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Abstract

A Markov chain X with finite state space {0, ..., N} and tridiagonal transition matrix is
considered, where transitions from i to i — 1 occur with probability (i /N)(1—p(i/N)) and
transitions from i to i + 1 occur with probability (1 —i/N)p(i/N). Here p: [0, 1] —
[0, 1] is a given function. It is shown that if p is continuous with p(x) < p(1) for
all x € [0, 1] then, for each N, a dual process Y to X (with respect to a specific duality
function) exists if and only if 1 — p is completely monotone with p(0) = 0. A probabilistic
interpretation of Y in terms of an ancestral process of a mixed multitype Moran model
with a random number of types is presented. It is shown that, under weak conditions on
p, the process Y, properly time and space scaled, converges to an Ornstein—Uhlenbeck
process as N tends to co. The asymptotics of the stationary distribution of Y is studied
as N tends to co. Examples are presented involving selection mechanisms.

Keywords: Ancestral process; complete monotonicity; descendants; duality; multitype
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1. Introduction

Assume that X = (X;);er and Y = (Y});er are two time-homogeneous Markov processes
with state spaces (E1, ¥ 1) and (E2, ¥2), respectively. Typical time sets are T = {0, ..., n}
for some n € N := {1, 2, ...}, countable sets T = Ny := {0, 1, 2, ...}, or continuous-time
sets such as the unit interval 7 = [0, 1] or T = [0, 00). Let B(E x E3) denote the set of all
real-valued, bounded, measurable functions on £ x E». We recall the definition of duality of
Markov processes in the sense of Liggett [21].

Definition 1.1. The process X is said to be dual to Y with respectto H € B(E| x Ej) if
E'(H(X;,y)) = E'(H(x, ;)

forallx € E{,y € E>,and t € T, where E* denotes the expectation given that the process X
starts in Xg = x and E” denotes the expectation given that the process Y starts in Yy = y.

Dual processes occur in many applications, usually when considering some phenomena
forwards and backwards in time. For typical dual processes, we refer the reader to the
mathematics and physics literature on interacting particle systems; see [8], [17], [21], [22], [28],
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[29], and the references therein. Other important examples occur in the context of mathematical
population genetics [1], [2], [5], [6], [10]-[14], [18], [25], [26] and essentially go back to similar
duality results for stochastically monotone Markov processes [27].

Here we are interested in a particular class of Markov chains X of the following form. Let
p: [0, 1] — [0, 1] be some function. For fixed N € N, consider a Markov chain X = (X;),en,

with state space {0, ..., N} and tridiagonal transition matrix
ro  po 0 . 0
q 1 P1
Il = (mij)ije0,..Ny=| o "~-. . o |- (L.1)

where, fori € {0, ..., N},

N ORIl RS
cnas (A els) o

For particular choices of the function p, the Markov chain X is well known from the literature
on mathematical population genetics. For p = Id (identity), the chain X counts the number
of descendants in the classical haploid Moran model [23] with population size N (see also
Equations (3.45)—(3.47) of [15, p. 105]). For p(x) =1 — (1 — x)%, x € [0, 1], the chain X is
the forward process of a two-sex model introduced in [19]. For closely related Moran models
in continuous time, we refer the reader to [7], [9], and [12]. Note that E(X,+1 | X,, = i) =
i+ p(@/N)—i/N foralli € {0,...,N}. Thus, if p(x) < x for all x € [0, 1] then X is a
supermartingale. If p(x) > x for all x € [0, 1] then X is a submartingale.

The paper is organised as follows. In Section 2 we provide (for a suitable subclass of
functions p) a multitype (K -sex) population model such that X counts the number of ‘mating
units’ forwards in time in this model. We also introduce the ancestral chain ¥ which counts the
number of ‘mating units’ backwards in time. In Section 3, the main duality result (Theorem 3.1)
and its proof are given. Section 4 deals with the convergence of Y, properly time and space
scaled, to an Ornstein—Uhlenbeck limiting process as N tends to oo (Theorem 4.1). In Section 5
we provide details of the extinction probabilities of the forward chain X and of the stationary
distribution of the ancestral chain Y. The asymptotics of the mean and the variance of the
stationary distribution of Y are given. We state a conjecture on the asymptotic normality
(Conjecture 5.1) of the stationary distribution. The paper concludes with a collection of typical
examples (Section 6) involving selection mechanisms.

Throughout the paper, we will use the notation (x)g := 1 and (x); ;= x(x—1) - - - (x —k+1),
x € R, k € N, for the descending factorials. Furthermore, S(i, j), i, j € Ny, denote the
Stirling numbers of the second kind.

and

7

2. A multitype Moran model

Before we introduce the multitype Moran model we briefly recall some basics about com-
pletely monotone functions. In the literature (see, for example, [4, Section 2]), complete
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monotonicity is mostly considered for functions ¢ with domain (0, co) or [0, co). Here we are
interested in functions ¢ with domain [0, 1], the unit interval.

Definition 2.1. A function ¢: [0, 1] — R is called completely monotone if it is C* on (0, 1)
with (—1)kg® (x) > 0 for all k € Ny and all x € (0, 1).

The following lemma is essentially a version of the classical Bernstein theorem.

Lemma 2.1. A continuous function q : [0, 1] — R is completely monotone if and only if there
exists a finite measure . on No with g(1 — x) = ZZO:O x"u({n}) forall x € [0, 1].

Proof. If there exists a finite measure u on Ng with ¢g(1 —x) = Z;O:O x"u({n}) for all
x € [0, 1], then (= 1)*g® (x) =32, nl/(n — k)! (1 — x)"*u({n}) > 0 for all k € Ny and
all x € (0, 1), i.e. g is completely monotone. Conversely, if g is completely monotone then
the function u: [0, 1] — R, defined via u(x) := ¢(1 — x) for x € [0, 1], satisfies u™(x) =
(—=1)"g™ (1 —x) > 0foralln € Nygandall x € (0, 1). Bernstein’s theorem [16, Chapter VII.2,
Theorem 2] for bounded functions u ensures the existence of a measure @ on Ny such that u
has power series representation u (x) = ZZOZO x"u({n}), x € [0, 1]. The measure w is finite as
u(No) = u(l) < oo.

Remark. Suppose that g: [0, 1] — R is a continuous, completely monotone function. The
measure p in Lemma 2.1 is a probability measure if and only if g(0) = 1. In this case,
there exists a random variable n with distribution P(n = n) = u({n}), n € Ny, and u(x) :=
q(1 —x) =ET) forall x € [0, 1], i.e. u is the probability generating function (PGF) of 7.

We now turn to the definition of the multitype Moran model. Fix a constant K € N, and
consider a population where each individual has one of K possible types. Each generation
consists of N € N mating units, where a mating unit is (by definition) a set of K individuals
of different types. Hence, the total population size is K N. In each generation, K children are
born, one of each type, and each of these K children randomly chooses one of the ancestral
mating units as its parental unit. These K newly born individuals form a new mating unit of
the following generation. One of the N parental mating units is chosen at random and removed
from the population. For K = 1, this model coincides with the standard haploid Moran model
with population size N (see, for example, Equations (3.45)—(3.47) of [15, p. 105]). For K = 2,
we arrive at Kdimmerle’s two-sex Moran model [19]. Some more details for this particular
model are given in Section 6 (Example 6.1). We may also think of this model as a K-sex model
by interpreting different types as different genders.

Fixi € {1,..., N}. A descendant-unit of the mating units 1, ..., i of generation O is any
mating unit of any generation which has at least one member descending from one of these
i mating units of generation 0. If X,, denotes the number of descendant-units in generation
n € Ny then it is easily seen that X := (X;)eN, is a Markov chain with state space {0, ..., N}
and transition matrix IT of the form (1.1) with

px):=1—(1-xk, x €0, 1].

If we instead look back into the past and let ¥, denote the number of ancestral mating units
n generations backwards in time, we obtain the so-called ancestral chain ¥ := (¥,)nenN,,
sometimes also called the backward chain. The following lemma provides the transition
probabilities of the Markov chain Y.
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Lemma 2.2. The transition probabilities p;; :=P(Y,1=j | Y, =1i),i,j €{0,...,N}, of
the ancestral chain Y = (Y;),en, are

i (i—-1\"
pl,l—lzﬁ N ) le{lv-"aN}v

poo =1,

”N—iiN,liKi—lK - N
Pii N +N( —i+ )<<ﬁ) _< N ) )’ iefl,....N},

. . j—i+1 )
b= (Vi1 ’f( bk (4 =T (T2 TR
TN\ —i+1 k N

k=0

forjeli+1,...,i+ K —1}, and p;j = 0 otherwise.

