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PERIODIC SOLUTIONS OF A TWO-SPECIES RATIO-DEPENDENT
PREDATOR-PREY SYSTEM WITH TIME DELAY IN A
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Abstract

By using the continuation theorem of coincidence degree theory, a sufficient condition
is obtained for the existence of a positive periodic solution of a predator-prey diffusion
system.

1. Introduction

Xu and Chen [4] considered a two-species ratio-dependent predator-prey diffusion
model with time delay given by

(1.1)

mxi(t — r) + X](t — r )

where JC,-(O represents the prey population in the Ith patch, i = 1, 2, and A:3(0 represents
the predator population. Here r > 0 is a constant delay due to gestation, D, is a positive
constant denoting the dispersal rate, / = 1,2, and a, (/ = 1, 2, 3), a n , a13, 022, «3i and
m are positive constants.

In Xu and Chen [4], the local and global asymptotical stability of the positive
equilibrium of the system (1.1) were studied. For an ecological interpretation of
system (1.1), we refer to [4] and references cited therein.

x\{t) =xx{t) ( a , -
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Realistic models require the inclusion of the effect of change in the environment.
This motivates us to consider the following two species predator-prey diffusion model
with time delay:

m (0*3(0

+ D,(f)(jc2(0-Jti(0).

= X2(t)(a2{t) - 022(0X2(0) + D2(0(*l(0 - *2(0).

= JC3(O(-fl3(O + m(t)x3(t-T)+Xi(t-T)

(1.2)

In addition, the effects of a periodically changing environment are important for
evolutionary theory as the selective forces on systems in a fluctuating environment
differ from those in a stable environment. Therefore the assumptions of periodicity
of the parameters are a way of incorporating the periodicity of the environment (for
example, seasonal changes, food supplies, mating habits, and so on), which leads us to
assume that D, (i = 1, 2), a, (/ = 1, 2, 3), an, a)3, a22, a3] and m are strictly positive
continuous ui-periodic functions.

As pointed out by Freedman and Wu [1] and Kuang [3], it is of interest to study
the global existence of periodic solutions for systems representing predator-prey or
competition systems. In this paper, our aim is to use the continuation theorem of
coincidence degree theory which was proposed in [2] by Gaines and Mawhin to
establish the existence of at least one positive tu-periodic solution with w > 0 of
system (1.2).

Let X, Z be real Banach spaces, L : domL c X —> Z a Fredholm mapping
of index zero and P : X —> X, Q : Z —> Z continuous projectors such that
I m P = KerL.Ker Q = lmL,X = KerL©Ker P andZ = ImL©Im(2. Denote by
Kp : Im L -> Ker P Ddom L the generalised inverse (of L) and by J : Im Q —> Ker L
an isomorphism of Im Q onto Ker L.

For convenience we introduce a continuation theorem [2, page 40] as follows.

LEMMA 1.1. Let Q C X be an open bounded set and N : X —>• Z be a continuous
operator which is L-compact on Q (that is, QN : £2 -*• Z and Kp(l — Q)N : £2 —> Y
are compact). Assume

(a) for each X e (0, 1), x e 3fi n dom L, Lx ± kNx;
(b) for each x e d£2 D Ker L, QNx ^ 0;
(c) deg{JQNx,QnKerL,0} ^ 0.

Then Lx = Nx has at least one solution in £2.
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2. Main result

For the sake of convenience we will use the notation

— 1 Cw

/ = - / f(t)dt, / ' = m i n / ( O and fM = maxf(t),
W Jo lelO.w] t€\0,w]

where/ is a strictly positive continuous lu-periodic function.
We now state our fundamental theorem about the existence of a positive ui-periodic

solution of system (1.2).

THEOREM 2.1. Assume the following:

(i) (a, - D,)'> aft/m1,
(ii) a'3l > ai,
(iii) (a2-D2)'>0.

Then system (1.2) /las a/ /easf one positive w-periodic solution.

