ON A CLASS OF NON-SELF-ADJOINT
DIFFERENTIAL OPERATORS

R. R. D. KEMP

The problem of spectral analysis of non-self-adjoint (and non-normal)
operators has received considerable attention recently. Livsic (5), and more
recently Brodskii and Livsic (1) have considered operators on Hilbert space
with completely continuous imaginary parts. Dunford (3) has generalized
the notion of spectral measure and defined a class of spectral operators on
Hilbert and Banach space. Schwartz (8) and Rota (7) have investigated
conditions under which a differential operator will be spectral. The work of
Naimark (6) and the author (4) on non-self-adjoint differential operators
leads to an expansion theorem which implicitly defines a type of spectral
measure. However the projections involved in this will not in general be
bounded, much less uniformly bounded.

The present paper is a generalization of (4) to nth order differential operators.
If p(p) =p" +aw '+ aw"*+ ...+ a, is a polynomial with complex
coefficients, the differential expression p(—1D), where D = d/dx, can be
used to define a closed operator on L?(— «, ») for 1 < p < . On
L?(— o, o) it is a normal operator, and its spectrum {AX = p(¢) for real ¢}
is the same in all these spaces. We shall consider operators L arising from this
operator Ly by the addition of a linear differential operator of order n — 2
with coefficients which are suitably small at == . The previous paper (4)
dealt with the simplest case n = 2, a; = as = 0.

We shall analyse the spectrum of L and show that it is determined by p ()
except for a bounded set of characteristic values which are the zeros of certain
analytic functions. We shall also obtain an expansion of the Green’s function,
and from this an expansion in characteristic functions for a suitably restricted
class of functions.

1. Solutions of Ly = Ay. Now L = L, + L; where L; = Y ;" b;(x)
(—iD)"3. We assume that (x> + 1)7b,;(x) € L' (— o, o) for a suitable 7.
This 7 is the multiplicity of the root of p’'(u) = 0 which has highest

multiplicity.

The equation Ly — Ay = f is equivalent to a system of # first order
equations
(1.1) V' =[4 4+ B|Y + F,
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where Y and F are n X 1 matrices with entries vy, ¥s, . .., ¥,and 0,0, . . .,
0, 1"f respectively, and 4 and B are n X n matrices with entries
QA = 6jk_1 - 6jni"_"+1an_k+1 ‘I‘ 5]72 6;;11.” A and bjk = — 6jni""‘+1bn_k+1(x)

respectively, with the convention that 4,(x) = 0.

In order to obtain the Green’s function for Ly — \y = f we first construct
certain solutions of (1.1) for F = 0, and use them to construct the Green’s
matrix for (1.1). We note that if X is such that p(u) = X hasndistinct solutions
W1, M2, « - ., M, then Z' = AZ has a fundamental matrix Mexp[ifx] where
6 = [iy; 65) and M = [(iu,)*!]. Using this we obtain an integral equation
equivalent to (1.1) with # = 0 in the form

(12)  Y(x) = Mexplibxleo + [* Mexpli6(x — £)] M~'B(¥) Y(§)d £,

where ¢ is a constant # X 1 matrix and the lower limits on the integrals
(each element in the column matrix) are arbitrary.

We shall obtain solutions of (1.2) which are asymptotic to solutions of
Z' = AZ, but before stating this result we must make some additional remarks.
If A; is such that p(u) = A; has » distinct solutions then the same is true for

A sufficiently close to Ay, and the % solutions i (\), pa(A), .. ., u,(N) of p(u) = A
are analytic functions of A in this neighbourhood of A\;. These functions have
branch points at A\, = p(u,2) 7=1,2,...,n — 1lwhereu,j=1,2,...,

n — 1 are the n — 1 solutions of p’(x) = 0. In any simply connected region
containing no A,° the functions u; (\) are analytic. In solving (1.2) the curves
v defined by the equations Im p, = Im u, will be important. We shall first
solve (1.2) in regions D which are simply connected, bounded away from
branch points, and contain none of the curves v, in their interiors.

THEOREM 1.1. There are solutions ¢1, ¢, . . ., ¢y and ¢1, és, . . ., ¢, of (1.2)
which exist for all bounded \ in D. The matrices ® = [¢p1s...¢,] and & =
[f1, P2 ... d,) are analytic in N(\ € D) for fixed x, and have the following
asymptotic behaviour:

(1.3) ®(x,\) = Mexplifx] (I + 0(1)) x > o,
(1.4) d(x,\) = Mexp[ibx] I +o(1) x = — =,
where I = [6,;] is the identity matrix.

This theorem is a modification of Theorem 8.1 in Coddington and Levinson
(2; p. 92), and its proof will be omitted. We shall need to know the relation
that ®;(x, \) and &, (x, \) in D; bear to the corresponding matrices in D,
where D; M D, is a portion of one (or more) of the curves v ;. By an examina-
tion of the particular cases of (1.2) used in proving Theorem 1.1 one can
see that ¢,1(x, A) = ¢p2(x, X) on vz unless p = jorp = k,and that ¢, (x, \) =
s2(px, \) 4+ crpra(x, \) 4 a linear combination of terms ¢,2(x, ) which are of
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lower order of growth at « than ¢; or ¢;. A similar relation holds for ¢, and
completely analogous results are true for the ¢,’s. The generalization to the
case where several of the curves v, coincide is immediate.