Proof. Assume that there are i ancestral mating units present in generation . One generation
backwards in time there will be i — 1 ancestral mating units present if and only if one of the
i mating units is removed and all K newly born individuals choose their parental unit among
the i — 1 remaining ancestral units. One of the i mating units is removed with probability i /N
and each newly born individual chooses its parental unit among the i — 1 remaining units with
probability (i — 1)/N. Thus, the formula for p; ;_; follows immediately.

One generation backwards in time there will be i ancestral mating units present if and only
if either one of the N — i nonancestral units is removed or if one of the i ancestral units is
removed and, for some / € {1, ..., K}, exactly K — [ of the K newly born individuals choose
their ancestral unit among the remaining i — 1 ancestral units and the other / newly born
individuals all choose the same unit among the other N — (i — 1) mating units. Thus,

pii = —Z( ) _(l_l)< N >K1
_ A;’+’N(N—i+1)l§(l)<%)<l;1)
:N];’+§<N—i+1>((lﬁ> ‘(l§1> )

Similarly, there will be j (> i) ancestral mating units present one generation backwards in
time if and only if one of the i ancestral mating units is removed and, for some / € {0, ..., K},
exactly K — [ of the newly born individuals choose their ancestral unit among the remaining
i — 1 ancestral units and the other / newly born individuals altogether choose j — i + 1 among
the other N — (i — 1) mating units. Thus,

K

i K\N(N—=(@G—1);_is18U, j—i+1) [i—1\
e () s ()

=0

Note that p;; = 0 for j > i + K — 1. Substituting

1 il il
l 1_— ljl-‘rlk k
SUj =i+l = H),Z( ) By :
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the explicit formula for the Stirling numbers of the second kind, into the above equation and
interchanging the sums yields

. j—i+1 K l,. K—
p,--=l— N—-i+1 Z( 1yi-i+1-k l+1 Z K\ [k i—1
TN\ —i+1 —\1 N N

i (N-i+1 ’il( i ( ) (L= Lk K
N\j—i+1 k N ’

which completes the proof.

We can also include the case in which K = 0 (p(x) = 0) in our model with the interpretation
of a population consisting of N individuals of the same type in each generation. In each
step (forwards in time), one randomly chosen individual is (by definition) replaced by a
nondescendant individual. In this case we have p; ;1 =i/N and p;; = 1 —i/N, in agreement
with Lemma 2.2 for K = 0.

The model can be easily extended to a larger class of functions p as follows. Suppose that
p: [0,1] — [0, 1] is any continuous function satisfying p(0) = 0 and that ¢ := 1 — p is
completely monotone. Then (see the remark after Lemma 2.1) there exists a random variable
n taking values in Ny such that p(x) = 1 — E((1 — x)") for all x € [0, 1]. In this situation, the
Markov chains X and Y can be interpreted probabilistically in the following way. Consider a
population where each individual has one of max(n, 1) possible types. The population consists
in each generation of N mating units, where a mating unit is (by definition) a set of max(z, 1)
individuals of different types. Assume that, conditioned on n = K (K € Np), the population
evolves according to the K -type Moran model introduced before. Then, X counts the number
of mating units forwards in time and Y counts the number of mating units backwards in time.
We therefore have found—for continuous functions p: [0, 1] — [0, 1] satisfying p(0) = 0 and
such that g := 1 — p is completely monotone—a meaningful probabilistic interpretation for
the chains X and Y. In particular, the random variable Y,, can be interpreted as the number of
ancestral mating units n generations backwards in time under the multitype Moran model with
a random number, 7, of types. The following corollary is a direct consequence of Lemma 2.2.

Corollary 2.1. For the mixed multitype Moran model with a random number, 1, of types, the

transition probabilities pij := P(Y,41 = j | Yy = 1),1,j € {0,..., N}, of the ancestral
chain Y = (Y,)nen, are

p_——i l—p—N i+l i € {1 N}
R — s 1 s s
ALY N

poo =1,

_i—i-i(N i + 1) N-i+l N—i e (1 N}
sy — — —1 — s 1 g ooy s
Pii==—"N"TN PATN P\™N

1
i (N—i+1\' —i4+1\ [N—i+1—k
o 1)/ i~k I
Pi N( z+1) 2D ( k ),,( N )

k=0

forjeli+1,i+2,...,N}, and p;i = 0 otherwise.
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Proof. From Lemma 2.2 and the definition of the mixed multitype Moran model, it follows
that, fori € {1,..., N},

X oifi—1\K i i— 1\ i N—i+1
=B o=l ()50 -(5)

The other transition probabilities p;; are obtained similarly.

Note that Y is skip-free to the left, i.e. p;; = 0 for j < i — 1. In the following section the
main duality result (Theorem 3.1) is presented. An important consequence of this result is that,
for the mixed multitype Moran model with a random number, 7, of types, X is dual to Y with
respect to a specific duality function H (see (3.1), below) which is universal in the sense that
it does not depend on the function p.

3. A duality result

If the state spaces E1 and E; of the processes X and Y in Definition 1.1 are finite, then the
function H € B(E; x E3) in Definition 1.1 can be considered as a matrix H = (h;})icE,, jeE,-
In the literature on duality for Markov chains with identical finite state spaces E| = E> =
{0, ..., N}, the particular nonsingular, symmetric, left-upper matrix H = (h;});, je{o
entries

. . i—1 . j—1 .
N —i N N—j N\ T~N-—j—k N—i—k
b= ()G =00/ )-S5 =I5 o
J J k=0 k=0
plays an important role. For example, this matrix turns out to be a suitable choice to obtain
duality results for a large class of exchangeable population models [25]. It was also used
(see also the remark at the end of this section) to derive duality results for a class of nonneutral

Wright-Fisher models [18]. The following theorem shows that this matrix is also an appropriate
choice for Moran models.

.....

Theorem 3.1. Let p: [0, 1] — [0, 1] be some continuous function satisfying p(x) < p(1) for
all x € [0, 1]. Then, the following conditions are equivalent.

(i) There exists a random variable n taking values in Ny such that 1 — p(1 — x) = E(x")
forall x € [0, 1].

(ii) The function q := 1 — p is completely monotone and p satisfies p(0) = O.

(iii) For each N € N, there exists a Markov chain Y = (Y,)neN, Such that the Markov
chain X (as defined in Section 1) is dual to Y with respect to H = (h;});, je(o,...,N} With
entries (3.1), i.e. IH = HP, where P denotes the transpose of the transition matrix
P = (pij)i, jefo,...Ny of Y.

Remark. It turns out (see (3.3), (3.4), (3.5), and (3.7), below) that the distribution of the chain
Y coincides with that of the ancestral chain of the mixed multitype Moran model introduced

at the end of Section 2 (see Corollary 2.1). However, note that we do not make use of the
multitype Moran model, neither in the presentation of Theorem 3.1 nor in the following proof.

Proof of Theorem 3.1. The equivalence of (i) and (ii) follows immediately from the remark
after Lemma 2.1.
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We now verify that condition (ii) implies condition (iii). For i, j € {0, ..., N},

(ITH)ij = qihi—1,j + rihij + pihit1,

()A€ C)

where p;, g;, and r; are as defined in (1.2) and (1.3). Define the matrix P := (p;;)i je(0,..., N}
recursively over its columns via

1 fori =0,
(ITH) y; 1-pQ .
pio = v - = ]5( ) fori =1,
0 fori € {2,..., N},
and 1
O N_ii =S hy_irp:
pyj = DN ; Lico PNk oy, (32)
N—j.j
for j € {1, ..., N}. From this definition, it follows immediately that
J N
(IMH)Nn—j,i = ZhN—j,kPik = ZhN—j,kPik =(HP )n_j,
k=0 k=0

forall i, j € {0,..., N}. Thus, the duality equation [TH = HP is satisfied. It remains to
verify that P is a stochastic matrix. Note that poo = 1 and that p;; = 0 for j < i — 1. Thus,
the matrix P has the form

1 o .- 0 0

* * .. * *
P=0iijeo.m=|0 * 0 * x|, (3.3)

