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1. Introduction

Let d be a positive integer. If X is a subspace of L!(T9), then we denote by Mx 12T
the class of all multipliers from X to L2(T9), that is, the class M x _ 12(ay consists of all
functions m : Z? — C such that for every f € X one has

ST mlkr, . ka)fkr - k)P < o
(kl,...7kd)EZd

In [1], it is shown that the class of all multipliers from the (real) Hardy space H'(T)
to L?(T) is properly contained in the class of all multipliers from Llogl/2 L(T) to
L?(T). Our aim in this note is to extend this result to the multi-parameter setting.

First of all, note that if Hl_l)rod(Td) denotes the d-parameter (real) Hardy space over

the d-torus, then Llog? L(T?) C H;rod('ﬂ‘d) (see §2.2), and hence one automatically has
MHémd (ray—12(Td) C M 1064 (T4)—12(T¢)- On the other hand, by adapting the argument
given in [1] to the multi-parameter case, one deduces that the best we can expect is that
M1 14y p2(Tey 18 contained in M g a2 (1a)_, p2(74)- In this note we prove that this

prod

is indeed the case, that is, we strengthen the trivial exponent 7 = d in Llog” L(T¢) to the
optimal one, r = d/2. In particular, our main result in this note is the following theorem.

Theorem 1.1. One has the inclusion

MHl L (T —L2(T4) - MLlogd/2 L(T4)—L2(Td) (11)

pro
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Moreover, this inclusion is proper and it is sharp, in the sense that the exponent r = d/2
in Llogd/2 L(T?) cannot be improved.

The multiplier inclusion (1.1) is obtained by a series of reductions. First, arguing as
in [1] and using Oberlin’s characterization of the class MHrl)rod(']I‘d)_,LZ(’]I‘d) given in [14],
it follows that the proof of (1.1) is reduced to showing the following higher-dimensional
version of an inequality due to Zygmund (see [20, Chapter XII, Theorem 7.6]), a result of
independent interest. To state this version of Zygmund’s inequality on T¢, let 7 denote
the set of all ‘intervals’ of integers of the form 4+{2" —1,...,2"*! — 2} n € Np; in other
words, J consists of all the sets in Z of the form {2¥ —1,... 21 -2} k€ N; and

{21 12, ..., -2 +1},1 € Nq.
Proposition 1.2. Let J be as above. If E C Z% is a non-empty set satisfying the
condition
Dp= sup H#{EN( x---x13)} < o0, (1.2)
Il,...,IdEJ

then there exists a positive constant Ap,,, depending only on Dg, such that

R 1/2
( > |f<k1,...,kd>|2) sADE[H [ imeg®2 1))
(k B

1,ka)EE

In turn, (1.3) will be a corollary of a higher-dimensional extension of a result due to
Seeger and Trebels [19] concerning sharp bounds of sums involving ‘smooth’ Littlewood—
Paley projections on T¢. To state this result, fix a Schwartz function 1 supported in (-2, 2)
such that n|(_1,1) = 1, and consider ¢(&) = n(£) — n(2€). For k € N, set ¢5(§) = ¢(277¢),
and for k=0, set ¢o =7. One can easily see that ),y ¢r(§) =1 for every { € R.
Then, for k € Ny, the corresponding ‘smooth’ Littlewood—Paley projection in the periodic
setting is defined by

Ar(f)(@) =" dr(r) f(r)e®™e
rez
for any, say, trigonometric polynomial f on T. On the d-torus we put

Zkhm,kd(f)(xlv'-wxd) = Ekl & ®de(f)(x17- .-,lUd)

- Z Gry (11) -+~ Pry (ra) f(r1,. . aTd)eQ”(rlxl""“'-&-mwd)

T1,...,7a €L

initially defined over trigonometric polynomials f on T¢. Then Proposition 1.2 is a
consequence of the following result.