We shall also be interested in the asymptotic behaviour of ® and & as
[A\| = . We see very easily that for large |\| the u,’s can be renumbered so
that wu; = a; A*(L + O(|]\]7'")) where 0 < arg A'* < (27)/n and
a; = exp(2mji/n). Since we are bounded away from the branch points it is
easy to show by direct calculation that each entry in M~ B(x) M is less than
or equal to K|\~V" 3~ ,_5"|b;(x)|. From this we obtain

(1.5) ®(x, \) = M explifx](I + O(]\[7¥)) as |[\| > =,
and
(1.6) d(x, \) = M explifx])(I + O(]\"¥")) as |\| = =,

provided |[A\| =  while M € D. It is not hard to see from the asymptotic
behaviour of the p,'s that such regions D do exist.

If D is included in another such region D;, which extends closer to the
branch points, the solutions making up ® and & are changed, but &, = ®C
and &, = &C’ where C and C’ are constant matrices. It is easy to use (1.3)
and (1.4) to conclude that C has units along the main diagonal and zeros
below and that C’ is the transpose of such a matrix, provided that the u,’s
are numbered so that Im p; > Imue > ... > Im u,.

Finally we shall also need solutions of (1.1) when A is a branch point of
the functions u;(N). At such a point the u,'s coincide in groups and the solutions
of p(u) = X\ will be denoted by ui, pe, . . ., u, with multiplicities my, ms, . . .,
m, (X ;21" m; = n). A fundamental matrix of Z’ = AZ will then have the
more complicated form M;D exp [:6;x] where 6; is a diagonal matrix with
my u1's, then me u2's, etc. down the diagonal. The matrix D can be partitioned
so that it has zero matrices off the diagonal and blocks D;, D, . .., D, down
the diagonal. Dy is m; X my, has zeros below the main diagonal, and (Dy),, =
x?/(qg — p)! for ¢ > p. Thus D7'(x) = D(—«x) and D commutes with
exp [i01x]. The columns of M, are determined in » groups of m4, . . . , m,
columns. The first column in the kth group is a # X 1 matrix satisfying the
equation (4 — 7u;)z:® = 0, and the jth column in this group is a solution

of the equation (4 — tup)z,® =2,.4® (=2, ..., m). In particular, a
suitable choice of constants leads to the following formula for the /th entry
in z;®:
t
wy _ [ U=DV . i ;
0 I <j.

Thus the equation corresponding to (1.2) is

1.7 Y(x) = M,D(x) exp [i0:1x]co + szlD(x — &) exp [16:(x — §)]
M,'B(§) Y (§)d¢.
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THEOREM 1.2. There exist solutions ¢, (x) and &, (x) of (1.7) for
j=1,...,rk=1,...,m;such that

k-1

o0 = o o) as xo e

The solution ¢, (x) has the same asymptotic behaviour as x — — .

The proof of this theorem is a modification of that of Theorem 1.1, and will
be omitted. The appropriate modification is described in Problem 35 of
Coddington and Levinson (2, p. 106). We might note that it is at this point
that the full strength of the assumptions on &,(x) are used (in Theorem 1.1
it is only necessary to assume d;(x) € L').

2. Construction of the Green’s function. We shall now discuss the
solution of (1.1) for F 5 0 when the equation p(u) = X has no real solutions.
For any matrix or vector function we shall use the following notations:

|4 @) " = Zj [445(0) |, with |4 @)| = [4 ()]

and
o0 1/p
bt =4 [l asy”
As p(u) = X has no real solutions we can number the solutions uy, w2, - - ., py
so that Imuy; > Imuwe> ... 2 Imu, >0> Imupyr > Imupge > ... >
Im u,. Thus ¢y, ¢2, . . ., ¢, are exponentially small at « and ¢,v1, Gtz - - -

¢, are exponentially small at — «. We shall partition our matrices as follows:

®iq qjl?il > Ij‘i)ll (ijlzil
P = [ ’ ¢ = F F ’
Do Do P2y Do

where ®;; and &;; are m X m and the rest coherent with this. We now define

1y <i>12]
o[ ]

P91 Py
and provided that ¥~ exists

J( [q’“(x) 0] vE  e<a

K( E)\) j' ‘I’zl(JC) 0
X, &, =
0 @12(30) —1
b R hre st

TaEOREM 2.1. If V¥ is non-singular for a particular value of X then K(x, & \)
is the Green's matrix for the solution of (1.1).

Proof. By this we mean that if F is a vector function with ||F]]|, < =
(that is, F € L?) then the vector function
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1) 56 = | Ko & VF@E

is the unique solution of (1.1) which belongs to L?.

If two such solutions exist then there is a solution of (1.1) with F =0
which belongs to L?. As this cannot be exponentially large at either + « or
— o itisa linear combination of ¢y, ¢9, . . ., ¢; and also a linear combination
of dum+1, Pnte, - - ., Pu. A non-zero solution cannot have this property if ¥ is
non-singular, so an L? solution of (1.2) must be unique if it exists.

An examination of the definition of K(x, ¢ \) yields the fact that if the
integral in (2.1) exists it must be differentiable and satisfy (1.1). Thus the
burden of proof is in showing that ¥ defined by (2.1) exists and belongs to L?.

Since ® and & are both fundamental matrices ® = ®C where C is a constant
matrix. We partition C, C-1, &1, ! in the same way as ® and &, and use
the notations &' = [®¥], ! = [%], C = [Cy,], and C~! = [C¥]. We also
note that if A is not a branch point ® and & behave asymptotically like
M exp [i0x] so their inverses behave asymptotically like exp [—i0x]M~L
Although such a precise statement cannot be made if X\ is a branch point,
bounds on the elements in ®! and & ! can be obtained.