0o - 0 *x =

where the x entries are those which are now studied in more detail. From (3.2), it follows that,
fori e {1,..., N},
(MH)N—i41,i
hN—it1,i-1
_ qN—i+1hN—ii
 hN—iglio

) ()
o)

In particular, p; ;—1 > 0. For the diagonal entries of P, we obtain from (3.2) that poo = 1 and
that, fori € {1,..., N},

_ TH)N—i,i —hN—ii-1Pii-1

Dii =

Pii—1 =

hn—ii
_ gN-ihN—i—1i +TN—ihN—ii + PN—iAN—it1,i — hN—ii-1Dii—1

hn_ii
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=0+ 1)QN7i +ry—i—(N—i+Dpii-i
(+1) <1_ (N—i>>+i+N—2i <N—i)
! N N N P\TwN

. I N—i+1
)
N —i i . N—i+1 N —i
() ) s

In particular, p;; > 0 as the function p is increasing by condition (ii). Proceeding in the same
way we obtain

i
(MH)N—i~1,i = D j—i—1 AN—i—1.kDik
Pii+1 =
hN—i—1,i+1
_ (MH)N—i—1,i = hN—i-1,i-1Dii—1 — AN—i—1,i Pii
hN_i—1,i+1

i+2 1
=(N—1) —LIN i1+ rN—ic1 S +1PN i—1

N—-i+1 B N—i\
2 Dii—1 1 Pii-

Substituting the expressions for py—_;_1, gn—i—1, and ry—_;—1 into this as well as (3.4) and
(3.5) for p; ;—1 and p;;, and sorting afterwards with respect to the values p((N —i — 1)/N),
p((N —i)/N),and p((N —i + 1)/N), we obtain, after some straightforward manipulation,

fori e {l,...,N —1},

i (N—i+1 N —i N—i—1 N—i+1
pi,i+1=ﬁ< ) ><2P<N>—P( N )—p(—N )) (3.6)

Since g is completely monotone, second-order differences of p are nonnegative from which it

follows that p; ;1 > 0. We now verify by inductionon j € {i +1,i +2, ..., N} that
. . i+1 .
i N—z—l—ljl —i+1 . N—i+1—-k
== 17k ————M——— ). 3.7
Pij N(j—i—}—l); P (G D N 3.7)
For j =i + 1, (3.7) coincides with (3.6). Thus, (3.7) is already proven for j = i 4+ 1. The
induction step from {1, ..., j — 1} to j (> i) works as follows. For j > i, we have
(MH)N—ji — Y i th j.kPik
Pij = 7
N—j.j
an—jhN—j1i try—jhy—ji+ PN N BNk
— Jj j i J Jhi J J+li Z Js Dik
hn-j.j MO BN
i—1
N—i)( j+1 j—i) < (N—k)
= MaN—-j———— +rN—j + PN—j — - . Dik-
<N—J Tj—i+1 ! T k:X,._:l j=k)"

As before, substituting the expressions for py_;j, gy—;, and ry_; into this as well as the (by
induction already known) formulae for p;x, k € {i — 1,4, ..., j — 1}, we find—after some
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tedious but straightforward manipulations—that the latter expression coincides with the right-
hand side of (3.7), which completes the induction.

Since g is completely monotone, the sum on the right-hand side of (3.7) is nonnegative,
which shows that p;; is nonnegative for j > i. Fori € {1, ..., N}, it follows furthermore from
(3.4), (3.5), and (3.7) that, for x € [0, 1],

N N

: - : :
> " pijx = piicx™ 4 puxt + Y pijxd
i—0 j=it1

_a N—i+]1

TN ("’( N ))
N—ixi+£(N_i+1)(p<N—i+l)_p(N—i))

N N N N

+
N . . j—itl .. .
ix) (N—i+1 j—i+1 ik (N—i+1—k
+ Z —( . ) Z < )(-DJ ' P(—
fret N\j—i+1 = k N
_l_ i—1 N_ll
=N TN
. N . j—itl .. .

i (N —i+1 j—i+1 ik (N—i+1—k
S () I ey (Aot
Nj:i_1 j—i+1 pard k N

i N—i i NV N i1 (N—id+1—k
_ it -l v - - - itk—1
_Nx + N X N ,; ( K )p(—N )x

N .
y Z (N —.l +11 —:) (—x)i=i+1=k
kg N T
L N=i
N N
. N—itl . .
i N—-i+1 N—i+T—k\ ;i N—i+1—k
N T G A
k=0

. . . N—i+l .

i, N—i; i N—i+1 [ N—i /
= — — —_ 1_

A g( I LA U A

. . N—i+l .

N-—i ; i N—-i+1 l N—i !
= — — 1— . 3.8

Nx+Nl§< l >q<N>x (1—x) (3.8)

For x = 1, only the summand for / = 0 differs from 0, and we obtain Z;-V:Opij =(N-i)/N+
i/Ng0)=1-i/Np() =1,as p(0) = 0 by condition (ii). Thus, P is a stochastic matrix.

Conversely, let us now verify that condition (iii) implies condition (ii). If X is dual to ¥ with
respect to H then recursion (3.2) holds. As in the previous part of the proof, it follows that the
matrix P has the structure (3.3) with the x entries given by (3.4), (3.5), and (3.7). Consequently,
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(3.8) is valid, and we obtain, for x € [0, 1],

EG" | Yy =i) =) pijx!

. . N—itl .
N_lxi+lﬁxi—1 (N_l+l>q<i>xN—i+l—l(l_x)l

N—i,; i .,
m x’+NX’ By_it1,4(1 —X),

where By_;11,4(1 — x) is the (N — i + 1)th Bernstein polynomial of the function g evaluated
at the point 1 — x. Now rewrite this equation for i = 1 as

By (1 —x) =x+ NE™ | v, =1)—x). (3.9)

As g is continuous, the left-hand side converges uniformly for x € [0, 1Jtog(l—x)as N — oo.
Therefore, the right-hand side of (3.9) also converges uniformly for x € [0, 1], and from the
structure of this right-hand side, it follows that

o]

g(l—x) =) ax* (3.10)

k=0

for some nonnegative real coefficients ax, k € Ny. Note that, in particular, the coefficient a; is
nonnegative, as it is the limit as N — oo of

1+ N D=1 NN__1 1) N__l 1>—N 1 <N__1
+Npu—-D=1+ ( N TP —p< N )— = <p()—p N ))

which is nonnegative as p satisfies p(x) < p(1) for all x € [0,1]. Thus, g is completely
monotone. Since P is a stochastic matrix we have Z i—opij =1foralli € {0,..., N}. On
the other hand, as in the previous part of the proof, it follows that Z i—opij =1— (l / N)p(0)
foralli € {0, ..., N}. Thus, the equality p(0) = 0 must hold, Wthh completes the proof.

Remark. In Theorem 3.1 it is assumed that the function p: [0, 1] — [0, 1] satisfies
p(x) < p() forallx €0, 1]. (3.11

This condition is automatically satisfied if p(1) = 1. If (3.11) is not satisfied then the situation
becomes more subtle. Consider, for example, the function p(x) := x(1 — x), x € [0, 1].
In this case, O is the only absorbing state of the chain X and all other states 1,..., N are
communicating. The matrix P in (3.3), with entries defined via (3.4), (3.5), and (3.7), is a
stochastic matrix. More precisely, P is tridiagonal with entries

i ii—1DWN —-i+1) ..
— — forj=i—-1,
N N3
N—i+i(N—i+1)(N—2i+1) for i — i
or j=it, ..
pij=1{ N N3 / i,jelo,...,N}.
(N —i)(N—i+1
0 for|i — j| > 1,

https://doi.org/10.1239/jap/1253279856 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1253279856

876 T. HUILLET AND M. MOHLE

Therefore, if Y is a Markov chain having this transition matrix P then Y is dual to X with
respect to H. However, 1 — p is not completely monotone (even not monotone). The stationary
distribution of Y is concentrated in 0.

In general, it can be deduced from (3.5) that certain negative values of the coefficient a; in
(3.10) are allowed without destroying the property that P is a stochastic matrix. For simplicity,
in Theorem 3.1 we restrict our considerations to the situation when p satisfies (3.11).