Proposition 1.3. There exists a constant Cy > 0, depending only on the dimension
d and our choice of ¢, such that the inequality

B 1/2
IIfIILmrd)SCdpd/Q( > IAkl,.,.,kd(f)llioo(wJ (1.4)

k1,...,ka€Ng

holds for every trigonometric polynomial f on T¢ and for each p > 2.
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The proof of Proposition 1.3 is an adaptation of the work of Seeger and Trebels [19]
to the higher-dimensional setting combined with a well-known inequality on multiple
martingales; see §2.3.

At this point, it should be mentioned that, as also remarked by Bourgain, Brezis, and
Mironescu in [5] for d = 1, one expects that the constant Cp(d) in the Littlewood-Paley
inequality

lzwien < @) (5 |£k1,...,kd<f>2)1/2 (15)

k1,...,ka€Ng

Lp(T4)

behaves like Cp(d) ~ p?? as p — oo, which of course, if true, would imply (1.4). Note
that it is well known that C,(d) < p? as p — oo; see, for example, [10, (6.1.31), p. 430].
Since (1.4) is sharp (see Remark 4.1), we deduce that p?/? < C,(d) < p? as p — oo. In this
direction, see also Remark 5.3 where a stronger version of (1.4) is obtained. However, as
our primary aim is to establish Theorem 1.1 and since (1.4) is enough for that purpose,
we shall not pursue the problem of studying the sharp behaviour of Cp,(d) in (1.5) as
p — o0 in the present note.

The paper is organized as follows. In § 2 we give some notation and background and in
§ 3 we show how the proof of our multiplier inclusion theorem follows from Proposition 1.2.
In §4 we prove that Proposition 1.3 implies Proposition 1.2, and then in §5 we give a
proof of Proposition 1.3. In the final section we briefly present some further applications
of our work.

2. Notation and background

2.1. Notation

We denote by Z the set of integers, by N the set of positive integers, and by Ny the set
of non-negative integers.

The cardinality of a finite set A is denoted by #{A}.

If X and Y are positive quantities such that X < CY, where C' > 0 is a constant,
then we write X <Y. To specify the dependence of this constant on some additional
parameters asq,...,a, we write X <o, 0, Y. I X SY and YV < X, we write X ~ Y.

In this note, we identify T with [0,1) in the usual way.

2.2. Product Hardy spaces and the class MH;rod('H‘d)_,LZ('H‘d)
For 0 < r < 1, let P, denote the Poisson kernel on T given by
P.(z) = (1 —7%)/(1 — 2r cos(2mz) + %),
z€T.Forx €T, let I'(z) ={z €D: |z —e?™| <2(1 — |2|)}, where D denotes the unit

disc in the complex plane. Following [8], the d-parameter (real) Hardy space H,,q(T)
is defined as the space of all integrable functions f on the d-torus such that f* € L!(T%),
where for (z1,...,74) € T? one has

Fixy,...,zq) = sup lf*(Pry @@ Pr)(y1,---y9d)l

r1ei27V1 €0(x1),...,rqge'2™Vd €T (xq)

If f € Hyoa(TY), we set || fll g (ray o= IlF* [l o1 (re).-
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For r > 0, Llog” L(T?) denotes the class of all measurable functions f on T¢ such that
Jpa [f[1og" (14 | f]) < 0o. As mentioned in the introduction, one has the inclusion

Llog? L(T%) C H},0q(T?). (2.1)

Indeed, to see this, note that if M denotes the centred Hardy—Littlewood maximal oper-
ator on T, then there exists an absolute constant Cy > 0 such that for each g € L*(T)
one has

S )Ig * P(y)| < CoM(g)(z) (2.2)
rei2my el (x

for every x € T; see, for example, [8, p. 91]. Therefore, if M; denotes the centred Hardy—
Littlewood maximal operator acting on the ith variable (i =1,...,d), then it follows
from (2.2) that

(@1, za) < CIMy(Ma(--- (Ma(f)) - ) (@1, .- ., za) (2.3)

for every f € L*(T). Since M, is bounded from Llog® L to Llog" ' L for k > 1 (see, for
example, [12, Lemma EJ), (2.3) implies that

Il ooy Sa 1+ [ 1711og" (1511

and we thus deduce that (2.1) holds.
It follows from the work of Oberlin [14] that m :Z? — C belongs to the class
Myt (pay_p2(ray if and only if

prod

sup S Y Imlk, k)] < oo (2.4)

Na€lNo N, <iky|<2N;) Na<|kal<2Ng

2.3. Dyadic square functions

If f € LY(T) and m € Ny, then the mth conditional expectation of f is given by
B, (1)) = 2" [ )’
I

where I is the unique dyadic interval in T of the form I = [s27™ (s+1)27™), s=
0,1,...,2™ —1, such that =z € I.