For x and £ non-negative we write K (x, £ \) in the form

o |l e, <

K(x, &N =
|—o[0 4]o@, w<s

where 4 = C'2(C**)~1. A careful examination of this yields the fact that,
whether X is a branch point or not, each element is bounded by K exp[—é|x —£|]
where & and K are positive constants and § < min[|Imuy|, [Imumi1]]. This
latter condition allows for bounds on the terms which are of order x*ei#n®
for some k.

If x <0 < & we rewrite K(x, & \) in the form

0 0
0 Ci'
and again find that each element is bounded by K exp[—d|x — £[].

On performing similar analyses for x, £ non-positive and for x > 0 > £ we

obtain
(2.2) |K(x, & N)| < Kexp[—o|x — £],

where 6 and K are as before although K may have been increased.
Thus, from (2.1)

pe)l <K [ et Rl

[ Ve f e 1/q
<K{f g—pm—sl/alF(E)\pdE} if e—qs\x—smdg},

d7(9),

K(x, & \) = — ()
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by Hélder’s inequality. Thus, using a change of variables and the Fubini
theorem we obtain

J:m ly(x)|Pdx < Kp(4/qa)p/q Jioo J:w e_p“H/Q}F(x _ E)|pd£ dx

<y "o [ ]F(x)t”dx} at

< Kyl [P
Thus y(x) exists and belongs to L? for all p > 1.

COROLLARY 2.1. The Green's function for the differential operator L 1is
Gx, &, N\) = 1"Ky,(x, &, \) where Ky, (x, &, \) is the element 1n the first row and
nth column of K (x, £, \), provided that K (x, £, \) exisis.

We might note that K(x, £ N\), and thus G(x, £ \) may very well exist
even if p(u) = A has real solutions, although they have not been proved to
be Green's functions in this case.

Since the theorem depends upon ¥ being non-singular we must examine this
question in detail. Note that for real ¢ the equation N = p(¢) defines a curve
in the complex plane, which will in general split the complex plane up into
several regions D;(7 = 1, 2, ..., p). Suppose A is in one of these regions and
does not lie on any v . Then in a neighbourhood of A¢ no Im u; changes sign.
Thus in this neighbourhood m is fixed and K (x, £ \) is analytic in X. In crossing
a vy while remaining within D, the ¢,’s and ¢,'s may change, but from the
considerations of §1 we see that if on one side Im uy > Imps > ... > Imy,
then on v, the ® matrix from that side, ®;, will have the asymptotic form.

®; = Mexp [i0x] A1 [I +0o(1)]asx — =

where /1, has units along the main diagonal and zeros below it. From the other
side the only difference will be that the order of the u;'s has been altered. Thus

®y = M exp [10x] Q4 [ + o(1)] as x — =

where 4, is of the same form as 4, and Q rearranges the columns of M exp[ifx]
appropriately. Hence &; = ®, 4,~' Q~' A,. Similarly &; = &, By Q! B,
where B; and B, have units along the main diagonal and zeros above. Note
that 4, ' and By~! have the same form as 4, and B, respectively and that it
is impossible to have a v, here where j < m < kor k¥ < m < j. This implies
that in Q = [Qy;], partitioned as before, we have Q2 = Qs = 0. Using this
and the definition of ¥ we see that

Py O
(2.3) U, = %[0 “Pﬁ] ,

where P;; and Ps have determinant =1 (as 4 ;, B, and Q have this property).
It should be noted that a particular set of solutions ¢; or ¢; exist in a set
which is bounded away from the branch points. Thus as well as noting the

https://doi.org/10.4153/CJM-1960-058-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1960-058-5

NON-SELF-ADJOINT DIFFERENTIAL OPERATORS 647

behaviour of ¥ and finally of K (x, £ \) across the curves v, we must consider
how they are affected by a replacement of the ¢,'s and ¢,’s by a different set
which exist in a larger region extending closer to the branch points. An
examination of the changes required in the particular cases of (1.2) to obtain
such a new set of solutions shows that in their common domain the two ¥'s
will again be related by an equation of the form of (2.3) with P;; having units
on the main diagonal and zeros below, and P», being the transpose of such a
matrix.
These remarks may be summarized in the following theorem.

THEOREM 2.2. If the branch points are removed from the regions D; the
matrix K(x, £, \) 1s analytic in the remaining portion except at points where ¥
is singular. If we define a function W;(\) = £ (det ¥) exp(iax], by fixing
the sign at some point and then choosing coherent signs on the two sides of each
v ji, We obtain a function locally analytic in D ; except at branch points, which may
be double-valued. [Note that W ;(\) is independent of x].

Proof. The first statement is obvious from (2.3). If D; contains no branch
points the functions wu;(\), u2(A), ..., u,(\) are everywhere distinct and
analytic throughout. Thus W;(\) is also analytic throughout, but if D, contains
a branch point continuation of u;(\), . .., u,(\) around a curve surrounding it
it will result in returning to ury(A), . . ., ury (\) where = is a permutation of
the integers 1, 2, . . ., #» which is not the identity. This may result in a change
of the sign of W;(\), in which case W;()) is double-valued in D,.

Thus the points where.¥ is singular in any such D, are determined by the
zeros of a (perhaps double-valued) function locally analytic except at branch
points. Thus unless this function is identically zero the points where ¥ is
singular form a countable set in D; with limit points (if any) at the branch
points and on the boundary. We will attempt to characterize this set somewhat
more completely, and to characterize the regions D; where W;(\) can be
identically zero. Such D,’s will be called exceptional.

