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1. I n t r o d u c t i o n . Theorems of Phragmèn-Lindelôf type and other related 
results for solutions of ell iptic-parabolic equat ions have been given by nume
rous authors in recent years. M a n y of these results are based upon the maximum 
principle and the use of auxiliary comparison functions which are constructed 
as supersolutions of the equations under various conditions on the coefficients. 
In this paper we present an axiomatized t r ea tmen t of these topics, replacing 
specific hypotheses on the na ture of the coefficients of the equat ions by a single 
assumption concerning the maximum principle and another concerning the 
existence of positive supersolutions, in terms of which the theorems are s ta ted. 
Since the first assumption is valid under very mild conditions, the application 
of these results to the solutions of any part icular ell iptic-parabolic equat ion 
essentially requires only the determinat ion of supersolutions for t h a t equat ion. 
In this way the theorems may be tailored to fit individual equations al though 
of course when supersolutions are available for an entire class of equat ions 
(as in (3) and (6), for example) , the theorems apply to the class as a whole. 
In this connection let us mention t h a t for uniformly elliptic equat ions the 
determinat ion of op t imum supersolutions may often be accomplished with the 
use of maximizing operators (9). 

Our main result (Theorem 4.4) is a comparison theorem which, in its 
simplest form, m a y be illustrated by the following example. 

Let u(x, y) be a harmonic function in the half str ip —TT/2 < x < 7r/2, y > 0 
with zero Dirichlet da t a on the vertical sides. If for some cons tan t /3, 0 < /3 < 1, 
we have u(x,y) = o{e^v) as y —> + oo, then in fact u(x,y) = 0(e~&y) as 
y —> - j- oo . 

Besides providing explicit bounds for the possible rates of growth and decay 
of solutions, such est imates find application in the approximat ion of solutions 
and the investigation of stabil i ty with respect to changes in the d a t a or in the 
coefficients of the differential equation. 

2. N o t a t i o n s a n d bas ic c o n d i t i o n s . Le t D be an open set in En with 
boundary dD. D may be unbounded, in which case we shall consider infinity 
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to be part of the boundary. At various times it will be convenient to distinguish 
certain parts T, Ti, T2 of the boundary and to write B = 3D — V or 
B = dD — Yi \J T2. For example these distinguished sets may be an isolated 
point, the point at infinity, or a surface of singularities of the coefficients of 
our equations. 

We shall be concerned with the linear differential operator 

71 / J 2 n A 
L"z* + c = £1

a« (x )ôxT^;+S6i (x)^+c(x) 

where x = (xi, . . . , xn) and the coefficients are defined in the set D. Unless 
otherwise stated we shall assume throughout this paper that L has the following 
two basic properties in D: 

(1) Given any real-valued function u(x), twice differentiable in an open set 
Di C D, such that Lu{x) < 0 for all x £ D\, and 

lim iniu(x) > 0, 
x£Di 

then u{x) > 0 for all x (E Di. 
(2) There exists a real-valued function V(x), twice differ entiable in D, such 

that V(x) > 0 and LV(x) < 0 for all x G D. 

Remark 2.1. Property (1) is usually stated as a corollary to the (weak) 
maximum principle. In fact we have the following 

LEMMA 1. Suppose that the matrix (a^) is symmetric and positive semi-definite 
in D and that either: 

(i) c(x) < 0 for all x 6 D; 
or 

(ii) c(x) < 0 for all x G D; and for every bounded open set Q, with fl C. D 
there exists a real-valued function h9, (x), twice differ entiable in £1 and continuous 
on Û such that L*h® (x) < 0 for all x G Œ. 

Then L has the property (1) in D. 

Case (i) is well known; cf. (7, p. 4). The proof in case (ii) (and under weaker 
hypotheses) may be found in (8). 

Remark 2.2. No further hypothesis on the behaviour of V(x) will be neces
sary. However, it will be clear from the theorems that better results are 
obtained when it is possible to select a V(x) which is unbounded as x —> T 
(or x —» Ti). Such a function, if it exists, may be called an anti-barrier for L 
at r ( T i ) ; see (6). 

Remark 2.3. While the positive semi-definiteness of the matrix (atj) is basic 
to property (1), the condition c < 0 is not. The permissible size of c(x) is 
connected with the question of the eigenvalues of the operator L* which in 
turn is related to property (2). The following lemma bears upon this relation. 
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Here and elsewhere in the paper we make use of the definitions 

f+(x) = max{0,/(#)} and/~(x) = max{0, — f(x)}. 