For m € N, let D,,, = E,,, — E,,_1 denote the martingale differences acting on functions
defined on T. For m = 0, we set Dy = Ey.
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For a given d-tuple (mg,...,mg) of non-negative integers, we define the corresponding
operators acting on functions on the d-torus by

Eml,...,md = Eml ® e ® Emd

and
Dm17~~~,md = Dml ®-- & Dmd.
More precisely, ifd>1 thena given Dml,...,md,l, we define
Dm17~~-7md = Dml,...,md,1 ® ]D)md,
and so if mg =0 then we set Dy, my =Dy my s ®Eg, and if mg >1 then

Dml ..... mg — ]D)ml ..... mg—1 ® (]Emd - Emd_l)'
It follows from the work of Chang et al. [6], in particular from [6, Corollary 3.1], that

(X IDm(f)|2>1/2

meENy

£l zo(ry < Cp'/? (2.5)

Lr(T)

for all p > 2, where C' > 0 is an absolute constant; see also, for example, [19, p. 152].
Moreover, Chang et al. obtained in [6] a result analogous to (2.5) involving Lusin area
integrals. See also [2] and the references therein. In [15], Pipher extended (2.5) and
its analogous version on Lusin area integrals to the two-parameter setting, and in [9],
Fefferman and Pipher extended the aforementioned inequality of Chang et al. involving
Lusin area integrals to £2-valued functions. The argument of Fefferman and Pipher [9]
can easily be adapted to obtain an ¢*-valued extension of (2.5); see [7]. By using this
(?-valued extension of (2.5) together with induction on d, one deduces that there exists
a constant Cy > 0, depending only on the dimension d € N, such that

1/2
|f||Lp<W)gcdpd/2H( ) |Dm1,...,md<f>|2) (2.6)

mi,..., mq€Ng

Lp(T4)
for every p > 2; see also [3] and [7, Proposition 4.5].

2.4. Thin sets in Harmonic analysis

Let G be a compact abelian group and let A be a non-empty set in its dual G. Tn this
note, we shall only consider the case G’ = T?, d € N. A trigonometric polynomial f on G
whose spectrum lies in A is said to be a A-polynomial.

Let p > 2. We say that A C G is a A(p) set if there exists a constant A(p, A) > 0 such
that

I fllea) < Alp, M1 fllz2(e

for every A-polynomial f. The smallest constant A(p, A) such that the above inequality
holds is called the A(p) constant of A.
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A set A C G is called Sidon if there is a constant Sa > 0 such that

S IFO] < Sallfll(c) (2.7)

yEA

for every A-polynomial. It follows from the work of Rudin [18] and Pisier [16] that a
spectral set A is Sidon if, and only if, it is a A(p) set for any p > 2 and its A(p) constant
grows like p'/2 as p — 0.

Let ¢ > 1. A set A C G is said to be g-Rider if there is a constant R , > 0 such that

R 1/q
(Z |f(7)|q> < Ru [l (2.8)

YEA

for every A-polynomial. Here, we use the notation

=[] S fon], . |

'yEG

where (r,), denotes the set of Rademacher functions.
It is well known that if A is a A(p) set for all p > 2 with A(p) constant growing as p*/2,
kE € N, then A is a g-Rider set with ¢ = 2k/(k + 1); see [17, Théoreme 6.3].