On investigating the region of validity of the original definition of W;())
by a determinant we see that it is valid across an arc of A = p () which does
not coincide with a v,;(= vu) with 2 < m < [. It is easily seen that such a
vx:; would have to be v, »ns1 so that this portion of N = p(¢) is traversed twice.
Thus the original definition of W;(\) is valid across an arc of A = p(¢) which
bounds D; and contains no double points. Hence if W;(\) &£ 0 the limit
points of its zeros can only lie at branch points in D}, boundary points of D;
which are multiple points of the curve A = p(¢), or outside of D;. One notes
that the original definition of W;(\) is valid outside of D; up to v;; with
k < m <[ (using (2.3) to cross other v,,) and if this results in it being valid
in a neighbourhood of some arc extending to » we may use (1.5) and (1.6)
to conclude that in this neighbourhood

W;(\) = = e det {M exp [ibx] (I + O(I\[""))}
= £ (det M)(1 4+ O(]A[71")) as [\ = .
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For large |\| we again use the asymptotic behaviour of the appropriately
numbered u;'s to find that

det (M) = = n (=N 28e-00=2 [1 4+ O(|A["1%)] as [\| — .

Thus W;(\), which can be so continued, cannot be identically zero. This
proves the following theorem.

THEOREM 2.3. In order to be exceptional, D; must be bounded from <« by
curves i, with k < m < I. In any non-exceptional D; (or an exceptional D,
where W;(\) is not identically zero), the points where ¥ is singular make up a
discrete bounded set with limit points at the branch points, or at points Ny on the
boundary where p(un) = No has more than one real root.

We might note that there is always at least one unbounded D;, which must
therefore be non-exceptional, and that exceptional D,’s can exist, for example,

if
o0 = | Lt - 17 =1 | Z e - 17+ 2t - 1y -1

it is found that A = u 4+ 1w = p(¢) is the curve u = (> — 1)%, 0 = 7(v> — 1),
and that the loop in it between 7 = — 1 and 7 = 4 1 is traced three times
(so encloses an exceptional region).

It is perhaps also worthwhile to remark that this classification of the regions
D;, and the characterization of the possible limit points of the zeros of W;(\)
depends only upon Ly = p(—1iD), and not on the perturbing operator Lj.

3. The spectrum of the operators L and L*. We have seen above that
there are values of \ for which the differential equation Ly — Ay = f possesses
a Green's function G(x, & \) which generates a bounded operator on
[’(— =, @) for 1 < p < «. Fix such a value \,.

THEOREM 3.1. The operator L = Ly + L, with domain Dy, = {y € L? N
Cr=ly®™=D s absolutely continuous and Ly € L*}, is a closed operator on
Lr (_ @, OO)

Proof. Lety, € Dy, ¥» — ¥yo and Ly, — f. Now
36 = [ GG 8 M) @ — o),

and the boundedness of the operator generated by G implies that

306 = Gl £ M@ — Aoyl

From this equation it follows immediately that yo € Dy p and Ly, = f.

We shall now introduce the adjoint operator L on LI(— o, o). Here
(1/p+1/g=1). If p=1, ¢g= o and if p = © we shall introduce an
adjointon L!(— =, ») although this is not the dual space. Let L, = ¢ DL,_,+
ar + bi(x) where Ly = 1and 2 = 0, 1, . .., n, and define the operator L with
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domaNin D;, = {y~6 L”Ifiky is absolutely continuous 2 =0,1,...,n —1
and L,y € L?} by Ly = L,y.

THEOREM 3.2. For 1 < p < o L on LY is the Banach space adjoint of
L on L?; while for p = o we define L' as an adjoint to L on L' by D(L') =
{z € LY there 1s 2 € L' with fiozLy dx -——f:g 2'ydx for all y € D} and
L'z = 2/ forz € D(L'), and again find L = L'.

Prooé. In either case we must show that if z € L?such that thereis z’ € L¢
with f__mzLydx = f_mz’ydx for all y € Dy, then z€ D3, and Lz = z'.
If f = (L — o)y then we may rewrite the above equation in the form

[ 16 20 = [ 6w 1@ = ns@)e s = o
This holds for all f in the range of L — Ao, which is all of L? so
20) = [ G x 0@ — Me@)ae

If Fis the column vector with 2’ — Agz in its first position and zeros elsewhere
it is easy to see that z is the nth entry in the column vector Z(x) = z"f:n
K(& x, \o)TF(£)d¢. Using the definition of K(x, £ \o) we see that Z' = —
(AT + BT)Z + 1"F, and an examination of this set of equations yields the
fact that z € Dz , and Lz = g'.

Conversely, if y € Dy ,and gz € Dj , it follows easily that szydx = fyizdx.

COROLLARY 3.1. For 1 < p < o L on L? is the Banach space adjoint of
Lon L Forp = 1 L' = L where L’ is defined as in the statement of the Theorem.

Proof. Except for the case p = = this follows from Lemma 1.4 of Rota (7).
For p = o the graph of the Banach space adjoint of L’ is the closure of the
graph of L in the L' ® L! topology on L” @ L. It is easy to see from the
existence of a Green’s function that the graph of L is closed in this topology,
so the result follows.

Thus the Banach space adjoint operator is closely related to the Lagrange
adjoint differential operator (which does not exist in the normal sense unless
b;(x) € C*9). For p = 2 the usual Hilbert space adjoint of L is given by
L*y = Lij for vy € Dy In order to avoid making separate statements we
shall define L* on L? by this equation for vy € Dz , = Dyx .