LEMMA 2. Suppose that the following conditions hold: 
(i) the matrix {ai3) is symmetric and positive semi-definite in D; 

(ii) for every bounded open set 12 with Ô C D there exists a real-valued function 
hn(x), twice differentiable in 12 and continuous on Ô, such that L*hQ(x) < 0 for 
all x G 12; 

(iii) there exists a real-valued function V(x)y twice differ entiable in D, such 
that inlxeD V(x) > 0 and (L* + c+(x))V(x) < 0 for all x G D. 

Then the operator L has properties (1) and (2) in D. 

Proof. Property (2) follows immediately since 

LV{x) = (L* + c+ - c~) V(x) < -c-V < 0 for all x e D. 

To establish property (1), suppose that u{x) is a real-valued function, twice 
differentiable in the open set D\ C D, such that 

Lu{x) < 0 for all x G D\ and lim iniu(x) > 0. 
x£Di 

Define w{x) = u(x)/V(x) if x G Di and note that 

lim miw(x) > 0 
x^dDi 
x£D\ 

and 
1 n 

Lw(x) =-=j-rLu(x) = Yl aijwi,j 
V[X) itj=i 

n / n \ 
+ L \bi + 2j^aijVj/v)wi+ (LV/V)w<0 

if x G D\. Furthermore, defining EP{x) = W(x)/V(x) for each bounded open 
set 12 with Ô C D, we have for all x G 12 

L*#"(x) = è atjHtf + JT (bt + 2X a„ V ^ k 0 

Since we may assume without loss of generality that hn(x) < 0, and we have 
L*V(x) < -c+V < 0 for all x G A the above equation yields L*H®(x) < 0 
for all x G 12. Applying Lemma 1, we conclude that L has property (1) in Dh 

from which we obtain w(x) > 0 in Dly and then u(x) > 0 in D\. 

3. Phragmèn-Lindelof theorems. In this section we distinguish a part 
T of the boundary of D and write B = dD — T. 
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THEOREM 3.1. (Phragmèn-Lindelôf). Assume that L has properties (1) and 
(2) in D. Let u(x) be a real-valued function, twice differentiable in D, such that 

Lu(x) < 0 for all x G D and lim inf u(x) > 0. 
X->B 

If in addition u~(x) = o(V(x)) as x —> T, x G D, then in fact u(x) > 0 for 
all x Ç D . 

Proof. We use the standard Phragmèn-Lindelôf technique. Choose e > 0 
and consider w(x) = u(x) + eV(x) for x G D. We have 

Lw(x) < 0 if x G D and lim inf w(x) > 0 
x-^B 
x£D 

by the hypotheses on u(x) and V{x). Furthermore the growth limitation on 
u"(x) implies that 

lim inf w(x) > 0. 
x-^T 
x£D 

We conclude from property (1) that w(x) > 0 if x G D. 
This result holds for every e > 0. If we now fix any arbitrary point x° G D 

and let e tend to zero, we have the result u(x°) > 0 of the theorem. 

Replacing u by —u in the theorem yields another result which we do not 
state. The two theorems may be combined to give the following 

COROLLARY 3.2 (Uniqueness). Assume that L has properties (1) and (2) in D. 
Let u{x) be a real-valued function, twice differ entiable in D, such that 

Lu(x) = 0 for all x G D and lim^(x) = 0. 
x^B 
x£D 

If in addition u(x) = o{ V(x)} as x —* T, x G D, then in fact u(x) = 0 in D. 

Remark 3.3. The corollary may be related to the problem of isolated singu
larities of solutions. In fact suppose that U(x), U(x) are two solutions of 
Lu = / in a punctured ball about the origin, taking the same boundary values 
on the surface of the ball. Here T is the single point at the origin and B is the 
surface of the punctured ball D. If U — Û = o{ V} as x —-> 0, we conclude that 
£/and £7 are identical in D and thus may be defined to have the same singularity 
at the origin. In particular, if Û is a solution in the entire ball, then the 
singularity of U at the origin is removable. 

