PHRAGMEN-LINDELOF AND COMPARISON THEOREMS
FOR ELLIPTIC-PARABOLIC DIFFERENTIAL EQUATIONS

J. K. ODDSON

1. Introduction. Theorems of Phragmén-Lindeldf type and other related
results for solutions of elliptic—parabolic equations have been given by nume-
rous authors in recent years. Many of these results are based upon the maximum
principle and the use of auxiliary comparison functions which are constructed
as supersolutions of the equations under various conditions on the coefficients.
In this paper we present an axiomatized treatment of these topics, replacing
specific hypotheses on the nature of the coefficients of the equations by a single
assumption concerning the maximum principle and another concerning the
existence of positive supersolutions, in terms of which the theorems are stated.
Since the first assumption is valid under very mild conditions, the application
of these results to the solutions of any particular elliptic-parabolic equation
essentially requires only the determination of supersolutions for that equation.
In this way the theorems may be tailored to fit individual equations although
of course when supersolutions are available for an entire class of equations
(as in (3) and (6), for example), the theorems apply to the class as a whole.
In this connection let us mention that for uniformly elliptic equations the
determination of optimum supersolutions may often be accomplished with the
use of maximizing operators (9).

Our main result (Theorem 4.4) is a comparison theorem which, in its
simplest form, may be illustrated by the following example.

Let #(x, y) be a harmonic function in the half strip —7/2 < x < 7/2,y > 0
with zero Dirichlet data on the vertical sides. If for some constant 8,0 < 8 < 1,
we have u(x,y) = 0(ef¥) as y — + », then in fact u(x,y) = O(e®) as
y— + .

Besides providing explicit bounds for the possible rates of growth and decay
of solutions, such estimates find application in the approximation of solutions
and the investigation of stability with respect to changes in the data or in the
coefficients of the differential equation.

2. Notations and basic conditions. Let D be an open set in E* with
boundary dD. D may be unbounded, in which case we shall consider infinity
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to be part of the boundary. At various times it will be convenient to distinguish
certain parts T, T, I'. of the boundary and to write B = 4D — T or
= 9D — TI'1 U T, For example these distinguished sets may be an isolated
point, the point at infinity, or a surface of singularities of the coefficients of
our equations.
We shall be concerned with the linear differential operator

n

L=L*+c= Z ay(x) =

i=1 6x 0x;

-+Zb (x)*—+6(x)

where x = (x1,...,%,) and the coefficients are defined in the set D. Unless
otherwise stated we shall assume throughout this paper that L has the following
two basic properties in D:

(1) Given any real-valued function u(x), twice differentiable in an open set
D, C D, such that Lu(x) < 0 for all x € D4, and

lim infu(x) >0
50D
z€D1

then u(x) > 0 for all x € D.
(2) There exists a real-valued function V(x), twice differentiable in D, such
that V(x) > 0 and LV (x) < 0 for all x € D.

Remark 2.1. Property (1) is usually stated as a corollary to the (weak)
maximum principle. In fact we have the following

LemmaA 1. Suppose that the matrix (a,;) 1s symmetric and positive semi-definite
in D and that either:

(i) c(x) < O forall x € D;
or

(ii) ¢(x) < 0 for all x € D; and for every bounded open set Q with Q@ C D
there exists a real-valued function h®(x), twice differentiable in Q and continuous
on Q such that L¥h%(x) < 0 for all x € Q.

Then L has the property (1) in D.

Case (i) is well known; cf. (7, p. 4). The proof in case (ii) (and under weaker
hypotheses) may be found in (8).

Remark 2.2. No further hypothesis on the behaviour of V' (x) will be neces-
sary. However, it will be clear from the theorems that better results are
obtained when it is possible to select a V(x) which is unbounded as x — T’
(or x — T';). Such a function, if it exists, may be called an anti-barrier for L
at T'(T); see (6).

Remark 2.3. While the positive semi-definiteness of the matrix (a,;) is basic
to property (1), the condition ¢ < 0 is not. The permissible size of ¢(x) is
connected with the question of the eigenvalues of the operator L* which in
turn is related to property (2). The following lemma bears upon this relation.
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Here and elsewhere in the paper we make use of the definitions

f* &) = max{0, f(x)} and f~(x) = max{0, —f(x)}.

LeEmMA 2. Suppose that the following conditions hold:

(1) the matrix (a;;) is symmetric and positive semi-definite in D;

(ii) for every bounded open set Q with @ C D there exists a real-valued function
e (x), twice differentiable in Q@ and continuous on Q, such that L*h®(x) < 0 for
all x € Q;

(iii) there exists a real-valued function V(x), twice differentiable in D, such
that infyep V(x) > 0 and (L* 4 ct(x)) V(x) < 0 for all x € D.