3. Proposition 1.2 implies Theorem 1.1

To prove that Proposition 1.2 implies Theorem 1.1, we adapt the argument given in [1]
to the multi-parameter setting by using the characterization of M HY,,(T%)—L2(T4)" To
be more specific, assume that Proposition 1.2 holds and take an arbitrary m in the class
MHrl)rod(Td)_,L2(Td). Then, by definition, we need to show that for every f € Llog®? L(T4)
one has

ST mlkrs . ka)f(kr - k)P < oo

(k17...7kd)ezd

Towards this aim, fix an f € Llog®? L(T%) and note that the sum

ST mlkr . ka) k. Eg)?

(k1,..,ka)€ZY
is bounded by
DR S CHNNIL (5 DRSS SR CHNN I
; (krees ka)€bx:- ki€l kqa€lg

where J is as in the introduction and the statement of Proposition 1.2. Hence, by (2.4),
it follows that

S mlkr, k) R k)P S Y e R

(ky,....ka) €L (k1,....ka)€E
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where Fy is a set in 74 defined as follows. Given Iy, ...,I; € J, choose (7%1, e ,Ed) in
Iy x -+ x Iz so that

F(k,. .. ka)| = Flk,. . ka)l.
| f (K d)| (kl,...,kglgﬁxmxldU( 1 d)|

Then, having chosen a set of d-tuples (El, . 77{:101) as above, we define
Es = {(751,...,75(1) ez forly,....I;€ T, (El,...,k'd) € I x --- x I; being as above}.

Notice that as the choice of d-tuples (ki,...,kq) is not necessarily unique, there might
be several choices of sets E/y. We just choose one of them to write

fllr, . k)P = > Flki, ... ka)|%.
Z (kl,..,,k?)?;ix--«xldv( 15 k)l 2 |[f(k1,. . ka)l
Iv,....1a€T (k1,....ka)EES

Note that any such set Ejy satisfies condition (1.2) in Proposition 1.2 with Dp, = 1.
Therefore, as f € Llog?? L(T%), it follows from (1.3) that

ST mlkr.. . ka) [k ka)? < oo,
(k],.“,kd)ezd

as desired.

3.1. Sharpness of (1.1)

We remark that, in fact, the above argument shows that if m € M L(T4)—L2(T4)
pro
then there is a constant C),, > 0, depending only on m, such that

(X mlh k) fk >|2)1/Zscm[1+/wf|1ogd/2<1+f|>.

(kl,...,kd)EZd

To see that the exponent 7 = d/2 in Llog®? L(T?) in (1.1) cannot be improved, we
argue as in [1]. More specifically, assume that for some r > 0 every multiplier from
H! (T to L2(T?) is a multiplier from Llog” L(T%) to L?(T%). We shall prove that

prod
r > d/2. To this end, for a large positive integer N, take f to be a trigonometric poly-
nomial on T¢ given by f = Von ® -+ ® Von, where Von = 2Kyn11,; — Kon denotes the
de la Vallée Poussin kernel of order 2V and K, is the Fejér kernel on T of order n € N.

Since || Kp|lz1ry = 1 and || Ky || (m) S 7, we deduce that
/d @ z)log" (1 + [f(z1,...,2a)]) das ... dwg Spg N™-
T

So, if we take M = (m(k1, ..., ka))k,.. kyez With m(k1,...,kq) = 1/Vki ... kg for ky >
0,...,kqg >0 and m(ky,...,kq) = 0 otherwise, namely when at least one of the coordi-
nates is less or equal than 0, then M € My L(T4)—L2(T4)5 and hence

( ST ik, ka) Flk, ok )|2>1/2§T}dNT.
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Since
N 1/2 1 1/2
(X ke k) 2 (% -
(k‘l,... kd)GZd 1Sk?17...,k7d§2N L d
13\ /2
-1 % 3)
i=1 N1<k;<2N

we see that, by choosing N to be large enough, we must have r > d/2.

Remark 3.1. A similar argument shows that the Orlicz space Llog?? L(T4) in (1.3)
cannot be improved. Indeed, if E is a set satisfying (1.2), then by making use of the
argument presented above, we see that the exponent r = d/2 in Llog? L(T?) on the
right-hand side of higher-dimensional Zygmund inequality (1.3) is sharp.

