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Abstract. 'We study the spectral properties of the Ruelle—Perron-Frobenius operator
associated to an Anosov map on classes of functions with high smoothness. To this end we
construct anisotropic Banach spaces of distributions on which the transfer operator has a
small essential spectrum. In the C* case, the essential spectral radius is arbitrarily small,
which yields a description of the correlations with arbitrary precision. Moreover, we obtain
sharp spectral stability results for deterministic and random perturbations. In particular,
we obtain differentiability results for spectral data (which imply differentiability of the
Sinai—Ruelle-Bowen measure, the variance for the central limit theorem, the rates of decay
for smooth observable, etc.).

1. Introduction
The study of the statistical properties of Anosov systems dates back almost half a
century [1] and many approaches have been developed to investigate various aspects of
the field (the most historically relevant one being based on the introduction of Markov
partitions [2, 8, 24, 31]). At the same time the types of question and the precision of
the results have progressed over the years. In the last few years the emphasis has been
on strong stability properties with respect to various types of perturbation [4], dynamical
zeta functions and the related smoothness issue (see [9, 14, 26]). In the present paper we
present a new approach, improving on the previous partial and still unsatisfactory method
by Blank et al that allows one to obtain easily an array of results (many of which are new)
and we hope will reveal an even larger field of applicability. Indeed, the ideas in [7] have
already been applied with success to some partially hyperbolic situations (flows) [19] and
we expect them to be applicable to the study of dynamical zeta functions.

The basic idea is inspired by the work on piecewise expanding maps, starting
with [12, 15] and the many others that contributed subsequently (see [4] for a review
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on the subject). This means studying directly the transfer operator (often called the
Ruelle—Perron—Frobenius operator) on appropriate functional spacesf. For the case of
smooth expanding maps, the Sobolev spaces W"!, or the Banach spaces C”, turn out to be
proper spaces where the transfer operator acts as a smoothing operator [25] (see [17] for a
pedestrian introduction)$. In turn, this implies that, on such spaces, the operator is quasi-
compact with an essential spectral radius exponentially decreasing in r. The existence of a
spectral gap and all kind of statistical properties (exponential decay of correlations, central
limit theorem, meromorphic zeta functions, etc.) readily follow.

Unfortunately, for Anosov systems it is not helpful to consider spaces of smooth
functions—on such spaces the spectral radius of the transfer operator is larger than one—
it is necessary to consider spaces of distributions. This was recognized in [10, 28-30]
limited to the analytic case, and in [16] (only implicitly) and systematically in [7] for the
C'*¥ case. Nevertheless, the latter setting still had several shortcomings. First, the Banach
space was precisely patterned on the invariant distributions of the systems, which implied
that transfer operators—even of close maps—were studied on different spaces. This was a
serious obstacle to obtaining sharp perturbation results. Second as in general the invariant
distributions are only Holder, it was not possible to have a scale of Banach spaces on which
to study the influence of the smoothness of the map on the spectrum.

Both such shortcomings are overcome in the present approach. The spaces we introduce
(partially inspired by [16]) are still related to the map one wishes to study, but in a much
loser way so that the operators associated to nearby maps can be studied on the same space.
In addition, we have a scale of spaces that can be used to investigate smoothness related
issues (typically the dependence of the essential spectrum on the smoothness of the map).
In particular, if the map is C°°, we obtain a description of the correlations of C* functions
with an arbitrarily small error term.

In addition, the present norms allow easier estimates of the size of perturbations.
This provides a very direct way of obtaining sharp perturbations results which substantially
generalize the existing ones, e.g. [3, 7, 23, 26, 27].

For example, in the C* case all the simple eigenvalues and all the eigenspaces depend
C® on the map. The same holds for the variance in the central limit theorem (CLT) for a
smooth zero average observable.

A further remarkable feature of the present approach is that, unlike all the previous ones
(excepted [3]), its implementation does not depend directly on subtle regularity properties
of the foliations and of the holonomies. This makes it possible to have a much simpler
and self-contained treatment of the statistical properties of the system and may lead to
interesting generalizations in the partially hyperbolic setting.