Since the solution of (L* — X) ¥ = f will be given by the nth component
of a solution to ¥/ = — (4* + B*) ¥V + (—1)" F where 4* and B* are the
conjugate transposes of 4 and B respectively and F is a column vector with
f in the first position and zero elsewhere, the work of §§1 and 2 carries over
almost completely. The polynomial p(u) is replaced by p* (u) = p(@). The
quantities associated with the adjoint by this and subsequent work will be
denoted by an asterisk superscript and to avoid confusion the conjugate
transpose of a matrix C will be denoted by C™.
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Many results about the spectra of L and L* are implicit above, but we shall
gather them together here. We shall denote the resolvent set, spectrum, point

spectrum, residual spectrum, and continuous spectrum of L by p(L), o(L),
Po(L), Ro(L), and Co (L) respectively.

THEOREM 3.3. If p(u) = N has no real solutions N € p(L) or X\ € Po(L)
and if N is not a branch point then N € Po(L) if and only of W;(\) = 0. The
curve N\ = p(t) is contained in o (L), contains Co(L) and Ro (L), and the points
of Pa(L) and Ro(L) lying on it form a nowhere dense set on any arc which does
not lie between two D;'s in which the W;(\)'s are identically zero. Each portion of
o (L) is independent of p except for the case p = «, where o(L) is all Po
(L) except perhaps for branch points lying on X = p(i).

Proof. If p(u) = N has no real solutions Theorem 2.1 shows that either
N € p(L) or é1, b3, . .+, Puy Put1, Put2 - - -, o are linearly dependent. In
this case there are constants ¢;, not all zero such that

m n

V=2 c;0,= 2 ¢;é;
Jj=1 Jj=m+1
If x is the first component of ¢ it is clear that x € L? for any p 2 1 and
(L—=Nx =0,s0\ € Pa(L).

Onanarcof A\ = p(¢) we have W;(\) from one side and W;(\) from the other
side. If both are identically zero then the points of the arc are all in the closure
of Po(L), and thus in o(L). If W;(\) is not identically zero, then at any point
on A = p(f) where it is not zero the only solution of Ly — Ay = f where
flx) = 0 for |x| > a, which is in L?, is the first component of f“_a K(x, & N)
F(£)dE, where F(§) is the column vector with 7%f(£) as the last entry, and all
others zero. If (L — A)y = 0 has a solution in L? WW;(A\) must be zero as we
shall see below so this is the only possibility. Now either ¢, (x) « ce’™ as
X — ®© Or ¢pup1(x) « ce’™® as x — — «. Thus in order to have this solution
belong to L? (P # «) we must have the mth or the (m 4 1) st entry in

IR AGLG

equal to zero. It is easy to choose F so that this is not true, so (L — A)~!
cannot everywhere be defined at such a point and N € o(L). As all other
points on A = p(¢) are in the closure of the points already mentioned we see
that A = p(¢) is contained in o(L).

In order to have Ao = p(¢y) belong to Po(L) for p # « we must have a
linear relation among the solutions which are exponentially small at + «
and those which are exponentially small at — «. This implies that W;())
and W,(\) (coming from the two sides) must both be zero and thus such
points cannot be dense on an arc of A = p(¢) unless W;(\) and W;(\) are
identically zero. The points of Ro (L) cannot be dense on an arc unless those
of Po(L*) are dense on the corresponding arc of N = p*(¢), which means
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that W*;(\) and W*,(\) are identically zero. Thus the points off this arc of
A = p(¢) are all conjugates of points in Po(L*), and so belong to ¢(L). By
the above reasoning they belong to Po(L) and W;(\) and W;(A\) must be
identically zero. So Ro(L) cannot be dense on an arc of A = p(¢) which does
not lie between two D/’s in which the W;(\)’s are identically zero.

For p = = we note that unless A is a branch point on A = p(¢) there are m
solutions of (L — A)y = 0 which are bounded at « and at least » — m + 1
which are bounded at — «. As there must be a linear relation among # + 1
solutions, we see that N € Pa(L) for this case, and as the branch points on
A = p(#) lie in the closure of these points they also lie in o(L).

In a consideration of L* we see that its properties can be developed from
the system adjoint to (1.1). Thus as in Theorem 3.3 we see that if p*(u) = A
has no real solutions then X\ € p(L*) or N € Po(L¥). If X € p(L*) then
X € p(L) and if X € Po(L*) then N € o¢(L). In the latter case as p*(u) = A
has no real solutions neither has p(u) = Xso X € o(L) imples that X € Po(L).
Conversely we see that if p(u) = A has no real solutions and N € Po(L)
then X e Po (L*). Again from the proof of Theorem 3.3 applied to L* and the
adjoint system we find that the curve A = p*(¢) splits up into Po(L*), Ro
(L*), and Coa(L*) as described there, and is contained in ¢(L*). This proves

COROLLARY 3.2. If \ does not lie on N = p*(¢) them N € Pa(L¥*) or p(L¥*)
according as N € Po(L) or p(L). The curve N\ = p*(t) splits up into Po(L*),
Ro(L¥*), and Co(L*) as described in Theorem 3.3, and is contained in o (L*).

4. The spectral resolution of L and L*. For certain special cases we
shall obtain a type of spectral resolution. We first obtain an expansion of the
Green's function in terms of a sum of eigenfunctions and an integral involving
improper eigenfunctions. From this we can develop an expansion for a suitably
restrictad class of functions, prove an analozue of the Parseval equality, and
define for each bouaded Borel set M a closed, densely defined operator E(M)
which com nutes with L and has the properties: E(M)E(N) = E(M M N)
and E(M) + E(N) = EM\JUN) if MM N = ¢. In special cases these
projections may all be bounded, or even uniformly bounded, in which case L
is an unbounded spectral operator. We shall now proceed to develop the
expansion of the Green’s function for the special cases under consideration.