To show that the inclusion (1.1) is proper, take A to be a Sidon set in Z that cannot
be written as a finite union of lacunary sequences; see [18, Remark 2.5(3)]. Then M =
Xax-xa belongs to the class M ,a/2 1 (pa)_ p2(7a); see, for example, [1, Proposition 4].
However, it can easily be checked that M = xax...xa does not satisfy (2.4) and we thus
deduce that xax...xa € MLlogd/Q L(T4)— L2(T4) \MHrl)md(Td)_)L%Td).

4. Proposition 1.3 implies Proposition 1.2

Our aim in this section is to prove that Proposition 1.3 implies Proposition 1.2. Towards
this aim, take F C Z% to be a set satisfying the assumption of Proposition 1.2, that
is, condition (1.2). By duality (see, for example, [4, Remarque, pp. 350-351]), (1.3) is
equivalent to the fact that F is a A(p) set in Z? for every p > 2 with A(p) constant
growing like A(p, F) < CDEpd/2 as p — oo. In other words, to prove (1.3), it is enough
to show that for every E-polynomial f one has for every p > 2,

£l zr(ray < Cpup™?| fll L2 (ra, (4.1)

where Cp, is an absolute constant, independent of p and f. As we will soon see, if
Dpg =1, then, in fact, Cp, depends only on d and, in particular, can be taken to be
independent of F.

Assume first that E satisfies (1.2) with Dg = 1. To prove (4.1), fix an E-polynomial f
and note that for every (ki,...,kq) € N¢ one has, by the triangle inequality,

1Ak ea () oo (may < > |6k, (1) -+ bry (ra) F(r1, -, )]

(r1yeesra) EEN(Igy XX g )

Sdo Z |f(ris. .. ra)l,

(riseesra) EBEN(Igy XX I, )
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where Ij, denotes the set Z N {(—2k+1 —2ki=1]y[2k—1 2k+1)} [ =1 ... d. Observe
that, thanks to condition (1.2) for Dg = 1, the sum

> f(r1, - ra)

(’l“l ...,Td)GEﬁ(Ikl X"'Xlkd)

consists of at most 6% terms. Hence,

1A%y oo ea (P oo (pay S > [f(r1,.. ra)l

(Tl,..‘,T’d)EEm(Ikl ><'~'><Ikd)

and we thus deduce that

N 1/2 R 1/2
( ) ||Ak1,..‘,kd<f>||%m<w>) sm( ) f(rl,...mdn?) L4
k1i,..

- ka€Ng (r1,-,7a)EE

Observe that the quantity on the right-hand side of the last inequality equals || f||z2(7a),

~

as supp(f) C E. Hence, (4.1) follows from (1.4) and (4.2) in the case where Dy = 1.
Moreover, note that, in the case where D = 1, the implied constant in (4.2) depends
only on the dimension d and on our choice of ¢ and, in particular, it is independent of F.

In the case where Dy > 1, write f = Zi’i fi, with f; being trigonometric polynomials
on T¢ such that supp(fi) C E;, where E = UZZEl E; and Dg, = 1. Then, by using the
triangle inequality and the previous step, we have

DE DE
I fllze(rey < Z I fill Lo (ray < Cp™/? Z fill z2(ray < CDEp®™?(| £l 1210y,
i=1 =1

since, by our construction and the L*-theory of Fourier series, || fil|2(ray < || £l 12(ra) for
alli=1,...,Dg.

Remark 4.1. As mentioned in Remark 3.1, the exponent r = d/2 in Llog®/? L(T%)
in (1.3) is sharp. Using this fact, we deduce that the behaviour of the constant on the
right-hand side of (1.4) with respect to p as p — oo is best possible. That is, the exponent
r=d/2 in p¥? in (1.4) cannot be improved.

5. Proof of Proposition 1.3

To prove Proposition 1.3, note that, as p > 2, it follows from Minkowski’s inequality that

1/2 1/2
H( > |D7m,...,md<f>|2) s( > ||Dm1,...,md<f>||%pm>) -
mi,--- ,mqgENg

Lp(Td) mi,...,mqENy
Moreover, since one trivially has

1/2
< Z HDml 11111 md(f)”%l’(j]‘d))

mi,...,ma€Np

.....