The paper is organized as follows. In §2, we introduce Banach spaces BP9, explain
why the transfer operator acting on B7: has a spectral gap and illustrate the stability

+ Lasota and Yorke [15], to our knowledge, have given the first Markov-partition-free approach to the study of
the invariant measure of systems with sensitive dependence on initial conditions, while Keller [12] has given the
first Markov-partition-free approach for the study of general statistical properties. Such papers where limited
to expanding systems; for hyperbolic systems Markov-partition-free approaches to the study of the invariant
measures where first developed in [20, 22].

+ The choice of C", which requires a little more work (analogous to the argument at the end of §6.1 here) is the
choice generalized by the spaces we introduce in this paper.
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results: the main ingredients are a compactness statement (Lemma 2.1), a Lasota—Yorke
type inequality (Lemma 2.2) and the estimates on perturbations Lemmas 7.1 and 7.2.
In §§3 and 4, we describe more precisely the spaces B79 and prove in particular that
they are spaces of distributions. In §§5 and 6, which are the main parts of this article,
we prove respectively the aforementioned compactness statement and Lasota—Yorke-type
inequality. In §7, we show how this framework implies very precise stability results on
the spectrum, for deterministic and random perturbations. Section 8 contains an abstract
perturbation result generalizing the setting of [13], along the direction adumbrated in [17],
to cases where a control on the smoothness is available. Section 9 shows that smooth
deterministic perturbations fit in the setting developed in §8. Finally, an appendix contains
the proof of an intuitive, but technical, result.

Remark 1.1. After the preprint version of this paper was made available, Baladi and
Tsujii [6] introduced a quite different approach, using Fourier transform techniques, which
makes it possible to remove the only limitation in our approach, that is, the fact that the
spectral parameter p has to be an integer (see Remark 2.4).

2. The Banach spaces and the results

For ¢ > 0, let |g| be its integer part. We denote by C? the set of functions which are
Lg | times continuously differentiable, and whose | ¢ |th derivative is Holder continuous of
exponent ¢ — |gq] if ¢ is not an integer. To fix the notation, in this paper we choose, for
each g € R4, anorm on C4 functions so that |@1¢2|ca < |@1lca|@2lca. We will denote by
C4 the closure in C? of the set of C*° functions. It coincides with C? if ¢ is an integer, but
is strictly included in it otherwise. In any case, it contains C4 for all q >q.

Let X be a d-dimensional C* compact connected Riemannian manifold and consider
an Anosov map T € C"t(X, X) (for some real r > 1). Write dy and d,, for the stable
and unstable dimensions. Let A > 1 be less than the minimal expansion along the unstable
directions, and v < 1 be greater than the minimal contraction along the stable directions.
We will express the spectral properties of 7" using the constants A and v.

In §3, we will define a set ¥ of admissible leaves. The elements of ¥ are small
C™t! embedded compact manifolds with boundary, of dimension dj, close to local stable
manifoldsf.

In what follows, if v is a smooth vector field on an open subset of X and f is a smooth
function, then vf will denote the derivative of f in the direction v. If vy, ..., v}, are smooth
vector fields, then vy - - - v, f will denote vy (v2(- - - (vp f)) - - ). We will sometimes write
]_[f’: | vi f for this expression, although it may be a little misleading as the vector fields v;
do not necessarily commute.

We are now ready to introduce the relevant norms. When W € X, we will denote
by Cg(W, R) the set of functions from W to R which belong to C? and vanish on a
neighborhood of the boundary of W, and by V" (W) the set of C" vector fields defined
on a neighborhood of W.