We shall assume that Po(L) and Po(L*) are finite and do not intersect
N = p(t) and X = p*(f) respectively. We shall also assume that on A = p ()
and N = p*(¢) the functions W;(\) and W*,;(\) which are defined, are not zero.

This results in considerable simplification, and it is quite possible that the
method may be generalized to deal with the less special case where the only
additional assumption is that Po(L) and Po(L*) are finite. Without this
assumption, however, the convergence difficulties seem to be quite formidable.

We shall consider the contour integral

, e Gl &w) g _
(—‘L]‘) 2711 Cop M — A d/“ - 1(67 R)v
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where C;  is a compound contour which we shall now describe. Let H,'
consist of all points A which are within a distance § of A = p(¢). This set has
a boundary consisting of piecewise differentiable curves. Let H; z = {A|[)|
< R,\ ¢ Hy'}, and let C; g be the boundary of H; g, traversed in the positive
sense. We assume § is so small and R so large that Po(L) C H;, g and so that
for each D, D; M H; g is non-empty.

The evaluation of I(§, R) will be performed in two ways: by residues, and
by direct integration for the case § = 0, R — . We shall first proceed with
the residue technique. The singularities of the integrand occur at u = A,
and at u = A, Ay, . . ., A, where \j, Ao, . . ., N, constitute Po(L). We note that
Cs, g consists of loops, one in each Dj, and each of the singularities is enclosed
in one of these loops. Thus, by residues, I(5, R) is simply the sum of the
residues of G(x, & u)/(u — N) at each of these singularities.

LeEmMMA 4.1. The residue at u = N\ 1s G(x, & N\) and that at \; is minus the
singular portion of the Laurent expansion of G(x, &, \) about \;.

Proof. The first statement is obvious, and the second is almost so. Since
the singularity of G(x, & \) at A\, arises from a zero of the appropriate W;(\),
it must be a pole. Suppose that this pole is of order 7, and that the singular
part of the Laurent expansion is

3 GO 0= A

a=1

Then in the neighbourhood of A; the integrand of I(8, R) is equal to

1 < u— >\j>_l T . »
— 1 — ( ’ o
=) M=%, :L; GP(x, (N = \y)

SR e I E a H S RN

m=1

-+ terms in higher powers of (u — X;).

Thus the residue is obviously

7j—1

- Z A=A TGC(x, 8) = — Z A = N6 (x, £).

In order to resolve the G.” (x, £)’s in terms of the characteristic and
associated functions we shall need to know some of their properties.

LEMMA 4.2, There is a positive number u; such that
(4.2) GO, )| K Ke ™" a=1,2,...r
For fixed £ G, (x, &) belongs to the domain of L and

je

(43) (L -_ )\j)Gcij)(xy E) {G( 1( E) Z : ;j 2 R ]
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For fixed x, Ga? (x, £) = G* (¢, x) belongs to the domain of L* and

e a =7r;

0
GI(x, &) a=1,2...,r,— L

Proof. 1f we note that for each \; there is a circle C; surrounding it and
no other characteristic values, which lies completely in H; z; we see that

) _ 1 _y ye-l
G (x,§) = 5 §Cj()\ M) TG (x, & M)A

@4) (L= X)GP @, 8) = {

We have noted that for points such as X on C,
IG(x, £ )] < Kexp [— ulx — £]

where # is less than the minimum absolute value of the imaginary parts of
the solutions of p(u) = A. As these must have a positive minimum on C;
we take u; equal to one-half of that and |G(x, & N)| < Kexp [—uylx — &[]
for all N on C;. Thus if the radius of C, is 7; we have

27

1 a—
696, 0)] < 5= [ 77K expl—usle — ¢l do

= K rjexp[—u;lx — &[],

which proves (4.2).
If To(x, & N) is defined to be the entry in the upper right-hand corner of
the matrix

0 >x
I‘(x, Ev )\) = {(_l)n M eiﬂ(r—f) M—l fc ; S

then T’y has the same discontinuity at x = ¢ as G(x, & \), and is analytic in
a neighbourhood of \; which includes C,. Thus G(x, & \) — To(x, & ) belongs
to C" and so must

[€)] - _1_ _ a—1 _
Ga (x) E) - 27ri§6'j()\ )\J) [G(xv Ev )\) Po(x, Ev )\)]d)\

From this we easily obtain (4.3), and (4.4) follows in a similar manner.