Remark. In [18] a class of Markov chains X = (X,),en, With state space {0, ..., N} and
modified Wright-Fisher transition probabilities 7;; = (1;’ Y(pG/N) (1= pGi/NYNTI, i, j e
{1,..., N}, was studied. It was shown that, if p: [0, 1] — [0, 1] is continuous then, for each
N € N, there exists a Markov chain ¥ = (¥,),eN, such that X is dual to ¥ with respect to
H = (hij)i, jefo,..,N} With entries (3.1) if and only if the function g := 1 — p is completely
monotone and p satisfies p(0) = 0. This duality result essentially coincides with that of
Theorem 3.1 and was the starting point to study similar properties for other models, which
finally led us to Theorem 3.1. The transition matrix P = (p;;);, jefo,...,N} of the dual chain Y
in [18] has entries

N\ <& i\ .k
pij = (j)Z(—nf— (k>q’(1 _N>’ i.jef0.....N}, (3.12)

where ¢’ denotes the ith power of ¢g. There is the following alternative formula for these
transition probabilities. The remark after Lemma 2.1 ensures that there exists a random variable
n taking values in Ng such thatg(1—x) = E(x") forallx € [0, 1]. Letny, 12, . .. be independent
copies of 1. Then,

,,,,,

pij = (N); E(NES(L;, ), i,jel0,...,N}, (3.13)

where Lo :=0and L; := n;+---+n; fori € N, using the notation for the descending factorials
and for the Stirling numbers of the second kind mentioned at the end of the introduction. Formula
(3.13) follows easily from (3.12) using the convolution property E(xL" ) = g’ (1 —x) (applied to
x := k/N) and the explicit formula j! S(i, j) = Z,izo(—l)j_k (é)k" for the Stirling numbers
of the second kind. From (3.13), it is obvious that P is a stochastic matrix. In this sense the
Markov chain Y in [18] has a simpler structure than the chain Y in Theorem 3.1.

4. A weak convergence result for the ancestral process

In this section it is always assumed that the continuous function p: [0, 1] — [0, 1] satisfies
p(0) = 0 and that g := 1 — p is completely monotone such that the existence of the ancestral
process ¥ = (¥;),en, is guaranteed by Theorem 3.1. We are interested in the asymptotic
behaviour of Y as N tends to co. Before the main convergence result (Theorem 4.1) is presented,
the moments of Y, 41, conditioned on Y,, = i, are studied in more detail.

Lemma 4.1. Foralli € {0,..., N},

e
E(¥pp1 —i | Yo =i) = %p(ﬂ - @.1)
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and
N — DN —2i —1 1
E((Yps1 — )2 | Yy ,)—_+’( s )](V : )p<ﬁ>
i(N—i+D(N—i) (2
- - p<ﬁ>. (4.2)

Proof. Taking the rth derivative (r € Ng) with respect to x in (3.8) yields (Leibniz’s rule)

(—;L) EG/ |y, = i)
N—i+1
_N- PR —i+1 /
=S 2 (M)(E)

1=0
r _ N—I—k otk qyr—k
X kEZO (k) (N — Dix Dr—k(1 = x) (=D

For x = 1, only the k = r — [ index contributes to the last sum. Thus, Y;1, conditioned on
Y, =i, has descending factorial moments

. . N—i+1 .
N — N — 1 l
E(us)y | Yo =) = ——(@)r+ 4 Y ( l’+ )q(ﬁ)C)(N—l)r_zl!(—l)l.

=0

Forr =1,

N

j 1
- IN<N—1+(N—i~|—1)p<N>>,

as g(0) = 1, and (4.1) follows immediately. For r = 2,

AN =) . 1
EYpp1 | Yo=0) = —F——+ ﬁ(NQ(O) —(N—-i+ 1)Q<ﬁ))

E((Yor1)2 | Yy =10)
(N =i)(i)
- N

1 2
((N)zq(O) 2IN—-i+ DN = 1yg (ﬁ) + (N —i+1lg <N)>

ZIN

i

/\

1 2
i—DIN—=2)+2(N—i+1)(N - l)p(N> —(N—-i+ l)2p(ﬁ)>_
Therefore,

E((Ynt1 —z) | Yo =i)
_E( ] | Yo =10) —2i E(Yy41 | Yn—l)+l
=E((Yp41)2 | Yo =)+ (1 =20 E(Wpp1 | Yy = i) +i°
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= DN =2)4+2(N—-i+ 1N -1 ! N—-i+1 2
—ﬁ((t— YN =2)+2(N —i+ DN — )p<ﬁ)—( —i+ )zp<ﬁ))

1 . 1 .2
+(1_21)N(N_1+(N_l+1)p<ﬁ>>+l

' 1 2
= %(1 + (N —i+ 12N —2i — 1)p<ﬁ> —(N—i+ 1)2p<ﬁ>>,

which completes the proof of the lemma.

We are able to verify a weak convergence result for the ancestral process Y under the addi-
tional condition that the random variable 7 in Theorem 3.1 satisfies E(n) > 1 and E(p?) < oo.
In terms of the function p, it is therefore assumed that p’(0+) > 1 and that p”'(0+) < oo.

For N € Nand n € Ny, define ¥,, := (Y, — aN)/~/N, where a := 1 — 1/p/(0+) € (0, 1).
Consider the space- and time-scaled process (V, N )r>0, defined via

o Y —aN
(N) [Nt]
Vil =Y \Ny = ——, NeN, >0, 4.3)
N VN
where, for x € R, |x] := max{z € Z | z < x} denotes the largest integer being less than or

equal to x.

Theorem 4.1. Suppose (see Theorem 3.1) that the continuous function p: [0,1] — [0, 1]
satisfies p(0) = 0 and that q := 1 — p is completely monotone Furthermore, suppose that
p'(0+) > 1 and that p"”’ (0+) < oo. If the sequence (VO ) NeN converges m distribution to
a random variable Vy, then the time- and space-scaled backward process ( V ))z>0, defined
via (4.3), converges weakly as N — oo to an Ornstein—Uhlenbeck process (V;);>o with drift
parameter j1(x) = —ux and diffusion parameter o2 (x) = o2, where

o
pi=——=p'0+)—1€(0,00)
l—«

and
(1= p'(0+)p"(0+)

2 2.1
0 :=—a(l —a)"p (0+) = € (0, 00).
(P’ (0+))
Remark. In terms of 7 the parameters «, u, and o2 are given by
1 E(m) — DE@®(n — 1
«=1———  w=Em—1, and o= Em —1) (173(77 )
E(n) Emm)

Proof of Theorem 4.1. We essentially generalize Kdmmerle’s proof on p. 883 of [19]. The
process (Yy,)neN, 1s a Markov chain with state space En := {(i — aN)/~/N |i€{0,...,N}}.
Forx € Ey,leti :=aN +x+/N € {0, ..., N} and note that

E(y1 —x | ¥y =x) =

<n+1 aN—x«/—‘Y—aN )
=x

= E(Yy11—i | Y, =1).

ﬁ
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From (4.1) and the expansion p(1/N) = p'(0+)/N + O(1/N?), it follows that

EYpy1—i | Yy, :,~>:M,,(L) _

N N N
i N—i+1 i 1
=—— 0+ - —+0(—
NN P (0+) ~ <N>
= +0 !
_N N N N

(o )(—“—%)ﬁa—(ﬁﬁ)W(i)

_ X x2 1 s 1

" 1-aJN 1-aN N)
where the O (1/N) term holds uniformly for all x € Ex. Now suppose, in addition, thatx € K
for some arbitrary but fixed compact set K C R. Then,

) . a X 1 X 1
E(Yn+l_l|Yn=l)=—1_aﬁ+0 N Z—Mﬁﬁ-O N

uniformly for all x € Ey N K. Thus, it is shown that

- N X 1
E(Yn—H | Yn = _x) = —/,LN + O(W> (44)

uniformly for all x € Ey N K. Analogously,

Yus1 —aN — x«/N)Z ‘ Y, —aN >
=x
VN VN

1
= 5 E@np1 = | Yy =1i).