+ The precise definition of the set X is given by (3.2).
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Foreachh € C"(X,R) andg € Ry, p € Nwith p <r (recall, T is crtt by definition),

let}
I, := sup sup sup / v vph - . 2D
WeX vy,...vp eV (W) peCl (W,R) YW
lviler <1 lplca <1

. - ey
It satisfies ||h||p’q, <Al , if ¢’ > g. Then define the norms
hllpg = sup Wl o= sup I, 22)
<k=p P'sp.q'zq+p
For example, if X is the torus, the above norm is equivalent to the one given by

sup sup sup /8°‘h~<p.
lal<p WeS yecatiol gy gy /W

1@l og+lel <1
Later on, in §3, we will give an explicit description of the norm (2.2) in coordinate charts.
It will sometimes be easier to work with the coordinate-free definition given in (2.2) and
sometimes with the explicit definition, depending on what we are trying to prove.

It is easy to see that || - || 5,4, for p < r, is a norm on C" (X, R) (we will prove a more
general result in Proposition 4.1). Hence, we can consider the completion B79 of C" (X, R)
with respect to this norm. Section 4 will be devoted to a description of this space. We will
see in particular that it is canonically a space of distributions. More precisely, forg < r,
denote by Dfi the dual of the space C?(X, R). It is the space of distributions of order at
most g, endowed with its canonical norm. Proposition 4.1 proves that the embedding of
C" (X, R) into Dfi extends to a continuous embedding of B?-4 into D;.

As ||kl p—1,g+1 < Ikl p,q, the embedding of C" (X, R) into BP*? gives rise to a canonical
map BP9 — BP~1.4+1 which is in fact compact.

LEMMA 2.1. If p + g < r, the unit ball of BP9 is relatively compact in BP~14+1,

The proof of Lemma 2.1 is the content of §5.

The rest of the paper consists of the investigation of the properties of the transfer
operator £ seen as an operator acting on the spaces 37°9. The transfer operator acts as
follows on distributions of order at most r: if & € D; and ¢ is a C” test function, then Lh
is defined by (Lh, ¢) = (h,¢ o T). If h is a continuous function, then the distribution
Lh is in fact still a function, and is given by the formula

Lh = (h|det(DT)|"H o T

As BP-1 is contained in D)., the transfer operator acts on elements of 37-9, and their images
still belong to BP+9. The key information on the action of £ on B7°¢ is contained in the
next lemma.

LEMMA 2.2. Foreach p € Nand g > 0 satisfying p + q < r, L is a bounded operator
on BP4. In addition, there exist A, 4, Bp 4 > 0 such that, for eachn € N,

I1£"hllo,g < Aogllhllo.g. (2.3)

1Ll p.g < Apgmax(X™ P v |kl p.g + Bpgllhll p—1,g+1- (2.4)

T All integrals are taken with respect to Lebesgue or Riemannian measure except when another measure is
explicitly mentioned.
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The above lemma is proven in §6.
Lemmas 2.1 and 2.2 readily imply the basic result of the paper.

THEOREM 2.3. If p € N* and q € R} satisfy p + q < r, then the operator L : BP7 —
BP9 has spectral radius one. In addition, L is quasi-compact with essential spectrum
Oess(L) C {z € C:|z|] < max(A™7, v9)}.

Moreover, the eigenfunctions corresponding to eigenvalues of modulus one are
distributions of order zero, i.e. measures. If the map is topologically transitive, then one
is a simple eigenvalue, the corresponding eigenfunction is the Sinai—Ruelle—Bowen (SRB)
measure, and no other eigenvalue of modulus one is present.

Proof. The first assertion follows from (2.4) as ||l p—1,g+1 < ||kl p,q. The proof of the
second is completely standard and can be based, for example, on an argument by Hennion
after a spectral formula due to Nussbaum (see [7, Theorem 1] for details).

As the operator £ : BP9 — BP9 is quasi-compact, it can be written as £L =
Z/j\’:l ¢!%i Tl j+R, where §; € R, T1; : B79 — BP9 is a projection on a finite-dimensional
subspace, I1;I1; = 6;I1;, [1;R = RII; = 0 and ||R"] 4 < Co" for some o < 17.
This readily implies that

-1 .
lim lnze—ikeﬁk _ I; ifo =96;,
n—-oon =0 0

In addition, for each i, ¢ € C",

otherwise.

