein and Sawyer
obtained a comparable result for multipliers on Hardy spaces defined on R".

We now turn to a discussion of the sharpness of the preceding corollaries. We
first consider Corollaries 2.1 and 2.2.

THEOREM 2.2. (a) Let 0 < p < 1 and p < r < oo. There exists </> e L°°(r)
such that

d)1"'-1!!^*)!™/,-!/^,) < oo

for every q > p and <p £ Jt (Hp).
(b) Let I < r < oo. There exists <j> e L°°{T) such that

(2-6)
y=-oo

/or every g > 1 and <j> £ Jt (H1).

PROOF. For part (a) we may use the example described in the proof of The-
orem (4.9) in [5]. A careful reading of this proof shows that the restriction 1 < r
in that theorem can be relaxed to p < r. To prove (b), choose a sequence (e;)~
with each et = ±1 such that

hl v
converges. Define xfr : F -¥ C by

MY) =

where Fk — (xGt)
A — (MF*)) xXvk- If Y £ ^o then i^(y) — 0, whereas if

y e T-k+\ \ F_,t for some k > 1 then

l^(y)l <
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Thus, V € L°°(r) n L ' ( r ) . Next, choose yx <E Tx\yQ and define 0 : V -+ C
by <p(y) = r//(y - y{). Then (p e L°°(r) n L ' ( O and supp 0 C F i \ r 0 so that
</>'=(/> and <£; = 0 for y ^ 1. Furthermore,

and for any <7 > 1 and any r with 1 < r < oo we have

;=i
00

Thus (2.6) holds. Moreover,

) ) = OO,

that is 0V ^ L^G). Next, if we define g : G - • C by g(x) = A,(x) - A0(x)
then g is a multiple of a (1, oo) atom so that g e HX(G). Also, g = xri\r0

 an<^
this implies that (4>g)v = cpv with 0V 0 / / ' (G) . This proves that <$> $ Jt ( / / ' ) .

In the following theorem we consider the sharpness of Corollary 2.3.

THEOREM 2.3. For every p with 0 < p < 1 a«d every q with 2p/(2 — p) <
q < oo there exists <p e L°°(r) swcft tfzaf

a) Er^ooC^o'^-'iK^riipr < oo,
(ii) <f> $ Jt (HP).

PROOF. For each y e N decompose Go into the mutually disjoint cosets of
Gj in Go, say,

Define gy : G ^ C by

= J2 (
, = i V
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Clearly, suppg, c Go, fGgj(x)dfi(x) = 0 and ||g,||2 < P1'2, where P =
supy (mj+i/nij). Moreover, since

(2.7) (gj)A(y) = £y(^)^-(xrJ+1 - xrj)(y),

we see that supp (g,)A c FJ+1\Fy. Next, for each n € N define hn : G ->• C by

Then supp/zn C Go, fGhn(x)dfi(x) = 0 and \\hn\\2 < Pl/2nl/2. Thus hn is a
multiple of a (/?, 2) atom and ||AJ|//, < P1/2nl/2.

We now turn to the definition of the function </> e L°°(r) satisfying conditions
(i) and (ii). For each y e N choose an element z7 e G_y\G_y+i and define

where a = |((2 - p)/2p + \/q). Then ||/y ||p < Cj-a(mj)[-1^ and

(2.8) (fi)A(y) = ravr~

so that supp (fj)A C r ; + i \ r y and ||^||oo < j ~ a < 1. Define <j> : T ->• C by

Clearly, <p e L°°(r), </>7 = 0 for 7 < 0 and 4>' = (fj)A for j > 1; moreover,
satisfies condition (i). Furthermore, for each n e N and x 6 G we have

( 00 n \

Thus, (4>(hn)
A)v € L^G), and it follows immediately from (2.7) and (2.8) that

for every j > I,

(fj * ^ (
,•=1 V m

-L^-Xzj+bi,i+GJ+1 ~ Xzj+bjj+Gj ) (•*)•
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Finally, assume <p e M (Hp). Then there exists C > 0 so that

> Cnl-ap,

that is, \\hn\\HP > Cnl/p-a. Since q > 2p/(2 - p) implies l/p - a > 1/2,
we have a contradiction of the inequality ||/zJ|We < P1/2nl/2. This shows that
4> $. Jt (Hp), which completes the proof of Theorem 2.3.

REMARK 3. In Section 4 of [4] it was shown that if 0 e L°°(r) satisfies
E-oo ll(^)vlli < °° t h e n (t> € ^(Hl), and that there exists 0 e L°°(r)
such that sup7 ||(0y)v||i < oo and 0 £ ^# (/ / ' ) . Clearly, the case p = 1 of
Corollary 2.3 and of Theorem 2.3 sharpen these results from [4].

In view of the fact that condition (i) in Theorem 2.3 is not sufficient to
guarantee that ^ 6 J (Hp) it is of some interest to determine what kind
of additional condition would be sufficient to obtain //p(G)-multipliers. The
following theorem gives one type of solution for this problem.