E((Ypg1 —0)* | ¥y =x) = E<<

From (4.2) and the expansions p(1/N) = p/(0+)/N + p”(0+)/(2N?) + O(1/N?3) and
p(2/N) =2p' (0+)/N +2p”(0+)/N? + O(1/N?), it follows that

E((Yur1 — )7 | Ya = 1)

i i(N—i+DQN=2i—1) (1) i(N—i+1)(N—i) (2)
==+ pl<)— p

N N N N N
i i(N—i+1)Q2N—=2i—1) <p/(0+) p”(0+))
N N N 2N2
i(N—i+1)(N—1i)/2p(04+) 2p"(0+) 1
B N < N T ) + 0(ﬁ>
i iWN=i+D i(N—i+1)(N—-i+1/2) , 1
A v e p'(0+) — B p"(0+) + 0( )

=a—a(l—a)p (0+) —a(l —a)?p"O+) + 0(
=0

()

)
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uniformly for all x € Exy N K. Thus,

N A 2 1
E((Tast — )% | By =2) = 2 N 0<N3/2) (4.5)

uniformly for all x € Ex N K for any arbitrary but fixed compact set K C R.
Let C2°(R) denote the set of all functions f € C°°(R) with compact support. For x € Ey

and f € CP(R), let Ty f(x) = E(f(f’,,“) | 1?,, = x). Taylor expansion yields
1" (x)
2

Tnf(x) = fx) = f/)ET 41 —x | ¥y =x) + E((Ypt1 — )% | ¥y = x) + Ry (x)

with Lagrange remainder

Ry(x) := ! 3@) E((Yot1 — ) | ¥ = x),

where £ is a (random) point between x and Yn+1. In the following it is verified that Ry (x) =
O(N~3/?) uniformly forallx € Ey. Since f € C2°(R), thereexistsaC > Owith | f"(x)| < C
for all x € R. Thus,

_ 1
3N

From the results of Section 2 (see Lemma 2.2 and the remarks thereafter), it follows that,
conditioned on Y, = i and n = K € N, the random variable Y, can only take values in
{i—1,i,i+1,...,i + K — 1} with positive probability. Conditioned on Y¥,, =i and n = 0,
Y,+1 can only take the two values i — 1 and i with positive probability. Thus, conditioned on
Y, =i, we have |Y,+| — i| < max(n, 1) < n + 1. Therefore,

C_ .- .
|RN(x>|s§E(|Yn+1—x|3| x) = E(|Ypp1 — i | Yo =10).

Cc 1
IRN(OI = 3520377 B0 + 1)),

In particular, it is shown that Ry (x) = O (N ~>/?) uniformly for all x € Ey, since E(1°) < 0o
by assumption (p””’(0+) < 00).

The generator A of the Ornstein—Uhlenbeck process with drift parameter p(x) = —ux and
diffusion parameter 0% (x) = o2 satisfies Af (x) = %02f”(x) — uxf’(x). Thus, forall N € N

and x € Ey,
IN(Tx f(x) = £(0)) = Af O] < | f'OIINEFp1 = x | ¥y — x) + px]
+ 'fﬁz(x)' INE((Fus1 =207 | T = x) — 07
+ N|Ry(x)].

Since f has compact support, say K, the derivatives f’(x) and f”(x) are both equal to 0 for
x € K, and these derivatives are both bounded for x € Ey N K. Together with (4.4) and (4.5)
it follows that

lim sup [N(Ty f(x) — f(x)) —Af(x)| =0 forall f e C[R).

_)OOXGEN

As CX(R) is a core for A (see [14, p. 371, Theorem 2.1]), the statement follows from [14,
p- 31, Theorem 6.5] and [14, p. 233, Corollary 8.9].
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Remarks. 1. The stationary distribution of the limiting Ornstein—Uhlenbeck process (V;):>0
in Theorem 4.1 is the normal distribution N (0, t2) with

0> _ —p"0H _E(o-1) w
T 2000 | 2EM) '

The constant 72 will appear again later (see Conjecture 5.1, below).

2. The presented proof of Theorem 4.1 uses the technical condition p”’(0+) < oo in order to
control the rest term Ry (x). We leave open the question of whether or not Theorem 4.1 remains
valid if this technical condition is replaced by the weaker condition p”(0+) > —o0.

3. The condition p’(0+) > 1 in Theorem 4.1 excludes important models such as the standard
Moran model (p(x) = x). For models satisfying p’(0+) = 1, the limiting behaviour of the
chainY = (¥,,)neN, differs significantly from thatin Theorem4.1. For example, for the standard
Moran model, the transition matrix P = (p;;)i, je{o,..,n} Of Y hasentries p; ;1 = i(i — l)/Nz,
pii =1—i(i —1)/N?, and pij = 0 otherwise. Thus, for any function f: {0,..., N} - R
andanyi € {0,..., N},

Iy f(@):=E(f(Yps1) | Y =1)
= f@pii + fG — Dpiio1

l(l )
=fO)+—7—UGC-1D = f@),

or, equivalently, (N2/2)(TN f@ — f@) = (;)(f(i — 1) — f(i)). It follows that if Yy con-
verges in distribution to some random variable Dg as N — oo then the time-scaled ancestral
process (Y| y2,/2))i=0 weakly converges to a pure-death process D = (D;);>0, jumping with
rate i(i — 1)/2 from state i to state i — 1. This convergence result is well known from the
literature. Note that D is the block counting process of the Kingman coalescent [20].

Example. For the K-type Moran model with parameter K € {2, 3, ...} introduced in Sec-
tion 2, p(x) = 1 — (1 — x)X. Thus, p (0+) =K > 1, p/(0+) = —K(K — 1), and

p"(0+) = K(K — 1)(K —2) < oo. If (V N))NeN converges in dlStI'lbuthIl to some V)
then, by Theorem 4.1, the time- and space-scaled ancestral process (V( )i>0, defined via
V(N) =Ny —A— l/K)N)/\/_ N for N € Nand ¢ > 0, converges weakly to an Ornstein—
Uhlenbeck process (V;);>0 with drift parameter u(x) = —(K — 1)x and diffusion parameter
o?(x)=0>=(1—-1/K)>.

5. Extinction probability and stationary distribution

In the following it is assumed that p(0) = 0 or, equivalently (o9 = ro = 1 — p(0)), that 0
is an absorbing state of the Markov chain X. Fori € {0, ..., N}, let

Bi :=P(X, =0eventually | Xo =i) = lim P(X,, =0 | Xo=1)
n—od
denote the extinction probability given that the chain X starts in Xo = i. Note that 8y = 1.

It is straightforward to check that the column vector 8 := (8o, ..., Bx) " is a solution of the
fixed point equation 18 = g, i.e. B is an eigenvector to the eigenvalue 1 of IT. Since II
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is tridiagonal, B can be computed. For example, if the state N is also absorbing (which is
equivalent to p(1) = 1) and if p(x) > O for all x > 0, then (see Equation (2.158) of [15])

(i)

i =1— ,
g o(N)

ief0,...,N}, 5.1

where

i—1 i—1 -1 J
N -1 1= p(k/N
w(i):=Z]_[q—k=Z< . > H#}\{)) ie{0,....N}, (52

j=0k=1 Pk j=0 J k=1

with the convention that empty sums are equal to 0 and empty products are equal to 1. Note
that ¢(0) = 0, ¢(1) = 1, and ¢(2) = 1 + g1/ p1, and that ¢(7) is increasing in i. For example,
for the haploid Moran model, ¢ (i) =i and, hence, 8; = 1—i/N, i € {0, ..., N}. The column
vector (¢(0), ..., (N ))—r is also an eigenvector to the eigenvalue 1 of I1. Thus,

qio( — 1)+ piol +1) = (pi + qi)e(), ie{l,....N—1}. (5.3)

Lemma 5.1. If p(x) > x for all x € [0, 1] then the sequence (¢(i))ic{o
ie. (i — Do +1) < (@) foralli e {1,...,N —1}.

Proof. Fori € {1, ..., N}, define the differences d; := ¢ (i) — ¢(i — 1) and note that (5.3)
implies that dj+| = h;d; fori € {1,..., N — 1}, where h; := g;/p; fori € {1,..., N — 1}
From p(x) > x, x € [0, 1], it follows that h; < 1 fori € {1,..., N — 1}. In the following let
i e{l,..., N—1}befixed. Itis easily checked that the inequality ¢ (i — 1)p(i + 1) < (@(i))?
is equivalent to dj+1d; > ¢(i)(di+1 — d;). Using dj11 = h;d;, this is in turn equivalent
to h,-dl.2 > (i) (h;d; — d;), and, hence, equivalent to h;d; > ¢(i)(h; — 1), because d; > 0.
Substitutingind; = ¢ (i) —@(i — 1), it follows that this in turn is equivalent to ;0 (i — 1) < @(i).
But this inequality is obviously satisfied, because (i — 1) < ¢(i) and h; < 1.

N} is log-concave,

.....