Ik, ¢)| = lim ~

n—oon

Ze_,ke h, @ o T*)| < |h|eolg|co.

The subspace I1;C" is dense in the finite-dimensional space I1; 879, therefore I1;C" =
I1;BP-4. Hence, the above means exactly that the range of the projectors (that is the
eigenvectors) are measures. The rest of the theorem is then a consequence of the ergodic
decomposition. O

Remark 2.4. If A~ = v and r is an even integer, then the optimal choice of p, g in
Theorem 2.3 is p = r/2 and ¢ = r/2 — ¢ for some arbitrarily small ¢ > 0. Such a
condition is similar to Kitaev’s requirement [14] that, in our language, reads p = g = r/2.
Hence, our results are probably optimal in this case. However, in the general case, our
results are limited by the fact that p has to be an integer. It would probably require
significantly different and less elementary techniques to allow p € R, as this would
require the definition of ‘fractional derivatives’. See [5] for a very recent attempt, based on
Fourier analysis, in a special case, and [6] for an even more recent and completely general
approach.

Remark 2.5. The space BP+4 depends on the choice of the set ¥ of admissible leaves.
However, choosing a different % and 7Y would not change the spectral properties of L.
Namely, in this case, there exists n € N such that E” (BP1) C BP9 and L (Bp 9y C BP1,
whence the spectral data of £ acting on B”* or BP9 are the same.

+ The reason why no Jordan blocks can be associated to the modulus one eigenvalues is that the £" are
equibounded while a Jordan block would force a polynomial growth.
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In the C* case, Theorem 2.3 immediately implies the following description of the
correlations of C* functions.

COROLLARY 2.6. Assume that T is C*°. Then there exist a sequence of complex numbers
Ak such that |Ar| decreases to zero, and non-negative integers ry such that, for any
f,g: X = Rofclass C*, there exist numbers ay(f, g) with

o
/f 8o T" ~ Y a(f. gn" A}
k=0

in the following sense. For any ¢ > 0, let K be such that |A\x| < €. Then

K—1
ff-go T" = Y ar(f. g A} + o(e").
k=0
The second part of this paper focuses on the spectral stability for a wide class of
deterministic and random perturbations. Let us fix p € N* and ¢ > O such that p +¢q < r.
Let U be a small enough neighborhood of T in the C"*! topology. Consider a
probability measure @ on a probability space 2 and, for w € €, take T, € U and
g(w,) € CPTI(X,Ry). Assume also that, for all x € X, [g(w,x)du(w) = 1, and
that [ |g(w, -)|cr+a(x.r)di(w) < oo. It is then possible to define a random walk in the
following way. Starting from a point x, choose a diffeomorphism 7}, randomly with respect
to the measure g(w, x) du(w), and go to T, (x). Then iterate this process independently.
When €2 is a singleton and g(w, x) = 1, then this is a deterministic perturbation T,
of T. Random perturbations of the type discussed in [7] can also be described in this
wayt. Hence, this setting encompasses at the same time very general deterministic and
random perturbations of 7. We define the size of the perturbation by

A(p, g) = /Q lg(@, )er+ax,Ryder+1 (T, T) dp(w)

+

x> / g(w, T, ' x) dp(w) — 1 . (2.5)
Q Cr+a(X,R)
For definiteness, we will fix a large constant A and assume that, until the end of this section,
all the perturbations we consider satisfy f lg(w, )lerta xRy < A.
The transfer operator £, ; associated to the previous random walk is given on D;, +q
by (L. gh, ¢) = (h, @) where §(x) = fQ g(w, x)o(Tyx) du(w). When h is a function,
L, ¢h is still a function, given by the following formula:

Ly gh(x) = fﬂ g(w, T, () L1, h(x) dp(w),

where Lr, is the transfer operator associated to Ty,.