As an immediate application of the Phragmèn-Lindelôf theorem we have 

THEOREM 3.4 (Extended Minimum Principle). Assume that L has properties 
(1) and (2) in D and that c(x) < 0 for all x G D. Let u(x) be a real-valued 
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function, twice differentiable in D, such that Lu(x) < 0 for all x £ D and 

u~(x) = o{ V(x)\ as x-+ r , x G D. Then 

u(x) > min (0, m) for allx 6 D where m = lim inf u(x). 
X^B 
x£D 

Proof. If m = — oo there is nothing to prove. We may therefore assume t h a t 
m > — oo and define m* = min(0, m). Consider now w(x) = u(x) — m* for 
x f D . W e have Lw{x) < —c(x)ni* < 0 if x Ç Z) and 

lim inf w(x) = lim inf u(x) — m* > 0. 

z€D x£D 

Fur thermore w~(x) < w~(x) = o{V(x)} as x - ^ T, x Ç D . By Theorem 3.1 
we conclude tha t w(x) > 0 if x G D, which is the desired result. 

Remark 3.5. If c = 0 in D and V(x) is an anti-barrier for L a t T we may 
conclude in Theorem 3.4 t ha t u{x) > m for all x f D . 

A corresponding extended maximum principle may also be obtained by 
merely replacing u by —u in Theorem 3.4. 

In the case t h a t c(x) < 0, the ordinary maximum principle is said to hold 
for the operator L if any non-constant function u(x) satisfying Lu(x) > 0 
cannot assume an interior non-negative maximum (5). If in the previous 
theorems we suppose the ordinary maximum principle to hold for L (with 
c < 0) on bounded open subsets of D (which implies proper ty (1) for L in D), 
then the results may be sharpened to yield str ict inequalities in (each com
ponent of) D unless u is constant there. If in addit ion T is isolated from B, 
then the conclusion 

lim inf u(x) > min (0, m) 
x->r 
x£D 

may also be obtained in Theorem 3.4 in some cases; see (3). 
When L enjoys both the ordinary maximum principle and an anti-barrier 

a t infinity, it is possible to obtain theorems of Liouville type, as has already 
been observed in (6, p . 523) and (3, pp. 333-334). Specifically we have 

COROLLARY 3.6 (Liouville). Suppose that the ordinary maximum principle is 
valid for L {with c = 0) on bounded open subsets of En and that in some neighbour
hood D of infinity there exists an anti-barrier Vix) for L at infinity. Let u{x) be a 
real-valued function, twice differentiable in En, such that Lu(x) < 0 for all 
x Ç En and u~{x) = o{ V(x)} as x —» oo. Then u is identically constant. 

Proof. Here T = { oo } and B is the finite boundary of D. If u is not identically 
constant the ordinary maximum principle implies the existence of a point 
x° Ç D such t ha t u(x°) < m i m ^ u{x). Remark 3.5 then yields an immediate 
contradiction. 
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Before leaving this section we shall consider another, slightly different 
approach to the Phragmèn-Lindelôf theorem which was used by Gilbarg (2) 
and Hopf (4). For simplicity in notation we shall restrict the discussion to the 
case when D is unbounded, B is the finite boundary, and Y = { °° }. We define 
the sets 

DR = D f\ {\\x\\ < R}, BR = B C\ {\\x\\ < R], and CR = D H {||x|| = R} 

where 

In place of the property (2) we now assume the following property (2') in D: 
For sufficiently large values of R there exists a function VR(x), defined on DR \J CR 

and twice differentiate in DR, such that 
(i) VB(x) > 0 and LVR{x) < 0 for all x G DR; 

(ii) inixeCR VB(x) = 1; 
(iii) there exists a positive function n(R) such that VR(x) = 0{l/ ii(R)) as 

R-^ œ, for each fixed x G DR. For the construction of such functions VR (x) 
we refer to (1, 2, and 4). Theorem 3.1 now takes the following form. 

THEOREM 3.7 (Phragmèn-Lindelôf). Assume that L has properties (1) and 
(2') in D. Let u(pc) be a real-valued function, twice differentiable in D, such that 

Luix) < Ofor allx Ç D and lim inf u(x) > 0. 
x£D 

If in addition u~(x) = o{fj,(\\x\\)} as x —> co , x G D, then u{x) > Ofor allx G D. 

Proof. Let x° be an arbitrary but fixed point of D. We shall prove that 
u(x°) > 0. 

Given any e > 0 the growth condition on u~(x) implies that there exists an 
R such that u(x) > — €/x(||x||) for x G D, \\x\\ > R. We may also assume that 
R is so large that x° G DR- Define 

wR(x) = u(x) + €n(R)VB(x) for x G DRVJ CR. 
We have 

LwR(x) < 0 if x G DR and lim inf wR{x) > 0. 
X^BR 
x£DR 

Furthermore, for x G CR, we have wR(x) > —efx(R) + ^(R) = 0. Property 
(1) then implies that wR(x) > 0 for all x G DR. In particular this holds at x°, 
and since n(R) ^ ( x 0 ) is bounded independent of R, we have 

u(x°) > -ev(R)VR(x°) > -eM(x°). 