PROOF. Let

...,., and F2(f, 5) =

Consider the system

y[(t) = a{(t) - D,(/) - au(t)e
y>U) - Fx(t, t) + D\

y'2(t) = a2(t) - D2(t) - a22(r)e
)'2(') + D2(t)e?lU)~yM, } (2.1)

= -« 3 (0 + F2(t, t),

where T, D, (I = 1, 2), a, (i = 1, 2, 3), an, al3, a22, a3! and m are the same as
those in system (1.2). It is easy to see that if the system (2.1) has an w-periodic
solution (y*(t), y2 (0. yj*(0)T. then (e^('V2'('V3'(/))r is a positive w-periodic solution
of system (1.2). Therefore for (1.2) to have at least one positive u;-periodic solution it
is sufficient that (2.1) has at least one ^-periodic solution. In order to apply Lemma 1.1
to system (2.1), we take

X = {(y,(0, y2(0. y3(0) r 6 Cl(R, R3) : y,(t + w) = y,(t), for i = 1, 2, 3},

Z = {(zi(0,Z2(0. Zs(0)r 6 C(R, R3) : z,{f + w) = Zi(t), for i = 1, 2, 3}

and

||O'i(O.y2(O,y3(O)7"|| = maxlyi(0l+ max |y2(0l + max |y3(0|.
telOw] ie[0.w\ ie[0,w]
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With this norm, X and Z are Banach spaces. Let

[4]

y\

jl.
~y\~

=

"ai(O-

c

'y\~

Q 4

2

'.2

n
F\{t, 0 +

V5(O

-a3(t) + F2(t, t)

P

=

1=

a/««)/J
_{\/w)jo

wy^t)dt_

"z2(t)dt
Zi(t)dt_

- Z2

» 6 X ,

We note that Ker L =

"Zi"

Z2 22 eZ , = 0, for i = 1,2,3

is closed in Z and dim Ker L = codimlmL = 3. Hence L is a Fredholm mapping of
index 0. Furthermore, the generalised inverse (of L) Kp : Im L -> Ker P D dom L
has the form

/" i r f
KP(z) = I z(s)ds / I z(s)dsdt, for z =

Jo w Jo Jo

e Z.

Thus QN :X -+ Z,

rifrf lW_n(f)_

7o
y i [ r, r)

: X -> X and

fo'[a,(5)- D i ( s ) -
- D2(s) -

s, s)
ds

- F , ( J ,

i; fo /o '[fl2(*)-D2(j)-

fo
W[ai ( 0 - 0 , ( 0 •

/ 0 > 2 ( 0 -

/ ) - F,(r, f) + D,(r)^('
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Clearly QN and KP(I — Q)N are continuous by the Lebesgue theorem and moreover
QN (Q) and Kp (I — Q)N (fi) are relatively compact for any open bounded set SI C X.
Hence N is L— compact on Q for any open bounded set Q C X.

Corresponding to the operator equation Lx = kNx, k 6 (0, 1), we have

y[(t) = k [a,(r) - D^t) - au

y'2(t) = k [a2(t) - D2(t) - a2

y'3(t) = k[-a3(t) + F2(t, t)].

r, t)

(2.2)

Suppose that (y\(t), yz(t), yjit))7 € X is a solution of system (2.2) for a certain
k e (0, 1). By integrating (2.2) over the interval [0, w], we obtain

/ - D,(0 - fl

[a2(r) - D2(r) -
/

and

Thus

/
= (a, -

a22(0e = (a2 -

and

From (2.2)-(2.5), it follows that

/

W AW

\y[(t)\dt<k | a , ( r ) -D, i
Jo

.+/
Jo

(a, -

+ f
Jo

= 2(a, - Dx)w + I Dx
Jo

\y'2(O\dt <k f \a2(t) - D2(t) -
Jo

/
Jo

/
Jo

= 0,

= 0

(2.3)

(2.4)

(2.5)

(2.6)
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< (a2 - D2)w + f a22(t)e
yMdt + I D2

Jo Jo
pw

= 2{a2 - D2)w + 2 D2(t)e
flll)-yim dt (2.7)

Jo
d

f \y'i(t)\dt <k[\- a3(t) + F2(t, t)\dt<ajw+[F2(t, t)dt = 2a^w. (2.8)
Jo Jo Jo

Multiplying the first equation and the second equation of system (2.2) by eyxil) and

eyi('\ respectively, and integrating both over [0, w], we obtain

eyd')y[(t)dt= / [(adO-Dl(t))e
yM-au(t)e2Ml)-F^t, t)eMl) + Dl(t)e

n(l)]dt
Jo

and

/ e"My2(t) dt= [ [(a2(t) - D2(t))e*M - a22(t)e
2yM + D2(t)e?M] dt.