In Lemma 7.1 we show that L7 and L7 are || - ||gp.g_, gr-14+1 close if T and T are
close in the C"*! topology. In turn, this implies that £7 and Ly,q are close if A(u, g)
is small, see (7.4). In addition, it is possible to show that the operators £, , satisfy a
uniform Lasota—Yorke-type inequality (Lemma 7.2). These facts suffice to apply [13] to

1 To obtain the latter case set = T9, wis Lebesgue, Ty (x) = Tx + @ mod 1 and g(w, x) = ge(w, Tx).
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the present context, yielding immediately the strong perturbation results described below
greatly generalizing the results in [7].

Fix any o € (max(A~"”,v7), 1) and denote by sp(L) the spectrum of L : BP9 — BP9,
As the essential spectral radius of £ does not exceed max(A~7, v?), the set sp(L) N {z €
C : |z|] = o} consists of a finite number of eigenvalues Ap, ..., Ax of finite multiplicity.
Changing o slightly we may assume that sp(£) N {z € C : |z| = o} = . Hence there
exists 8, < @ — max(A~”, v?) such that

[Ai —Ajl > 38« (G #J);
dist(sp(L), {Iz| = 0}) > 8«
THEOREM 2.7. For each§ € (0,8,] andn < 1 — (log o/ logmax(A~7, v?)), there exists

&o such that for any perturbation (., g) of T satisfying A(u, g) < €o-
(a)  the spectral projectors

1

) . —1
I/, = — - L d
w.g . {\zf)»,-\=8}(z 1,g) z
1 _
¢ = (e Lyg) " dz

271 Jijz1=0)

are well defined on BP9; we will denote by l'[éj) and HE)Q) the corresponding
projectors for the unperturbed transfer operator L;
(b) there exists Ki > 0 such that ”H;(Lj,)g — Hé)j)”Bp,q*)Bp—l,q-%J < K1A(u, )7 and

1T, = T oo < K1 A G, )"
(c) rank(l'[l(f))g) = rank(l'l(()"));
(d)  there exists Ky > 0 such that || £, ;TS0 | gra < Kao" foralln € N.

If the perturbation enjoys stronger regularity properties, then much sharper results can
be obtained. Such results follow from a generalization of [13], along the lines of [17], that
can be found in §8.

To keep the exposition simple let us restrict ourselves to deterministic perturbations.
As C"t1(X, X) has naturally the structure of a C’*! Banach manifold, it makes sense to
consider perturbations belonging to C*([—1, 1], Cc™t(X, X)), that is curves T; of C"!
maps from X to X such that, when viewed in coordinates, their first s derivatives with
respect to ¢ are C"+! functions.

THEOREM 2.8. Let ¢ > 0 and p,s € N* be such that p +q +s < r + 1.
Let T; € C*([—1,1]1,C" TN (X, X)) be such that Ty is an Anosov diffeomorphism.
Let o > max(A~P, v?). There exists t, > 0 such that, for all t € [—t,, t], the eigenvalues
and eigenprojectors 1 (t), I1; (t) associated to Lt, with |1; (0)| > o satisfy:

(1) if 2 (0) is simple, then 1; (t) € C°~!;

() i) e s lBp-tHsa, gr-lats),

The above theorem is proved in §9 by showing that the hypotheses of Theorem 8.1 hold
in the present context.
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Remark 2.9. Note that, in Theorem 2.8, there is some limitation to the differentiability,
coming from the fact that p is an integer, namely s < r (see also Remark 2.4). In certain
cases this can yield a weaker result than [23] where, in the case s = r + 1, it is proven that
the eigenvalues are C"~!. Yet, [23] is limited to the peripheral eigenvalues and gives much
less information on the eigenspaces.

Remark 2.10. Note that, although not explicitly stated, all the constants in Theorems 2.7
and 2.8 are constructive and can, at least in principle, be rigorously computed in specific
examples (even though this would involve computer-assisted techniques; see [18] for a
discussion of such issues).