THEOREM 2.4. LetO < p < 1. Let4> e L°°(r) satisfy

(j)Utr\\P)'' <oo
j=-oc

for some q with 2p/(2 — p) < q < oo. Define fi by fi — 2pq/((2 — p)q — 2p)
(ifq = oo we take fi = 2p/(2 - p), if q = 2p/(2 - p) we take fi = oo).
Let ( a , ) ^ e /"(Z) and define f : T - • C by f(y) = E^aj^iy). Then
ir zj?{Hp).

PROOF. We have

2pl(2-p)q / x \\-2pl(2-p)q

< 00.
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Thus it follows from Corollary 2.4 that x/f e Ji (Hp).

We explicitly state the most interesting case of Theorem 2.4, namely the case
when q = oo.

COROLLARY 2.4. LetO < p < 1. Let(f> e L°°(r) satisfy

and let (o,)^ e 12P^-P\Z). Ifyjr = Y^x <*,& then f e J ' (//").

REMARK 4. Corollary 2.4 is an extension to //^-spaces, 0 < p < 1, (and on
locally compact Vilenkin groups instead of on R") of Theorem 2 in [2], in which
a similar result was obtained for multipliers on LP(W)-spaces, 1 < p < oo.

In the next theorem we show, at least for the case p = 1, the sharpness of
Corollary 2.4.

THEOREM 2.5. Let ( a , ) ^ e /°°(Z)\/2(Z). Then there exists <f> € L°°(F)
such that sup, ||(07)v||i <ooandf = E - o o " ^ 7 i^{Hl).

PROOF. We consider the case when Y^T \aj\2 — °°- Then there exists a
sequence (Xj)f in /2(N) such that £ ~ |a,A,| = oo. Assume |a,A.i| > 0. We
define a sequence (Nk)™ inductively. Let Â o = 1 and, assuming Nk e N has
been defined, define Nk+l e N so that Nk+l > Nk and

j=Nk+\

Next, for each j e N choose a character y; e r ; + i \T7 and define (j> : T ->• C by

where, for n e Z, we set

Then <f> e L°°(D and (4>j)v(x) = 0 if y < 1 and (0;)v(^) = Yj(x)A.j(x) if
7 > 1 . Clearly, sup;. || ( ^ ) v ||, = 1.
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[13] Multipliers for Hardy spaces 299

Next, for it 6 N define gk : V ->• C by

Nt+l

gk(y)= Yl
j=Nt + l

If hk = (gky then

j=Nt + l

and we have fG hk(x) dfi(x) — 0 and

II A t 111 =

Also, since supp hk c G_Nk, we see that

11(1 • |A*)Hl < (m

Therefore,

Consequently /2^isa(l,2, 1) molecule centered at 0 e G (see [4] for a definition
of (1, 2, 1) molecules on G); this implies that hk e Hl(G) and that there exists
a constant C, > 0, Cx independent of hk, so that \\hk\\^ < C{(J2T I*yl2)1/2-

Now define yfr : V ->• C by V = £ ~ a,0y and assume that f € J( ( / / ' ) .
Then there exists a constant C2 > 0 so that for every h € Hl(G) we have

^ l « ' <C||A||Hi. Choose^ e N so that

Now

and we see that
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300 C. W. Onneweer and T. S. Quek [ 14]

a contradiction. Thus we have shown that \ff £ J( (//')•
Finally, if X Îoo \aj I2 = ° °> m e n e x c e P l f°r some minor changes, an argument

like the preceding one leads again to functions </> and ty with the required
properties. This completes the proof of Theorem 2.5.

As our final result we present a theorem whose proof is a minor variation of
the proof of Theorem 2.1. We then briefly indicate how this theorem is related
to a result of Seeger in [6] about multipliers for Lp(R")-spaces.

THEOREM2.6. LetO < p < 1. Assume<f> e L°°(r) satisfies

oo.

PROOF. We use the same notation as in the proof of Theorem 2.1 (a) and we
consider the case r — p. Then A < C and we have, according to (2.5),

j=n k=—oo

j=n

I \~~* 2 1 I V~* l — o ' v 2/(2— ) I

\ h a' 7 \ k mj XGXG" P I
Thus <f> e J£ (Hp).

COROLLARY 2.5. Let 0 < p < 1 and 4> e L°°(T). If there exists e > 0 such
that for every n € Z,

II, <

PROOF. For each n e Z w e have
OO

y ' ) < C ,
7=n
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by inequality (1.1), because e2p/(2 — p) > 0. Thus we may conclude that
</> zJl (HP).

REMARK 5. In [6, Theorem 1] Seeger used a restriction on

(2.9)
r>0

°°(R")to prove that certain m e L°°(R") are multipliers for LP(R"), 1 < p < oo, see
[6, Section 1] for details. On G the analogue of (2.9) is

Thus, Corollary 2.5 may be considered as a version on locally compact Vilenkin
groups G of an extension to Hardy spaces Hp, 0 < p < 1, of Seeger's multiplier
theorem for L''(E")-spaces, 1 < p < oo.

CONCLUDING REMARK. At various places throughout this paper we have com-
pared our results to certain multiplier theorems for Lebesgue or Hardy spaces
defined on R". The results presented here raise obvious questions and conjec-
tures for possible additional multiplier theorems for the //p(R")-spaces. We
intend to report on some of these questions elsewhere.
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