In order to obtain an expression for G, (x, §) we consider the L? case
separately. It is known that in the neighbourhood of an isolated pole X\; of
the resolvent Ry, = (L — A)~! can be expanded in the form

_ P o 0 __ P

=27 =27 T V=) A=
where (L — N\)P; = P;(L —\;) = Q;, P = P; P,Q; = Q;P; = Q; and
Q,7 = 0. Let P, be the orthogonal projection on the orthogonal complement
of (I —P;))H (where = L?). Now if Pjz =2 and P,z =0 then z €
(I—=P)H and so z€ (I — PP, which implies that z = 0. Since
(I —Pj)(I — Pjo)z= (I — Pj)z for any z €  we have

R\ =

+ ...
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z = Pz+ (I — Pjo)z
= P;(Pjz) + (I — P[Pz + (I — Pj)3z]

for any z € . These two latter expressions both give z as the sum of a vector
in P;9 plusone in (I — P,)9, and as this is unique P;(P;z) = P;z. Similarly
Po(Pz) = Pjoz for all z €  and so P; maps P, one to one onto P;9,
and its inverse is Pjo. If {e;} is an orthonormal basis of P;o® then for any

2€ 9
Pz = PPz =P, ; (2, ex)er = ; (2, ex) P jex,

from which it follows that
P?Z = ; (Zy Pek)ek

and (Pe, e;) = 6;1. Thus P;09 = P*,H can be identified with the dual space
of P;9. Since every vector z € P;$ which satisfies Q;z = 0 is a characteristic
function of L corresponding to the characteristic value \;, the dimension of
the null-space of Q; restricted to P;$ must be finite (< 7/2). Using this and
the fact that Q,”7 = 0, a simple induction shows that dim P;9 is less than
or equal to (r, — 1)¥. Thus we may now choose a basis of P,$ consisting of

$j1 .
X1 Qi1+ - -y Q57 %515
sj2 .
Xj2, Qz2, . o -y Q5 %525
Sip; .
Xijpjs ijjpiv ey Q5 X jpis
where
1’j—1=sj1>sj2>...>sj,,j.

It is easy to see that the dual basis for P*; may be written in the form

% * % *S *
Jj1
X1y QjOle,... ’ Xj15
* * % *s *
j2
X j2, Qf'xﬂy ) Q Xj2;
* * % Kook
i .
Xipjy QiXipjr - -+ s Qs "% y55

where (Q;%ju, Q*;'0* ) = duv1,58m. Thus

sja

QJZPJ‘X_QJZ Z( Q;

%S o= ﬂ *

Il

lex )Q]xla

Pj sja—1

) Z (%, Q" Px3) 0T o

a=

Now each of these basis elements is a function, and we see that P; and
Q;'0=1,2,...,r;, — 1) are all integral operators, with kernels — G,
(x, §) and — G (x, £) respectively. This yields expressions for G, (x, )
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for which we shall make some changes in notation. Let x,,(? (x) be the function
represented by Q;'# 'x; and x*,? (x) be the function represented by
Q*fa~x* ;. Then we may summarize the preceding results in the following

theorem.

THEOREM 4.1. Using residue methods we obtain

V4 Tj )
(4.5) Iir = G(x, E\) — Zl Zl Gc(l])(x, O — A"
J= a=
For each j(j = 1,2, ..., p) there are numbers q,; and
Sia < Sjgj—=1+++Sj1 = 1; — 1;
and functions xi (x), x*n? (x) (k=1,...,¢,1=0,1,2,

that xi: (%) € Dy p x*11? (%) € Dyx, for all p,

) . *(; s
[xi? ()| < K e, [x0 " (x)| < K e,

j 0 =0
L — )\, (N _ { )
( }\])Xkl Xl(c]l)-l Z = 1v 2v .y Sjky
* o % 0 =0
LT — X () _ { )
( j)Xkl X:l(i)l l = 1121' -1sjky
hd i %
f XI(»]l)(x) Xk’(l]’ )(x)dx = 05001417, s k-
Also
(€2 2 e (©)) FGTTT
G/ (x’ E) = - Z_:l ﬁz_:o Xaé (x) Xu.]sja—-l—ﬁ(g)v

where a sum from zero to a negative integer is zero.

ey Su) Such

Proof. Relation (4.5) follows from Lemma 4.1. The estimates of the
xP's and x*@’s follow from (4.2) and their linear independence, while the
other formulae follow from the construction of the x?’s and x*?’s, and from
well-known properties of characteristic and associated functions.

We must now proceed to the evaluation of I; ; directly. From Theorem 4.1
I g is independent of 6 and R, and we wish the limit of the direct evaluation
in terms of line integrals as § — 0 and R — «. We shall denote the portion
of Is. r which arises from the integral over arcs of the circle |\| = R by

f G, & u)/(u — Ndp.
IN|=R
LEMmMa 4.3.
lim | — —==~ ~du = 0,
leolo M=k M — A K

uniformly in § for § > 0, provided x # E.
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Proof. As
e = N ex [2”’”} 1 +o0™)

for large [\| we see that the function #(\) in [G(x, &, \)| < Kexp [— u())
|x,— £&|] approaches zero as Re® approaches Re'® = p(¢o) in the same manner
as

Thus we may divide one of these arcs of |\| = R (from 6; to 8, say) by 6,
and 6, such that

( g —
|KexpL-—cR1/" sin MT lx — EI:I 6, <6< 61

L n

|
|G(x, & Re™)| < J,Kexp[—cR””lx il 6; <0<

K exp| —cR'™ sin 92—;—0 lx — £|:| 0: < 0 < 6.