IA
7 N
=
3
E
s
-
S
8
5
=
N——
=
o [\v)
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we deduce from (2.6) that

1/2
IfIILwd)SCde/Q( T ||Dm1,...,md<f>|ioom)) (5.1)

mi,...,mqENy

for all p > 2. Hence, to prove that (1.4) holds, it suffices, in view of (5.1), to show that

1/2 N 1/2
( )3 ||Dm1,...,md<f>||iw<w)) sd< 3 ||Ak1,...,kd<f>|im<w)) |
k..

mi,...,mqg€Np - ka€No

This last inequality follows from the next lemma which is a d-dimensional analogue of
[19, Lemma 2.3].

Lemma 5.1. Let 6 be a Schwartz function that is even, supported in (—4,4) and such
that (5|[,2’2] =1.

Define (&) = §(€) — 6(8¢). For k € N, put ¢y (€) = 1(27%¢), and for k = 0, put 1y = 4.
Consider the operator

Ui(f) (@) = er(r) f(r)e
rEZ

acting on functions defined over the torus. For kq,...,kq € N9 we use the notation
Uik = VY, @@ Uy,

There exists a constant Cy > 0, depending only on the dimension d and on 1, such

that for all d-tuples of non-negative integers (myq,...,mg) and (ki,...,kq) one has
d
Doy ,..comg Yk ... ka | Loo 14y — Lo (10) < Ca H 27 ki =msl, (5.2)
j=1

The proof of Lemma 5.1 will be given in the next subsection. By using the above lemma
and in particular estimate (5.2), one can easily complete the proof of Proposition 1.3.
Towards this aim, we argue as in the proof of [19, Proposition 2.2]. More precisely, we
consider a trigonometric polynomial f on T¢ and write f = Zk17___7kdeN0 ﬁkh”_,kd(f).
For fixed n (and ¢), if ¢ is as in the statement of Lemma 5.1, then )¢ = ¢, and hence
Wiy kdﬁkl A k- S0, by using (5.2), we obtain

.....

||]D)m17---7md(f)HL°°(']I‘d)
< Y IPmmal B ()]s ey

ki1,...,kqa€Np

< Z ||Dm1,m,md\11k1,m,kdHL°°(T‘1)~>L°°(T‘1)||A/€17m,kd(f>||L°°(']I‘d)

k17~--,kdEN0
d ~
ST DI U ) ) [N E e
ki,...,kq€Ng ~j=1
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and it thus follows that

1/2
( > D, md(f)uix(w))

my,...,mq€ENg
d _ 271/2
Sd[ 2 ( 2 ( 2—"'”—’%)|Ak1,.‘.,kd<f>||mw>)} ,
mi,...,mg€No Nki,...,ka€Ng j=1

where the implied constant depends only on the dimension d (and on our choice of ).
Hence, by Minkowski’s integral inequality,

> (kz (:12-'mf-kj)|ﬁkl ..... kd<f>||Loo<w>)T/2

mi,...,ma€Ng - ka€Ng
d 1/2
—|m; A 2
< E <H2 | J) < E E Akl+m15~~7md+kd(f)||L°°(Td)> :
mi,...,mg€Z ~ j=1 k12>—my ka>—maq

Since we have

> <ﬁ2_m1>< oo Y ||3k1+m1,...,md+kd(f)%oo(qrd))l/z

mi,...,mg€Z ~j=1 k12>—m1 ka>—mg
B 1/2
S ( Z ||Ak1wwkd(f)||%°°('ﬂ'd)> )
k1,...,ka€Ng
the proof of Proposition 1.3 will be complete once we prove Lemma 5.1. This will be done
in the following subsection.
5.1. Proof of Lemma 5.1

The proof of Lemma 5.1 can easily be obtained by iterating the corresponding one-
dimensional result of Seeger and Trebels [19, Lemma 2.3], which, in particular, asserts
that for all m, k € Ny one has