Jo Jo

That is,
pw pw

I an(t)e2Ml) dt + F,(r, t)e>lW dt
Jo Jo

(a, ( 0 - £>, (f))^ ' ( ( ) dt + / D, ( r )«» w dt (2.9)
Jo

and

/ a22(t)e
2Ml) dt = (a2(t) - D2{t))<?M dt + / D2(t)e>"w dt. (2.10)

./o ./o Jo

Equation (2.9) implies that

a'n / e2Ml) dt < (a, - D , ) M / e»('> dt + D? e^(l) dt,
Jo Jo Jo

from which, using the inequality ( fQ
w eyM dt) < w f™ e2yiW dt, we obtain

; / rw \2 rw rw

^-l e>Mdt) < ( a , - D 1 ) M / e>«>dt + D» e»(l)dt.
u> \Jo ) Jo Jo

Thus

a1 fw T •> nl nM fw 1 1 / 2

2fi> / ^dt< \(al-Dl)
M + [(ai-Dl)

M]2 + 4^^- / e*'>dt\ ,
w Jo L J iy y0 J

from which, using the inequality

(a + b)1/2 <ai/2 + b1/2, for a > 0 and b > 0, (2.11)
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it follows that

Periodic solutions of a two-species system

- i i / e"(" dt < (a, - D,)M + J -li—L / ^ ( " <
w Jo V i" VJo

A similar argument to (2.12) implies from (2.10) that

^ ey^dt<(a2-D2)
M + J^^-( e^dt)

w Jo V v) \Jo )

1/2

1/2

Substituting (2.13) into (2.12), we obtain

(a2 - D2)
Mw

from which, using (2.11), it follows that

\al
12D^ w ( T

~^r^2\!o

239

(2.12)

(2.13)

1/2

Therefore there exists a positive constant p\ such that

/ e»wdt < PL (2.14)
Jo'

Substituting (2.14) into (2.13) implies that there exists a positive constant p2 such that

f>i. (2.15)

Choose tt e [0, w], i — 1, 2, such that >>,(/,) = mm^o^yXi), i = 1, 2. Then it is
clear that >•(/,) = 0, i = 1, 2. In view of this and system (2.2), we obtain

, f.)

and

- D2(t2) -

) = 0 (2.16)

= 0. (2.17)
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Thus

and

Therefore

> («i

yi(*i) >

Zhengqiu Zhang and Zhicheng Wang

'2('2) = a2(t2) - D2(t2) + D2(t2)e
y<™-yi

, (a, - DO' - a!fJml , „

+ I

((2) .

(fl2

>l(fl)^J

> (a2-

-o2y

D2y.

[8]

(2.18)

(2.19)

Substituting (2.14), (2.15) and (2.19) into (2.6) and (2.7), we obtain

r ,
/ \y <

Jo

2(a, -

and

\ \y'2
M

(t)\dt < 2(a2 -

(2.20)

(2.21)

Equations (2.14) and (2.15) imply that there exist two points f, r\ e (0,10) such that

yi(£) < ln(pi/u>), y2(j]) < \n(p2/w). (2.22)

In view of this and (2.19), we have

| V | ( ? ) | < max { I I n l - In
(a, -DO'-flo/

max{ In— ,
w

In

(2.23)

(2.24)

Since W e R
AW

/ WJo
(s)\ds and \y2(t)\ <

/ "
Jofrom (2.20), (2.21) and (2.23), we obtain

(a, - DO1 - a")

and

|v,(0| < max

\y2(t)\ < max

f h -
[I w

111"-
(I IW

In
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Equation (2.5) implies that there exists a point f3* e (0, u>) such that

F2(tl + r, /3* + r) = aj.

That is, aim{.t* + r)ey>(V = (aM(t* + r) - oj)^1''^. Hence

241

In
r)a3

»e(0,ui]
In /?,. (2.25)

Since W e /?, |y3(r)| < |>3(f3)| + /„"" |y3(s)| ^ , from this and (2.8), we obtain

|v3(0l < max In
m(0a3

2a3u; =

Clearly /?, (/ = 1, 2, 3) are independent of A.. Denote M = Rt + R2 + R3 + Ro; here
RQ is taken sufficiently large such that

2max I I In5,1, In (a, - D,) -

+ max In
O22

In < M. (2.26)

Here tfh[ is the only real root of the equation

- Dx) - D2) + y/auDlja22D2x.