Then the operator L has properties (1) and (2) in D.

Proof. Property (2) follows immediately since
LV(x) = L*4+ct—c)V(x) < —c V<0 for all x € D.

To establish property (1), suppose that #(x) is a real-valued function, twice
differentiable in the open set Dy C D, such that

Lu(x) <Oforallx € D; and lim infu(x) > 0.
z-50D1
z€D1

Define w(x) = u(x)/V(x) if x € D; and note that
lim infw(x) >0

20D
z€D1
and
- 1 "
Lw(x) = Vo) Lu(x) =MZ=:1 Ui Wi

- 21 <bi + 2zlai,-vj/v>w,- + (LV/V)w <0
i= =

if x € D1 Eurthermore, defining H%(x) = h%(x)/V (x) for each bounded open
set @ with @ C D, we have forallx € Q

n

L*H® (x) = X H,;,* +_Zl (b,- + 2_21%. Vj/V>Hi9
1= Jj=

4y J=

I S }Lﬂ (x)

= 7@ W )
Since we may assume without loss of generality that A%(x) < 0, and we have
L*V(x) < —¢tV < 0 for all x € D, the above equation yields L*H%(x) < 0
for all x € Q. Applying Lemma 1, we conclude that L has property (1) in Dy,
from which we obtain w(x) > 0 in D;, and then u(x) > 0 in D;.

L*V (x).

3. Phragmen-Lindelof theorems. In this section we distinguish a part
T of the boundary of D and write B = 9D — T.
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Turorem 3.1. (Phragmeén-Lindelof). Assume that L has properties (1) and
(2) in D. Let u(x) be a real-valued function, twice differentiable in D, such that

Lu(x) <Oforallx ¢ D and liminfu(x) > 0.
z->B
r€ED

If in addition u=(x) = o(V(x)) as x — I', x € D, then in fact u(x) > 0 for
all x € D.

Proof. We use the standard Phragmeén—Lindel6f technique. Choose ¢ > 0
and consider w(x) = u(x) + eV (x) for x € D. We have

Lw(x) <0ifx €D and liminfw(x) >0
B
z€D

by the hypotheses on #(x) and V(x). Furthermore the growth limitation on
u—(x) implies that
lim inf w(x) > 0.

T
z€D

We conclude from property (1) that w(x) > 0 if x € D.
This result holds for every ¢ > 0. If we now fix any arbitrary point x° € D
and let e tend to zero, we have the result #(x°) > 0 of the theorem.

Replacing # by —u in the theorem yields another result which we do not
state. The two theorems may be combined to give the following

CoroLLARY 3.2 (Uniqueness). Assume that L has properties (1) and (2) in D.
Let u(x) be a real-valued function, twice differentiable in D, such that

Lu(x) =0forallx € D and limu(x) = 0.
B
T€ED

If in addition u(x) = o{V(x)} as x — T, x € D, then in fact u(x) = 0 in D.

Remark 3.3. The corollary may be related to the problem of isolated singu-
larities of solutions. In fact suppose that U(x), U(x) are two solutions of
Lu = fin a punctured ball about the origin, taking the same boundary values
on the surface of the ball. Here T is the single point at the origin and B is the
surface of the punctured ball D. If U — U = o{V} as x — 0, we conclude that
Uand U are identical in D and thus may be defined to have the same singularity
at the origin. In particular, if U is a solution in the entire ball, then the
singularity of U at the origin is removable.

As an immediate application of the Phragmén-Lindel6f theorem we have

TueoreM 3.4 (Extended Minimum Principle). Assume that L has properties
(1) and (2) tn D and that c(x) < 0 for all x € D. Let u(x) be a real-valued
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function, twice differentiable in D, such that Lu(x) < 0 for all x € D and
u=(x) = o{V(x)} asx — T,x € D. Then

u(x) > min (0, m) for allx € D where m = lim inf u(x).
B
z€D

Proof. If m = — = there is nothing to prove. We may therefore assume that
m > — o and define m* = min(0, m). Consider now w(x) = u(x) — m* for
x € D. We have Lw(x) < —c(x)m* < 0if x € D and

lim inf w(x) = lim inf u(x) — m* > 0.
r->B 5B
€D z€D

Furthermore w—(x) < u~(x) = o{V(x)} as x > T, x € D. By Theorem 3.1
we conclude that w(x) > 0 if x € D, which is the desired result.

Remark 3.5. If ¢ =0 in D and V(x) is an anti-barrier for L at I' we may
conclude in Theorem 3.4 that #(x) > m for all x € D.

A corresponding extended maximum principle may also be obtained by
merely replacing # by —u in Theorem 3.4.