D @ || oo () oo (my < C27IM7H, (5.3)

where C' > 0 is an absolute constant. More precisely, to prove Lemma 5.1 we shall induct
on the dimension d € N. Note that the one-dimensional case is (5.3). Assume now that,
for some d > 1, estimate (5.2) holds for the (d — 1)-dimensional case, namely

d—1

Do mg s @i ook | oo (ra—1) s poo =1y < Cay [ 277l (5.4)
j=1

To establish the d-dimensional case, fix a trigonometric polynomial f on T¢ and observe
that one has

Dml,...,md [\:[jkl,...,k‘d(f)] = ]D)md\Ijkd []D)ml,...,md,1\Pkl,...7kd71 (f)] (5'5)
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Indeed, to show (5.5), note that for mg > 1 one has

Dm17~~;md = Dmly-u,mdq ® Emd - Dm17~-,m471 ® Emd—l’
,z4) € T4, we may write

]D)mh ;md \Ilkl, Jka (f)](xlv xd)

=2 / Td)Dml7-~~7md—1 [\Ijk17~--akd—1 (fm)](xlv s 79:61—1)612#”1‘1 dxii
T

d ’l"dEZ

and hence, for (z1,...

. ’
- / ) Dos s [V igs (o)) (1, 2a1 )27 0%
I

d ’I‘dEZ

where I is the unique interval in T of length 27" containing x4, fd is the unique interval
in T of length 2=("¢=1 containing x4, and for 74 € Z we use the notation

fro(z1, o zam1) = Z Flre, ... rg)e2m izt traiza )

T1,.sTd—1€Z

Note that we may write

Z Dm1,---7md71 [\I/klau-akd—l(f"'d)}(xl’ s v'rd—l)eizﬂrdzd

rq€Z
— Dml,...,md,l [\Ilkl,...,k}d71 (fa?d)](mla AR 7xd71)?

where for fixed z4 € T we use the notation f,,(z1,...,24-1) = f(x1,..
obtain that

Dm1,~-~,md [\I/klv-“:kd (f)]
= Emdqjkd [Dmly--~7md—1\I/kly--~7kd—1 (f)} - Emdflq/kd []D)ml,...,md,l \Ijkl,...,kd,l (,f)],

., zq). We thus

and this completes the proof of (5.5) in the case where mq > 1. If mg = 0, one shows
(5.5) similarly.

Hence, using (5.5) and applying (5.3) to the dth variable, for fixed (x1,...,24-1) €
T4, we get

Dy Pk, ()21, 2a)|

<C2” Ima=kal Sup |Dm1, a1 Yhiyeeka- 1(fm,i)($17 '7xd*1>‘
x! €T

for all x4 € T. By using the inductive hypothesis (5.4), we obtain

|Dm1,...,md,1\I/kl,...,kd71 (fxd)(xla s 7xd—1)‘
d—1
<o [T o (s gl
J=1 zh €T \ (x,....x/,_;)€TI—1
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for all (x1,...,24_1) € T¢"1. We thus deduce that

d
Doy ooma Wk ok (D@1, )| < CCamy [[ 27755 £l oo (e
j=1

for all (x1,...,74) € T¢, and this implies the desired result. Hence, the proof of the lemma
is complete.
Note that the argument above gives Cy = C¢, where C' > 0 is the constant in (5.3).

Remark 5.2. We remark that one can give an alternative proof to Lemma 5.1 by
adapting the argument in the proof of [19, Lemma 2.3] to higher dimensions.

Remark 5.3. At this point, it is worth noting that, by using (5.3) together with a
result due to Grafakos and Kalton [11, Proposition 4.4] (see also [10, Theorem 6.4.8]),
one obtains a stronger version of (1.4), where the L>°(T¢)-norms of the Littlewood—Paley
projections on the right-hand side of (1.4) are replaced by LP(T¢)-norms, p > 2.