We now take J2 = {(ydt),y2(t), y3(t))
T € X : ||(y,, y2, y3)

r\\ < M\. This satisfies
condition (a) of Lemma 1.1. When(y,, y2, y3) r e 3J2nKerL = d£ir\R\(yl,y2,yi)

T

is a constant vector in R3 with ly^ + \y2\ + |y3| = A/. We will prove that when
OM. yi, yi)T e an n KerL = 3fi n R \

ĜV

If the conclusion is not true, that is, QN(yu y2, v3)r = (0, 0, 0) r with |y, | + \y2\ +
|v3| = M. Since

~y\~
= (a2-

w JO

+ ' /"

m(t)e'l+e'i 'C

"3,(0 jt€v,

"0"
0

_0_

. - 1 /"
w ô + = 0,(a. - Dx) -

we have oI7e2)r' < (ai - Dx)e
y> + ~D[en < (a, - Dx)e

yx + ~5[en. Thus

(2.27)

2a,,e^1 < (a, - £>,) + \/(ai ~ ^ , ) 2 + 4077^,^ < 2(a, -
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That is,

Since

Zhengqiu Zhang and Zhicheng Wang

we obtain a22e
2yi < (a2 - D2)e

yi + D2e
y\ Thus

From (2.28) and (2.30), it follows that

e»<8u <* <

From (2.27) and (2.29), we obtain

(a2 -

(a, - D,) - (a,3/m)
1 > ^=

a22

and e

Hence

\y\ I < max

|y2| < max

In
- (a13/m)

and

In
(a2 - D2) In

- D2)

a22

[10]

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

Since -a3 + (l/w) J™ (an(t)/(m(t)ey' + ey[)) dtey' = 0, the same argument as that
used for (2.25) gives

In + max \ | Inbx |, In
(a, - D,) - (an/m)

Therefore

3

In
- (an/m)

+ max | In

< M,

(a2 - D2)

a22

In
- D2)

In

https://doi.org/10.1017/S1446181100013298 Published online by Cambridge University Press

https://doi.org/10.1017/S1446181100013298


[11] Periodic solutions of a two-species system 243

which contradicts the fact that \y^\ + \y2\ + \y^\ = M. So when (yit y2, yy)T e
afiHKer L = dQ(lR\ QN(yl,y2,yi)

T £ (0,0, 0)7".
Finally we will prove that condition (c) of Lemma 1.1 is satisfied.
Define </> : DomL x [0, 1] -> X by

(a, - D,) -
(a2 - D2) -

0

When (y\,y2,yi)T € 3finKerL = dQ n R3, (yu y2, >3)r is a constant vector in R3

with lyil + l^l + l^l = M. Using a similar argument to that for QN(yit y2, y3)7 ^ 0,
when (yi, y2, y3)r e 3fiDKerL, we can show that when (yu y2, y3) r € 3finKerL,

1. y2. ̂ s. A<<) 7̂  (0, 0, 0) r . As a result, we have

deg(/fitf(y,, y2f yj)7", « n KerL, (0, 0, 0)r)

= deg I I (ai - D i ) - a i i e " , (a2 — £)2) •

— 1 /"
- fl3 + - /

w Jo

= degM(a, -

m(t)e*>

where t* € [0, ui] is a constant.
Since the system of algebraic equations

(a, - D,) - a , , * = 0 ,

a2 - D2) - a22y = 0,

- aj + O3Tx/(m(r*)z + x) = 0,

has a unique solution (x*, y*, z*) which satisfies x* > 0, y" > 0 and z* > 0, thus

deg ( ( (a , - D,) - aTT^1, (H^D^) - ail^2,

a^e
yt \T

 T

- 51 + , £2 D Ker L, (0, 0, 0) r
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= sign

= sign

- a n *
0

0 0
0

{m{t*)z* + x*)2

(m(t*)z*

(m(f)z* + x*)2

5*0.

Consequently deg (j QN(yu yi, yi)T, fi n KerL, (0,0, 0)T) ^ 0. This completes
the proof of condition (c) of Lemma 1.1.

By now we know that fl verifies all the requirements of Lemma 1.1 and that system
(2.1) has at least one u;-periodic solution. Therefore system (2.1) has at least one
positive iy-periodic solution. This completes the proof of Theorem 2.1.
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