As there are two of these arcs we have

f G(x, & S,u)
M=k & — A

8, €Xp [-—CR”" sin Q—;;;—Ql lx — Ei]

<2k | = Rdo
7% 1/n
exp[—cR"|x — &[]
S e e R
0y exp[—cR”" Ix - S—!]
+2K | ey Rds
2
< Kf exp[—cR""sin ¢ |x — £|]do (R > 2/A])
l/ﬂ
<k exp[ ? | —sl]w
< TR

where K has been increased as necessary.
Thus in the limit we need only consider the integrals along the boundary
of Hs pas R — « and § — 0. The arcs have the form

iop’ (1)
EATLO]
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and so may be written in the limit as § — 0

G(xr £, IJ'+) - G(xv Ey p'—) d}.l,
u=p(1) r—A '

where G(x, & u +) is the limit of the Green’s function from one side, and
G(x, & p —) is the limit from the other side. Our assumption that W (\) has
no zeros in A = p(¢) implies that these limits exist and are continuous, so
the limit of the integral exists as long as R is finite. We must now evaluate
Glx, &, u+) — G(x, &, » —) to show that it exists when R = o as well.
First note that they are uniformly bounded in x, £ and u, and have the same
discontinuity in the (# — 1)st derivative at x = & This implies that as
functions of x they belong to C" and satisfy (L — u)y = 0. It is easy to see
that this equation has precisely as many linearly independent uniformly
bounded solutions as p(¢) = u has real solutions (unless u is an eigenvalue,
which we have excluded). Let this number be o(u), where u = p(¢), and
denote the linearly independent bounded solutions by xi(x, u), x2(x, ), . ..,
Xo (%, ). Then it is obvious that
o (u)

G(xr Ey ”+) - G(xy ‘Er ,U'_) = 27” ;1 Xj(xy ”);f(‘éi_-p‘_)'

We see also that (L* — w)x*;(x, u) = 0 and that x*;(x, u) is bounded. In
fact, if we investigate the asymptotic behaviour of G(x, & u +) — G(x, & u —)
for large values of u we find that it behaves like

o (k) ——i—eiv]‘(z—s)

=)
where o(u) is 1 or 2 and »; (and »s) are the real solutions of p(») = u. Thus
the integral over the portion of A = p(f) which extends to infinity will be
less than or equal to

°° dt
K ) 75—

to IP (t) - M

which clearly exists for n > 2.

THEOREM 4.2.

@6 G &N =3 ; G (@, (A — A,
+ f g Xj(xr /J') Xa; (Er ,E_)_ dldh

=p(1) j=1 B = A

Proof. This follows immediately from the evaluation of I3z as 6§ =0
and R — » above, and from the previous evaluation by residues in (4.5).

We may immediately obtain a corresponding expansion of G*(x, £ M),
and also the following expansion of a certain class of functions.

THEOREM 4.3. Iff € Dp1, g € Dix 1 then
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fi = f(x)x](x Ndx and g0\ = g(x)xa(x N)dx

exist and are integrable along N = p(t) and N = p*(¢) respectively. Also

P 4 s )
(4.7) flx) = Zl 2 X8 (@) (f, Xa, s]a-—ﬁ)
=1 a=1 B=
()
. Z X3(, Nf (V)N
=p(
z & & j) (€2}
g(x) = Z Z X«iﬁJ (x) (gv Xa]wa—ﬁ)
j=1 a=1 B=0
a(\)
> x5, Mg,
A=p*(1) =1

There is also an analogue of the Parseval equality:

48 Go-X X

j=1

*(
(fy Xa,s]ja—ﬁ) (Xaﬁr g)
o™y

+ Z H V& (Ndx,

A=p(

] [\’]éf

and one may obtain a slightly different expression by wnterchanging f and g,
taking conjugates, and changing the variable in the integral to N = p*(¢).

Proof. The existence of 3‘7()\) and g*;(\) is obvious, and the expansions
(4.7) follow from the identities

=@ =N [ 6l e = @ - [ 645 N

exactly as in (4). Relation (4.8) follows when we note that f € Dy, ; implies
f € L? as well.
Formally we define the spectral resolution E(M) in terms of the kernel

a(p)

E@, M) = — 3, GP(x, ) + 2 x w)x; (& ) du.
NjeM p(HNM

It is easy to see that this exists for any bounded Borel set M, and that for any
f€ Dy, E(M)f = fc_omE(x, £ M)f(£)dg exists. Thus for any bounded Borel
set E(M) is a closed, densely defined operator. Also, for any such
Ly E(M)f € Dy, p,and if E(M)Lf exists it is equal to LE(M)f, so L and E(M)
commute in a certain sense. [tisalso clear thatif M N N = ¢, then E(M\U N)
= E(M) + E(N). It is not quite so clear that E(M)E(N) = E(M N N),
but if we note that for A = p(f), xm(x, \) € Dy ., we see that x,(x,\) =
\ - )\g)f G, E N)xm(E, N)dE Tt is easy to see that f GO(x, Hxm
(&, N)dg = 0 so that

a(u)
xn (2, X) = (x—mf_ f - Mﬁ%ﬁ‘f—”—)xm(s, N)dudt,

j=1
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and for g € Dyx s

- 0 a(p) _ - -
g0 = [ 3 A NEG e NG Rt

=p(t) j=1 M —
. }\ — XO a(p) 5 Ry —
= lim —_ Z;(m) Xm (&, N) X5 (£, B)dEdp.
Ry, Ros0 Yu=p(t) M 0 j=1 —R3

Thus we see that the distribution fm“’xm (& N)x*;(& m)d£ is zerounless j = m
in which case it is 8(u — \). Thus the kernel [_,“E(x, z; M)E(z, & N)dz
of E(M)E(N) is easily shown to be equal to E(x, & M MN), and we have
E(M)E(N) = E(M N N).

In some cases this resolution will consist of bounded projections, and may
even be uniformly bounded. In this case it will be a spectral measure in the
sense of Dunford (3) if it is also countably additive. However, this will not
be true in general, for if the perturbing operator L; is absent E(M) is a simple
function of the operator with kernel %anR explic(x — £)]do. This gives a
self-adjoint spectral measure on L? but Rota (7) has pointed out that it is
unbounded on any other L? space.
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