In the case that c¢(x) < 0, the ordinary maximum principle is said to hold
for the operator L if any non-constant function u(x) satisfying Lu(x) > 0
cannot assume an interior non-negative maximum (5). If in the previous
theorems we suppose the ordinary maximum principle to hold for L (with
¢ < 0) on bounded open subsets of D (which implies property (1) for L in D),
then the results may be sharpened to yield strict inequalities in (each com-
ponent of) D unless # is constant there. If in addition T is isolated from B,
then the conclusion

lim inf #(x) > min (0, m)
T
€D

may also be obtained in Theorem 3.4 in some cases; see (3).

When L enjoys both the ordinary maximum principle and an anti-barrier
at infinity, it is possible to obtain theorems of Liouville type, as has already
been observed in (6, p. 523) and (3, pp. 333-334). Specifically we have

CoroLLARY 3.6 (Liouville). Suppose that the ordinary maximum principle is
valid for L (with ¢ = 0) on bounded open subsets of E" and that in some neighbour-
hood D of infinity there exists an anti-barrier V(x) for L at infinity. Let u(x) be a
real-valued function, twice differentiable in E*, such that Lu(x) < 0 for all
x € E* and u=(x) = o{ V(x)} as x — . Then u is identically constant.

Proof. Here T' = { =} and B is the finite boundary of D. If « is not identically
constant the ordinary maximum principle implies the existence of a point
x° € D such that %(x°) < mingp #(x). Remark 3.5 then yields an immediate
contradiction.
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Before leaving this section we shall consider another, slightly different
approach to the Phragmén-Lindelof theorem which was used by Gilbarg (2)
and Hopf (4). For simplicity in notation we shall restrict the discussion to the
case when D is unbounded, B is the finite boundary, and T' = { = }. We define
the sets

Dr=DN{|ls]| <R}, Be=BN{[x]| <R}, and Cr =D N {[lx]| =R

where
i = (% 02).

In place of the property (2) we now assume the following property (2') in D:
For sufficiently large values of R there exists a function Vg(x), defined on Dy \J Cg
and twice differentiable in Dy, such that

(1) Ve(x) > 0and LVx(x) < 0 for all x € Dg;
(ii) infzecR Ve(x) = 1;

(iil) there exists a positive function u(R) such that Vg(x) = O{1/u(R)} as
R — =, for each fixed x € Dg. For the construction of such functions Vjy(x)
we refer to (1, 2, and 4). Theorem 3.1 now takes the following form.

TueoreM 3.7 (Phragmén—Lindelof). Assume that L has properties (1) and
(2") n D. Let u(x) be a real-valued function, twice differentiable in D, such that
Lu(x) < Oforallx € D and liminfu(x) > 0

x-B

z€D

If in addition u=(x) = of{u(||x|])} asx — «,x € D, then u(x) > 0 for all x € D.

Proof. Let x° be an arbitrary but fixed point of D. We shall prove that
u(x%) > 0.

Given any e > 0 the growth condition on #~(x) implies that there exists an
R such that u(x) > —eu(||x||) for x € D, ||x|]| > R. We may also assume that
R is so large that x° € Dg. Define

wr(x) = u(x) + eu(R) Ve(x) forx € DU Cg.
We have
Lwp(x) <0ifx € D and lim infwg(x) > 0

J:A)BR
z€Dp

Furthermore, for x € Cg, we have wr(x) > —eu(R) + eu(R) = 0. Property
(1) then implies that wz(x) > O for all x € Dy. In particular this holds at x°,
and since u(R) Vg (x°) is bounded independent of R, we have

u(x°) > —eu(R) Va(x®) > —eM(x?).

Now let € — 0 to obtain the desired result.

4. Comparison theorems. In this section we distinguish two parts,
Ty and T, of the boundary of D and write B = D — I'y\U I's. Again D
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may be unbounded. However, we now require that B consist of only finite
points.

In addition to the function V(x) we shall require a second function (x)
whose existence we assume as a property (3) of the operator L in D.

(8) There exists a real valued function v(x), twice diferentiable in D and con-
ttnuous on D \J B, such that v(x) > 0 and Lv(x) < 0 for all x € D.

For the comparison theorems it is desirable, when possible, to select functions
with the behaviour V(x) — « and v(x) — 0 as x — T';y; i.e., to choose V and v
to be an anti-barrier and a barrier, respectively, for L at T';. Such a situation
has occurred already in the example in the Introduction (where I'; = + o,
V = ¢f¥ cos Bx, and v = ¢#¥ cos Bx).

Let us define the non-negative function a(x) = —Lv(x) for x € D. Then we
have the following comparison theorem.