Assume now that 1 — p is completely monotone. Then, by Theorem 3.1, for each population
size N, there exists a Markov chain Y which is dual to X with respect to H. We are now able
to repeat the arguments already used in Section 6 of [24] and Section 5 of [25]. The choice
k = N in the duality relation

N N

(n) _ ()
§ :nij hjk = E :hl}pkj
j=0 j=0

(k) -

The i Nth component of the matrix (P") " = H~'TI"H is

leads to

P(Y, =i | Yo=N) = py!

N
= > H Yum iy
k,[=0
N
=Y (H Dy
k=0
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N & : i
- <l) Z (—1)’+"‘N(N_k>P(X,,:0 | Xo =k)

k=N—i
N\ < e .
= (i ) Sy (J) P(X, =0 Xo=N—j). (55
=0

By definition, the limit §; := lim,—co P(X;, = 0 | Xo = i) exists foreachi € {0, ..., N}.
Hence, by (5.5), the limit 7; := lim, . P(¥Y, = i | Yo = N) also exists for each i €
{0, ..., N}. Moreover,

N N N
Z;nizzgnlirgop(ynzi | Y0=N)=nlirrgo;P(Yn:i | Yo=N) = 1.
1= 1= 1=

Taking the limit n — oo in (5.4) and (5.5) leads to the one-to-one correspondence

N i . . .
i = <i)§)(—1)' /(;>ﬂN,~, i€{0,...,N}, (5.6)

and
N\ < ([ .
/3,:(.) Z(.)m_j, i€{0,....N}. (5.7)
i o i
Obviously, 7 := (9, ..., wN) is a stationary distribution of Y. Note that 7y = By = 0.

If p(1) = 1 (N is an absorbing state of X) then the dual chain Y is not irreducible as the
state O is disconnected from the rest of the state space. In this case, (5.6) and (5.7) relate
the extinction probabilities By, ..., By of X with the invariant measure of Y restricted to the
connected states 1, ..., N.

If p(1) < 1 (N is a partially reflecting state of X) then the dual chain Y becomes itself
absorbing at 0. Let Ty := inf{n € Ny | ¥;, = 0} denote the extinction time of Y. If we write
down—in analogy to the calculations around (5.5)—the 0 jth entries on both sides of the duality
equation (P,) " = H~'TT"H, we obtain

P(To <n|Yo=j)=P¥,=0]Yo=))

= p]o
N
= Z(Hf])owlgl)hlj
k,1=0
=2 7l
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giving a relationship between the distribution function of the extinction time T of the chain Y
started in Yy = j and the factorial moments of N — X,, conditioned that the chain X is started
in state Xo = N.

From (5.1) and (5.6), it follows that

() ¢ ._,<,-> . .
= —— D' e(N = ), l,...,N}). 5.8
a4 WV);)( YT JeN = ied } (58)

Using (5.2), the probability 7r; can be expressed in terms of the function p. However, this does
not seem to result in a simple formula for 7r;. We verify the following property.

Lemma 5.2. The sequence (m;)ie1,..., Ny 15 log-concave (LC) and positive, and, hence, uni-
modal.

Proof. For j € {0, ..., N}, define o := ¢(j)/@(N) and &; := ay—;/j!, and rewrite (5.8)
in the form
(_1)l—]+1 _ .
niZ(N)iZ(i_—j)’Olj, lG{l,...,N}.

j=0

The sequence (o) jeqo,...,n} is LC because (¢(j)) jefo,..., 5} is LC by Lemma 5.1. The reversed
sequence (ay—;)je(o,....n} iS clearly LC. Thus, the sequence & := (&;) jeo,...n} is LC as a
product of two positive LC sequences. Now (Z’j-zo&j(—l)i_j+l/(i — Micgo,...ny = (@ *
u)i)iefo,...,N} 18 the convolution of the two sequences & and u := (u;);e(0,..., N}, Where u; :=
(=Dt /it fori € {0,..., N}. Note that u is alternating but LC. The convolution of two LC
sequences is LC (see [30] for instance). So ((& * u);)ie(o,...,n} is LC and positive (because ;
is positive). The sequence ((N);)ic(o,...,n} 1S positive and LC, so (7;);¢(1,..., 5} 1S positive and
LC as a product of two positive LC sequences. Positive LC sequences are unimodal.

,,,,,

Let Zy be arandom variable with distribution 7. As in Section 6 of [24], it follows that Zy
has PGF

NN
E(s%V) = Zﬂj(j)ij(l -5,  seC,
j=0

and factorial moments

k
k .
E((Zn)k) = (N)k ) B; (J.)(—l)% k € No. (5.9)

j=0

In particular, uy := E(Zy) = N(1 — B;) = N/@(N) and oy := var(Zy) = N(B1 — B2 +
N(B2 — ﬂlz)), N e N. In the following we are interested in the distributional behaviour of Zy
as N — oo.

Proposition 5.1. (Weak law of large numbers for Zy.) Suppose that the continuous function
p: [0, 1T — [0, 1] satisfies p(0) = 0 and p(1) = 1, and that 1 — p is completely monotone. If
p #1d then Zy/un — 1 in probability andin L", r > 1, as N — 00, and E(Zl;\,) ~ (aN)*
for all k € Ng, where o :=1—1/p'(0+) € (0, 1].
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Proof. Theorem 3.1(i) together with p(1) = 1 ensures that there exists a random variable n
taking values in N such that p(x) = 1 —E((1 —x)7) forall x € [0, 1]. From p # Id, it follows
that E(n) € (1, 00] and P(n = 1) < 1. In particular,

P(O0) = lim /() = lim E(y(1 = )" = B € (1, 00]
and
p-):= il/rr} px) = )P/m1 E(1—x)") =P =1 €l0,1).

Furthermore, p(x) = 1 —E((1 —x)7) > 1 —E(l —x) = x and, hence, 1 — p(x) < 1 — x for
x € (0, 1). Therefore,

hx) = x(1 = p(x))
(I-x)pkx)

Together with lim\oh(x) = 1/p’(0+) < 1 and lim, ~; h(x) = p’(1-) < 1, it follows
that y := sup,¢( 1) h(x) < 1. For each fixed k € Nand all N > k, gx/px = h(k/N) —
1/p'(0+) =: Bas N — oo. It follows that, for each fixed i € Ny,

€ (0,1) forallx e (0, 1). (5.10)

i-1 j i—1

@(i)=21_[%—>2ﬁj=l;ﬁl, N — oo,

j=0k=1 j=0

where o := 1 — 8 € (0, 1]. We now verify that limy_, o ¢(N) = 1/a. Clearly, ¢(N) >
@(i) for N > i and, hence, liminfy_ oo ¢(N) > limy_oo ¢(i) = (1 — B)/a for all i €
Np, which implies that liminfy_, oo ¢(N) > 1/a, since 0 < f < 1. In order to see that
limsupy_ o, (N) < 1/a, fix & > 0 and choose i = i(¢) € N such that /(1 —y) < &,
which is possible as y < 1. From gx/pr = h(k/N) < y we conclude that, for N > i,

N-1 j N-1

e =)+ S [TE <o+ 3 v/ <o)+

j=i k=1

i
1’/ < 0() +¢.
—y

<
~

J=i

Therefore, lim supy_, o, ¢(N) < (1 — B)/a +¢& < 1/a +&. Since & > 0 can be chosen
arbitrarily, it follows that lim supy_, o, ¢(N) < 1/a. Thus, limy_, o ¢(N) = 1/a. Therefore,
for each fixed i € N, the extinction probability f; satisfies f; = 1 — ¢(i)/p(N) — B’ as
N — oo. From (5.9), it follows that E((ZN/N)k) — af as N — oo for all k € Ny, which is
equivalent to the assertion of the proposition, since 0 < Zy/N < 1 forall N € N.

The next lemma provides precise information about the asymptotics of the mean uy =

E(Zy) and the variance cr]%, := var(Zy) of the stationary distribution of the ancestral process.

Lemma 5.3. Suppose that the continuous function p: [0, 1] — [0, 1] satisfies p(0) = 0 and
p(1) = 1, and that 1 — p is completely monotone. If —oco < p” (0+) < 0 then

7 2
— p O+ and lim N = 12,
2p'(0+H)(1 — p’'(0+)) N—oo N

Iim (uy —aN) =1
N—o00

wherea :==1—1/p’ (0+) € (0, 1) and 2 is defined in (4.6).
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Proof. As in the proof of Proposition 5.1, consider the auxiliary function 4: (0, 1) — (0, 1)
defined via (5.10). Recall that 2(0+) := lim\ o h(x) = 1/p’(0+) =: B € (0, 1), as p/(0+) =
E(n) € (1, 00). It is straightforward to check that

_ p@(A = p)) —xd =x)p'(x)

h/
) (1= 02(p(x))?