Remark 2.11. Beside the eigenvalues and the eigenprojectors, the above theory implies
results also for other physically relevant quantities. For example, if Ty is a transitive
Anosov map and f € C", let f; = f — f fdusr(Ty)t. It is well known that
(1/4/n) ZZ;(]) fio Ttk converges in law to a Gaussian with zero mean and variance

o () = —psre(f1) +2)_ usre(fi o T/ fi) = —psre (f1) + 2(0d —L1) " s, i)
n=0

where (s, ¢) := (USRB, fr¢) and ET, is the restriction of the operator L7, to the kernel of
its eigenprojector for the eigenvalue 1, i.e. {h € BP'? : (h, 1) = 0}. By the results of §§8
and 9 it follows then that o € C~! and one can actually compute formulae for its Taylor
expansion up to order s — 1.

We conclude this section with a warning to the reader.

Remark 2.12. Through the paper we will use C and C, to designate generic constants
depending only on the map, the Banach spaces and, eventually, on the parameter c.
Their actual numerical value can thus change from one occurrence to the next.

3. Definition and properties of the admissible leaves

Replacing the metric by an adapted metric following Mather [21], we can assume that
the expansion of DT (x) along the unstable directions is stronger than A, the contraction
along the stable directions is stronger than v, and the angle between the stable and unstable
directions is everywhere arbitrarily close to 7 /2. For small enough «, we define the stable
cone at x € X by

Cx)={ut+velX|uekE (x),vLlE®),Iv|=<rlull}

If « is small enough, DT ~!(x)(C(x)\{0}) is included in the interior of C(7~'x), and
DT~ !(x) expands the vectors in C(x) by v,

There exists a finite number of C* coordinate charts 1, . . ., ¥ such that 1; is defined
on a subset (—r;, r;)? of RY (with its standard Euclidian norm), such that:
(1)  Dv;(0) is an isometry;
() Dyi(0) - R x {0}) = E* (4 (0));

(3) the C"*'-norms of ¥; and its inverse are bounded by 1 +«;

T By Theorem 2.3, usrg (7;) is simply the eigenvector of L7, associated to the eigenvalue 1.
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(4) there exists ¢; € (k, 2k) such that the cone C; = {u +v € R? | u € R% x {0},v €
{0} x R |lv|| < cillu|l} satisfies the following property: for any x € (—r;, ri)4,
Dy (x)C;i D C(¢ix) and DT~ (D (x)Ci) C C(T " o i (x));

(5) the manifold X is covered by the open sets (y; ((—r; /2, r,-/2)d)),~:1 ,,,,, N.

It is easy to construct such a chart around any point of X, hence a finite number of them is

sufficient to cover the whole manifold by compactness.

Let G;(K) be the set of graphs of functions x defined on a subset of (—r;, ri)% and
taking values in (—r;, r;)%, belonging to C"*!, with |[Dy| < ¢; (i.e. the tangent space to
the graph of x belongs to the cone C;) and with | x|cr+1 < K.

The following is a classical consequence of the uniform hyperbolicity of T'.

LEMMA 3.1. If K is large enough, then there exists K' < K such that, for any W €
Gi(K) and forany 1 < j < N, the set 1//]._1 o T~V o y; (W) belongs to G(K").

Until the end of the paper, we fix a constant K satisfying the conclusion of Lemma 3.1.
If k is small enough, then v=! > (1 + «)?v/1 + 4k2. Hence, there exists A > 1 such
that

vl

(1+x)24/1 +4K2(

Take 6 > 0 small enough so that A§ < min(r;)/6.

We define an admissible graph as a map x defined on some ball B(x, A8) included
in (—=2r;/3, 2r;i /3)%, taking its values in (—2r;/3, 2r;/3)%, with range(Id, x) € G;(K).
Denote by E; the set of admissible graphs on (—2r; /3, 2r; /3)%.