Now let e —> 0 to obtain the desired result. 

4. Comparison theorems. In this section we distinguish two parts, 
Ti and T2, of the boundary of D and write B = 3D — Ti U T2. Again D 
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may be unbounded. However, we now require that B consist of only finite 
points. 

In addition to the function V(x) we shall require a second function v(x) 
whose existence we assume as a property (3) of the operator L in D. 

(3) There exists a real valued function v(x), twice differentiable in D and con
tinuous on D\J B, such that v(x) > 0 and Lv(x) < 0 for all x G D. 

For the comparison theorems it is desirable, when possible, to select functions 
with the behaviour V(x) —> °o and v(x) —» 0 as x —> Ti; i.e., to choose V and v 
to be an anti-barrier and a barrier, respectively, for L at IY Such a situation 
has occurred already in the example in the Introduction (where Ti = + oo, 
y = ev

y cos fix, and v = e~$v cos fix). 
Let us define the non-negative function a(x) = —Lv{x) for x G D. Then we 

have the following comparison theorem. 

THEOREM 4.1. Assume that L has the properties (1), (2), and (3) in D. Let 
u(x) be a real-valued function, twice differ entiable in D and continuous on D U B, 
such that Lu{x) = f(x) for all x £ D and u(x) = g(x) for all x G B. Suppose 
that there exist non-negative constants F, G such that fix) > — Fa(x) if x G D 
and g(x) < Gv(x) if x £ B. If, in addition, u+(x) = o{V(x)} as x —> I \ , 
x G D and there exists a constant H such that u+ (x) < Hv (x) in some neighbour
hood of Y 2 in D, then u (x) < Mv (x) for allx G D U B where M = max {F, G, H]. 

Remark 4.2. If the stronger hypothesis u+(x) = o{v(x)} as x —> T2, x G D 
holds, then the conclusion is valid with M = max {F, G}. 

Proof. Consider the function w(x) = Mv(x) — u(x) for x G D W B. We have 

Lw(x) = -Ma(x) -f(x) < ~[Fa(x) + f(x)] < 0 for x G D 

and 
w(x) > Gv(x) — g(x) > 0 for x G B. 

Furthermore the growth conditions on u+(x) imply that 

lim inf w(x) > 0 and w~(x) < u+(x) = o{ V(x)} 

as x —> Ti, x G D. The result w{x) > 0 for x G D then follows from Theorem 
3.1 with Ti replacing V and B W T2 replacing 7>. 

COROLLARY 4.3. 7/ in addition to the hypotheses of Theorem 4.1 we assume that 
f(x) < 0 if x G A g(x) > 0 if x G JB, and #-(#) = of F(*)} as x —• I \ U T2, 
x £ D, then 0 < w(x) < ik^O) /or a« x £ D^J B. 

Proof. The additional conclusion w(x) > 0 follows directly from Theorem 
3.1 with Ti \J T2 replacing T. 

Bounds in the opposite direction can be obtained by replacing u by —u. 
We state only the combined result. 
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THEOREM 4.4. Assume that L has properties (1), (2), and (3) in D. Let u(x) 
be a real-valued function, twice differentiable in D and continuous on D\J B, 
such that Lu{x) = f(x) for x Ç D and u{x) = g(x) for x Ç B. Suppose that 
there exist constants F, G such that \f(x)\ < Fa(x) for all x 6 D and 
\g(x)\ < Gv(x) for all x £ B. If, in addition, u{x) — o{ V(x)} as x —> Ti, x 6 D 
and there exists a constant H such that \u(x)\ < Hv{x) in some neighbourhood of 
T2 in D, then \u(x)\ < Mv(x) for all x G D U B where M = max {F, G, H}. 

Remark 4.5. If the stronger hypothesis u(x) = o{v(x)} B,S X ^ 1 2> X G D 
holds, then the conclusion is valid with M = max {F, G\. The obvious unique
ness result which follows when / = g = 0 can also be obtained from Corollary 
3.2, if r is replaced by I \ U T2 and F by V + v. 

5. An analogous treatment of these same topics, with our Dirichlet-type 
boundary conditions replaced by other boundary data, requires a corresponding 
modification in the definitions of the properties (1), (2), and (3) of the 
operator L. 

Let us also note here that all results of this paper remain valid for the case 
n = 1, when L becomes an ordinary differential operator. 
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