, x € (0,1).

Using p(x)/x ~ p’(0+) = 1/B and applying 1’Hopitals’ rule yields
h'(0+) := lim h'(x)
xN\0

_ i PO = p(0) = x(1 =) p'(x)
N0 (p(x))?
. p(x) —x(1 —x)p'(x)
=—1+4+1
0 (P2
p(x) — (x —x2)p'(x)
x2
p'(x) — (1 —2x)p'(x) — x(1 — x)p" (x)
2x

= —1+ 821
+ B xl{%

= —1+ B2
+ 8 xl{%

— 148 1%(p’(x) —(1-xn? (x))

2
- _1 +ﬁ2<p/(0+) _p (§+)>
2
=—a-— %p”(0+),

where @ :=1— B € (0, 1). Foreach fixedk € Nand all N > k,

qr k , k 1 , k 1
Z_nl=)=ho KO+ —+0|— | = hO0+)—+ 0| )
e <N) O+) + (+)N+ <N2 B+ (+)N+ Nz
and, therefore, for fixed j € Npand N > j,

j , o
U _ i OB JGHD 45 L)
Elpk_ﬁ +— o[ )

It follows that, for each fixed i € Ny,
i—1

J
oir=3_T17

j=0k=1
i—1
A« - 1
— Z(ﬂf + ;N+)j(j + D+ 0(@))
j=0

1—p  WO+)Mp 1
= . 0 —- 5
o + 2N + N2
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where

i—1
Mig:=) j(j+Dp!
j=0
i—1

92 .
:WZﬁ]+

ﬁl+1
- 82ﬂ< -8 1)

_a ’3i+l_ ’3—1)
_3/3((1 pr Ut DTy

2(1 _ IBZ-H) ' (le—l 2’31' ) /31 1
e Sl AR | - 1
1= By +3G+1 -8 (I-p87 (l+) —g

Note that Mj g = 0 and M, g = 2, and that lim; o M; g = 2/(1 — B)* = 2/a?, since B < 1.

In the following it is shown that

¢(N)=l+h(03+)l+0(i>, N — oo. (5.11)
o o

N N2

As in the previous proof, let y := sup, ¢ 1) #(x) < 1. For fixed ¢ € (0, 1) and all N € N,

2 _ £y — A2 ~ 2 J 2
0= NAeW) —9(IN ) =N ]_[h(N>§N 2 =N 0
J=LN®] k=1 Jj=LN¢]
as N — oo. Thus, it suffices to show that, for some ¢ € (0, 1),
h 0+ 1 1
3
=+ P L ro() N

In order to see this, fix some ¢ € (0, %) (for example, ¢ = }‘) and adapt the previous arguments

to the case when i := iy := |[N?] dependson N. Forallk € {1,...,in},
W _ (K ,8+h(0+) Lok N > oo
e \N N? '

Therefore, for j € {0, ...,ixy — 1},

42
i—1 J°B
B’ +0< N2

j / P
Gk i, WOH)j(j+1)
l:[__ﬂj+ N 2

), N — o0.
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It follows that

iN 1 j
o =3 17 o
j=0 k= 1
in—1 ’ dpi—2
. hO04) i1 j*B’

— J J
—;O(ﬂ + 5 JU+ DA +0< N7 ))
_1=pN W OH)Miyp R
= 7 2N + 0<N2>

1 WO 1 1
= —+o[=).
o + a3 N + (Nz)

since BN = O(1/N?) and M;, g = 2/a® + O(i%B'N) = 2/a® + O(1/N). The proof of
(5.11) is complete. Taylor expansion of f(x) := 1/x at the point 1/« yields

1
- = N
o) fe(N))

) r)eo-3)rof(o-3))
—a- a2<<p(N) - é) + 0(("’”“ - é>2)

h' (0 1 1
=0 — (+)—+O—, N — oo,
a N N2

where the last equality follows from (5.11). Hence, for each fixed i € N, the extinction
probability g; satisfies

@(i)
@(N)

L 1—pt h'O0+H)Mip 1 R o 1 RS

=! ( « T2 N+0<N2>><“ o N+0<N2))
1- 8« 7 (0+) 1

=p +< = > i,,s) N +0<N2) N — oo.

In particular, 81 = B + h'(0+)/(@N) + O(1/N?) and B, = B + B(3 — B)W' (0+)/(@N) +
O(1/N?%). The mean uy := E(Zy) and the variance ‘71%/ = var(Zy) of the stationary
distribution therefore satisfy

Bi=1-—

lim (uy — Na) = lim N(1 — ] — )
N—o00 N—o00

WO
o o
2
=1+ ﬂ p"(0+)
p"(0+)

—2p'(0H)(1 — p'(0+))
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and

lim 2N = fim (8 — s+ N(Bs — )
N—ooo N N—o00 ! 2 2 1
Ba + h'(0+))

3
—%P”(OH

A Cae)
2(p'(0-H)°

= ‘[2,

which completes the proof.

As already mentioned at the end of Section 4, the limiting Ornstein—Uhlenbeck process in
Theorem 4.1 has stationary distribution N (0, 72). Based on the intuition that it is allowed to
interchange the time limit, # — oo, and the space limit, N — o0, it is therefore natural to state
the following conjecture.

Conjecture 5.1. (Central limit theorem for Zy.) Suppose that the continuous function
p: [0, 1] — [0, 1] satisfies p(0) = 0 and p(1) = 1, and that 1 — p is completely monotone. If
—00 < p"(0+) < 0 then (Zy — aN)/v/N weakly converges to the normal law N (0, t2) as
N — oo, where o :=1—1/p'(04) € (0, 1) and 2 € (0, o0) is defined in (4.6).

Remark. If Conjecture 5.1 holds then Lemma 2 of [3, p. 99] shows that Zy is locally asymptotic
normal, since (77;); is LC by Lemma 5.2.

6. Examples

In Section 2 we introduced a fundamental example, the multitype Moran model. In this
section we provide some more details for this model. We then present further concrete examples,
some of which involve selective forces acting on particular genes or genotypes. The functions p
in these examples have also been considered in [18] in the context of a modified Wright—Fisher
model.

Example 6.1. (The K -type Moran model.) For a constant K € N, consider the K-type Moran
model already introduced in Section 2. Kdmmerle [19] showed that, for K = 2, the Markov
chain X has extinction probabilities §; = (Nfl) / (ZN), i €{0,..., N}. In particular,

1 1

2N N—1\ /(2N ,
(p(l)_N—H<1_< ; )/<l>>, ZE{O,,N},

and, hence, ¢(N) = 2N/(N 4+ 1) — 2. Furthermore, Kdmmerle verified that, for

K = 2, the stationary distribution of the chain Y is the hypergeometric distribution
mi=)/(3Y,). i € {1,.... N} Inparticular, E(Zy) = (N +1)/2 ~ N/2,var(Zy) =

(N?> —1)/(4(2N — 1)) ~ N/8, Zy/N — 3 in probability, and (Zy — N/2)/N'/? weakly
converges to the normal law with mean 0 and variance % as N — oo, in agreement with
Proposition 5.1 and Conjecture 5.1, as p’(0+) = 2 and p”(0+) = —2.

For an arbitrary parameter K € {2, 3, ...}, we have p’(04+) = K. Therefore, Zy/N —
1—1/K in probability and in L”, r > 1,as N — oo by Proposition 5.1. Moreover, p”(0+) =
—K (K —1). By Conjecture 5.1, we conjecture that (Zy — N (1 — 1/K))/N/? weakly converges
to the normal law with mean 0 and variance t2 = —p” (0+)/2(p'(0+))%) = (K — 1)/(2K?).
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Example 6.2. (A selection model.) For some parameter s > 0, let p(x) := (1 +s5)x/(1 4 sx).
This choice of p corresponds to the well-known selection model in which two genes A and
a are considered, where A is selectively advantageous with fitness 1 + s and a has standard
fitness 1. The variable X,, of the Markov chain X = (X,),en, counts the number of A genes
at time (generation) n of a population of size N. The case in which s = 0 is excluded because
it corresponds to the standard Moran model. Negative values of s are also excluded because, in
this case, the function 1 — p is not completely monotone. Note that p(x) = 1 — E((1 — x)7),
where 7 is a random variable with distribution P(n = k) = s*~1/(1 + s)f = a1, k e N,
where a :=s/(s +1) € (0, 1) and 8 := 1 — «. We have

osHL LN 1=p ,
w(z)——s (1 <S+])>_ a ie{0,...,N}.