To be more specific, by adapting the argument of Grafakos and Kalton [11] to the
torus, it follows that there exist absolute constants C, c¢q > 0 such that

D Wk || 121y p2my < C270Im K] (5.6)

where in the one-dimensional periodic case one can take ¢ = 1/2. Hence, by interpolating
between (5.3) and (5.6), we deduce that for every p > 2 one has

Do il Loy (my < A27IM7H/2) (5.7)

where A > 0 is an absolute constant. Therefore, by using (5.7) and arguing as in the proof
of Lemma 5.1, it follows that

d
1Dy ,...oma Wka,..ooka | Lo (Tay — Lo (1) Sd H 27 lhi=msl/2, (5.8)
j=1

Hence, by using (5.8) and arguing as in the proof of Proposition 1.3, we deduce that, for
every trigonometric polynomial f on T and for each p > 2, a stronger version of (1.4),

_ 1/2
||f|m<w>sdpd/2( > ||Ak1,...,kd<f)||iw>) : (5.9)
k1,...,ka€Ng

holds true.

6. Some further remarks and applications

6.1. Applications in thin sets

Proposition 1.2 gives examples of A(p) sets in Z? whose corresponding A(p) constant
grows like p%/2 as p — oo and they cannot be written as products of Sidon sets. Moreover,
those sets, namely the class of the sets £ C Z% that cannot be written as d-fold products of
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sets in Z and satisfy the condition supy, ;.7 #{E N (I1 x --- x I3)} < 00, are examples
of 2d/(d + 1)-Rider sets in Z? that cannot be written as products of Sidon sets in Z.

Note that if Aj,..., Ay are lacunary sequences in Z, then A; X --- x Ay satisfies (1.2)
and we thus recover the well-known fact that A; x --- x Ag is a A(p) set in Z¢ whose
constant grows like p%/2 as p — co. However, Proposition 1.2 cannot handle spectral sets
of the form A; x -+ x Ag, where A; is a Sidon set that is not a finite union of lacunary
sequences (j =1,...,d).

6.2. A version of (1.4) for ‘rough’ projections

For k € N, consider the classical Littlewood—Paley projection Ay given by

2k —1 _ogk—1
Ap(f)(z) = Z f(n)ei%rnr + Z fA(n)eizwnm.
n=2k-1 n=—2k41

o~

For o = 0, set AO(f)(Z‘) = f(()) For kla . '7kd € N07 we write
Akl"“’kd = Ak?l XX Akd~

Since for every trigonometric polynomial f on the d-torus we may write

f= S D)

mi,...,mqg€Nog

we have
Ak17~~;kd(f) = Z Ak1,~-7dem17-~,md (f)
mi,...,mq€Ng
Observe that gkl,..‘,demmed = 0 whenever there exists an index jo € {1,...,d} such

that |k;, —m,,| > 1. Hence, for every p > 2 one has

||£k17-~7kd(f)HLp(’]I‘d) < Z Hﬁkl;u-:demlw--;md(f)HLZ"(Td)

(ml,...,md)ENg:
|kj—m;|<1 for all je{1,...,d}

Sd Z ”Aml,...mu (f)”LP(’JTd)-
(ml,...,md)eNg:
|kj—m;|<1 for all je{1,...,d}
Therefore,
~ 1/2 1/2
( Banlen) St E MmO
k1,...,kq€Ng k1,...,kq€Ng
and hence it follows from (5.9) that
1/2
lories S0 5 1)
k1,..

ka€Ng
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We thus deduce that for every trigonometric polynomial f on T? one has

1/2
|f||Lp<W)sdpd/2( > |Ak1,...,kd<f>||iw>) (6.1)
ki,..

kq€Ng

for each p > 2. Note that (6.1) also follows directly from (1.4). Estimate (6.1) is a
multi-parameter version of an inequality due to Moore [13]. In particular, we obtain
the following multi-parameter extension of [13, Theorem, p. 30].

Proposition 6.1. There exist positive constants c¢;(d) and co(d), depending only on
the dimension d, such that whenever

Z 18-k ()17 0 (ray < 00

E1,...,ka€No

one has
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[f(x1,...,2q)]

e 1801 (e

2/d
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