TueEOREM 4.1. Assume that L has the properties (1), (2), and (3) in D. Let
u(x) be a real-valued function, twice differentiable in D and continuous on D \U B,
such that Lu(x) = f(x) for all x € D and u(x) = g(x) for all x € B. Suppose
that there exist non-negative constants F, G such that f(x) > — Fa(x) iof x € D
and g(x) < Gv(x) of x € B. If, in addition, u*t(x) = o{V(x)} as x — Ty,
x € D and there exists a constant H such that u*(x) < Hv(x) in some neighbour-
hood of T'2in D, then u(x) < Muv(x) for allx € D \J Bwhere M = max {F, G, H}.

Remark 4.2. If the stronger hypothesis u*(x) = ofv(x)} as x —> Ty, x € D
holds, then the conclusion is valid with M = max {F, G}.

Proof. Consider the function w(x) = Mv(x) — u(x) forx € D \U B. We have
Lw(x) = —Ma(x) — f(x) < —[Fa(x) + f(x)] <0 forx € D

and
w(x) > Gov(x) — glx) >0 for x € B.

Furthermore the growth conditions on #*+(x) imply that

lim infw(x) >0 and w (x) < u'(x) = o V(x)}
z-T'2
z€D

as x — I'y, x € D. The result w(x) > 0 for x € D then follows from Theorem
3.1 with T'; replacing T' and B \U T, replacing B.

CoOROLLARY 4.3. If in addition to the hypotheses of Theorem 4.1 we assume that
flx) <0ifx € D, gx) >04f x € B, and u=(x) = of V(x)} as x — T'; U T'y,
x € D, then 0 < u(x) < Mv(x) for all x € D \U B.

Proof. The additional conclusion #(x) > 0 follows directly from Theorem
3.1 with T'; \U T, replacing T.

Bounds in the opposite direction can be obtained by replacing # by —u.
We state only the combined result.
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THEOREM 4.4. Assume that L has properties (1), (2), and (3) in D. Let u(x)
be a real-valued function, twice diferentiable in D and continuous on D \J B,
such that Lu(x) = f(x) for x € D and u(x) = g(x) for x € B. Suppose that
there exist constamts F, G such that |f(x)] < Fa(x) for all x € D and
lg(x)| < Gv(x) for all x € B. If, in addition, u(x) = o{V(x)} asx — T'y, x € D
and there exists a constant H such that |u(x)| < Hv(x) in some neighbourhood of
Ty on D, then |u(x)| < Mv(x) for all x € D\J B where M = max {F, G, H}.

Remark 4.5. If the stronger hypothesis u(x) = o{v(x)} as x — Iy, x € D
holds, then the conclusion is valid with M = max {F, G}. The obvious unique-
ness result which follows when f = g = 0 can also be obtained from Corollary
3.2, if T is replaced by Ty \U I'; and V by V + w.

5. An analogous treatment of these same topics, with our Dirichlet-type
boundary conditions replaced by other boundary data, requires a corresponding
modification in the definitions of the properties (1), (2), and (3) of the
operator L.

Let us also note here that all results of this paper remain valid for the case
n = 1, when L becomes an ordinary differential operator.

REFERENCES

1. A.Friedman, On two theorems of Phragmén—Lindeldf for linear elliptic and parabolic differential
equations of the second order, Pacific J. Math., 7 (1957), 1563-1575.

2. D. Gilbarg, The Phragmén—Lindeldf theorem for elliptic partial differential equations, ]J. Rat.
Mech. Anal., 1 (1952), 411-417.

3. D. Gilbarg and ]. Serrin, On isolated singularities of solutions of second order elliptic equations,
J. Analyse Math., 4 (1956), 309-340.

4. E. Hopf, Remarks on the preceding paper by D. Gilbarg, ]J. Rat. Mech. Anal., 1 (1952),
418-424,

5. E. Hopf, Elementare Bemerkungen tiber die Lisungen partieller Differentialgleichungen zweiter
Ordnung vom elliptischen Typus. Sitzungsb. Preuss. Akad. Wiss. Berlin, 19 (1927),
147-152.

. N. Meyers and J. Serrin, The exterior Dirichlet problem for second order elliptic partial differen-
tial equations, J. Math. Mech., 9 (1960), 513-538.

7. C. Miranda, Equazioni alle derivate parziali di tipo ellitico (Berlin, 1955).

8. J. K. Oddson, Maximum principles and Phragmén—Lindeldf theorems for second order differen-

tial equations, Technical Note BN-409, Inst. for Fluid Dynamics and Appl. Math.,,
Univ. of Maryland (1965).
9. C. Pucci, Operatori ellittici estremanti, Ann. Mat. Pura Appl., 72 (1966), 141-170.

6

University of Maryland

https://doi.org/10.4153/CJM-1967-081-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1967-081-1