For this particular example, ¢(/) does not depend on N. The extinction probability is f; =
1— (1 =)/ —=p8N),ief0,...,N}. The chain Y has stationary distribution

1 [N\ . v ,
n,-:l_IBN<i>oc’,3N i ief{l,...,N},

which is the binomial distribution with parameters N and «, conditioned that it does not take the
value 0. Consequently, (Zy —aN)/(NafB)'/? weakly converges to the standard normal law as
N — o0, in agreement with Conjecture 5.1, as p’(0+) = 1+s and p”(0+) = —2s(s+1), and,
therefore, % := —p” (04)/(2(p'(0+))3) = 5/(s + 1)?> = aB. Theorem 4.1 is applicable. The

limiting Ornstein—Uhlenbeck process has drift parameter x(x) = —sx and diffusion parameter
02(x) =02 =2s%/(s + D% The PGF z = E(z?¥) = YN 2" = ((az + BN — pV)/(1 —
BY), z € C, has at most two real roots, namely, always z = 0 and z = —28/a«, if N is even.

Both these roots have multiplicity 1. This example shows that, in general, not all the N roots of
the PGF of Zy are real. Thus, in general it is not possible to verify Conjecture 5.1 by showing
that all the roots of the PGF of Zy are real.

Example 6.3. (Selection with dominance.) Let s, h € R be two parameters with s > —1 and
sh > —1. Suppose that

(A +s)x* + (1 +sh)x(1—x)

p() 1+ 552 + 25hx(1 — x)

6.1)
In this model, genotypes AA, Aa, and aa with frequencies x2, 2x(1 — x), and (1 — x)z,
respectively, have fitnesses 1 + s, 1 4+ sh, and 1, respectively. The parameter 7 measures the
degree of dominance of the heterozygote Aa. Note that (6.1) can be put into the canonical form
of deviation from neutrality as

h—xQ2h—-1)
1+ sx2+2shx(1 —x)’

px)=x+sx(1—x)

where the fraction appearing on the right-hand side is the ratio of the difference in marginal
fitnesses of A and a to their mean fitnesses. The case in whichs > Oand & € (0, 1) corresponds
to directional selection, where genotype A A has highest fitness and Aa has intermediate fitness.
In this situation, the marginal fitness of A exceeds the marginal fitness of @ and selective sweeps
are expected.
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For s > 0 and i € (O, %), allele A is dominant to a, whereas, for s > 0 and h € (%, 1),
allele A is recessive to a (a stabilizing effect slowing down the sweep). The critical value h = %
corresponds to balancing selection with

sx(1—x)
p(x)_x+2 14+sx
Note that if p(x) is the selection mechanism with dominance (6.1) with parameters s and %, then
p(x) := 1—p(1—x)isaselection with dominance mechanism with parameters s := —s/(s+1)
andh:=1—h.
It is now verified that ¢ := 1 — p is completely monotone if and only if s = O or h = %

or h € (0, %) and s > (1 — 2h)/h% (> 0). For s = 0, this is clear, because, in this case,
the model reduces to the standard haploid Moran model (p(x) = x). For h = %, it is easily
seen that p(x) = 1 — E((1 — x)"), where 7 is a random variable with distribution P(n =
)= 2+5)/20 +5)) and P(n = k) = s*71/2(1 + 5)%) for k € {2,3,...}. In particular,
q is completely monotone for & = % Assume now that s # 0 and that h # % Then we
shall soon see that g is completely monotone if and only if the roots of the denominator D
in (6.1) are real and negative. The roots are real if and only if s2h? > s(1 — 2h). We have
D =1+ 2shx + s(1 — 2h)x? = s(1 — 2h) (x> + Sx + P), where S := 2h/(1 — 2h) and
P := 1/(s(1 — 2h)). Thus, the roots are both negative if and only if S > 0 and P > 0, or,
equivalently, if and only if s > O or /1 € (0, %). Thus, g is completely monotone if and only if
s=0orh=3orhe(0,%)ands > (1 —2h)/h%

In the following the case in which & € (0, %) and s > (1 —2h)/h? (> 0) is studied in more
detail. Let x4 and x_ denote the two real negative roots, i.e.

—sh+/s2h2 —s(1 —2h) —h+h2— (1 —-2h)/s
X4 = = .

s(1 —2h) 1—-2h

Note that x_ < x4 < 0. Both roots coincide (x4 = x_ = —h/(1 —2h)) fors = (1 — 2h)/h2.
Two cases are now distinguished.
Case 1. Assume that x4 # x_. Then, expansion into partial fractions yields

o _ (I —x)(1 +shx) _ B C
¢ =1=pto)= s(1—=2h)(x —x4)(x —x2) =A X — X4 +x—x_’
where
—h (1 —xpA +shxy) (1 —x)A +shx_)
A= ; B = , and C:= ,
1 —2h s(1=2h) (x4 —x-) s(1 —=2h)(x— — xy)

Froms > (1 — 2h)/h2, it follows that 1 + shx; > O and 1 4+ shx_ < 0. Thus, B, C > 0,
from which it follows that g is completely monotone. The PGF of n is
B C Bo Co_

EGxN =gl —x)=A+ + = A+ + ,
I—x—xy 1—x-—x_ l —xay 1 —xa_

where oy := 1/(1 —x4) € (0, 1). Thus,P(n =0) = A+ Bay + Ca_ =0and P(n = k) =
Bok™ + CoF ! fork e N

Case 2. Assume that x; = x_ = —h/(1 — 2h). Then, s = (1 — 2h)/h? and g reduces to
(I —x)(1+shx) 1—x h(l —x) B
q(_x) = ) = = = A + .
s(1—=2h)(x — x4) sh(x —x4) x(1—=2h)+h X — X4
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where A := —1/(sh) = —h/(1—2h), asbefore,but B := (1—x4)/(sh) = h(l—h)/(1—2h)2.
Again, g is completely monotone, as B > 0. The PGF of n is

B BO[+
ExN=ql-x)=A4+ ——— =A+ ——,
1l —x —xy 1 —xoqt

where oy :=1/(1 —x4) € (0,1). Thus, P(n =0) = A+ Bay = —h/(1 —2h)+1/(sh) =0
and P(n = k) = Ba*t! for k € N.

Suppose now that s # 0 and that & = % or that & € (0, ) and s > (1 — 2h)/h%. Then,
the conditions of Proposition 5.1 are satisfied. Therefore, Zy/N — « in probability and in
L',r > 1, wherea :=1—1/p'(04+) = 1 —1/(sh + 1) = sh/(sh + 1) € (0,1). Itis
straightforward to check that p”(0+) = —25(2sh? + 3h — 1). Thus, by Conjecture 5.1, we
conjecture that (Zy —aN)/N'/? weakly converges to the normal distribution with mean 0 and
variance 72 = —p”(0+)/2(p'(0+))3) = s(2sh* +3h —1)/(sh+ 1) € (0, 00). The limiting
Ornstein—Uhlenbeck process in Theorem 4.1 has drift parameter p(x) = —ax /(1 —a) = —shx
and diffusion parameter 02(x) = 02 = —a (1 —a)?p"(0+) = 25s2h(2sh®> +3h—1)/(sh+1).

Finally, an example is mentioned where all the moments of 7 are infinite.

Example 6.4. Fix a parameter 0 < y < 1 and consider p(x) := xV, or, equivalently, p(x) =
1—E((1—x)"), where 7 is arandom variable with distribution P(n = k) = (-D*"!(}), k e N.
It seems that expression (5.1) for the extinction probability 8; cannot be further simplified in
this case. Note that p’(0+) = oo, and, hence, Zy/N — 1 in probability and in L”, r > 1,
as N — oo by Proposition 5.1. However, Theorem 4.1 and Conjecture 5.1 are not applicable,
as p”(0+) = —oo. We therefore do not expect a normal limiting behaviour of the stationary
distribution of Y. It would be interesting to find a nondegenerate weak limiting law of f (Zy)
for an appropriate scaling function fy.
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