Given an admissible graph x € E;, we will call W o= ¥i o (Id, x)(B(x, A8)) the
associated full admissible leaf and W := ; o (1d, ¥)(B(x, 8)) the admissible leaf .

Let

A—1)> A. @3.1)

T = {y; o (d, x)(B(x,8)) | x : B(x, A§) — R% belongs to Z;}. (3.2)

This is the set of admissible leaves. Note that, by construction, they are C’"*! disks C! close
to the stable manifolds.

We can use these admissible leaves to give another expression of the norm (2.2) in
coordinates. For & € C" (X, R), set

Il 4 = sup sup sup / [0%(hoyi)]lo(d, x) -9 (3.3)
lel=p  x:B(x,A8)>R% ¢eCl (B(x,8),R) Y B(x.9)
ISIEN T xes lelea=<1
and
Ikl = sup Al e = sup  [Aly,- (34)
0<k<p P'<p.q'>q+p’

The following lemma proves that this norm is equivalent to the norm (2.2), and gives a
little bit more that will be useful later.

1 A function defined on an arbitrary subset A of R is of class C" 11 if there exists a C" ! extension to an open
neighborhood of A. Its norm is the infimum of the norms of such extensions.

I Note that one can talk about an admissible leaf only if it is given by x € &;, that is if there exists an associated
full admissible leaf.
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LEMMA 3.2. If p +q < r, the norms ||h| p 4 and ||h||/p,q are equivalent on C" (X, R).
Moreover, there exists C > 0 such that, for all0 < k < p, forall f € catk,

sup sup sup / v v (fh) - @ < ClRI, oI flege. (3.5)
WER vi .,k eVItE W) gecd™ w,R) W
Ivileq+e=1 lplog+k <1

Proof. The inequality ||h||}; g+k = Clihll. g+k is trivial, as the images in the manifold of
the coordinate vector fields have a bounded C" norm. Hence, it is sufficient to prove (3.5)
as, for f = 1, it will imply ”h”l:,quk < C||h||/p’q.

We can without loss of generality work in one of the coordinate charts ;. Let x be an
admissible graph, and let vy, . .., v; be CZ*¥ vector fields on a neighborhood of the graph
of x. Decomposing v; along the coordinate vector fields, we can assume that v; = f;94(j)
where f; € CI7K, | filcerx < 1and a(j) € {1,...,d)}.

In vy - - - vg (fh), the differential d4(;) in v; can be used to differentiate either a function
fiwithi > j,or f,orh. For1 <i < k, denote by J; the set of the indices j such that 9y
is used to differentiate f;. Itis a subset of {1,...,i — 1} (in particular, J; = ). Denote
also by Jy the set of indices used to differentiate f, and by J the remaining indices, used
to differentiate 4. We obtain

v u(fh) = ) Jk<l_[ 3a(j>h)<]_[ 3«(.i>f><l_[ 3a(j>f1)'~ <l_[ 8a(,;'>fk>,

I 015, jed jedo jed; i€k
where we sum over all partitions J, Jo, Ji, ..., Ji of the set {1, ..., k} such that J; C
{1,...,i —1}for1 <i < k. Each term
/[(1‘[ aa(jm)(]"[ aa<j>f)(]'[ aa<j>f1) e (1"[ aa<j>fk)} o(Id, x) - ¢
jeJ j€Jo jedi j€Jk

is an integral of p’ = |J| derivatives of h against a test function of differentiability ce
where ¢’ = ming<s<x(q +k — |J5s|) > g + |J|. As p' < pand ¢’ > g + p’, it is bounded
by ClIAN, 4| fle+ by (3.4). =

In the following, we will work interchangeably with one expression of the norm or the
other and we will suppress the ‘prime’ unless this creates confusion.

The reason for integrating in (3.3) only on admissible leaves, rather than on full
admissible leaves, is that the preimage of an admissible leaf can be covered by a finite
number of admissible leaves. We will in fact need a slightly more precise result,
conveniently expressed in terms of the following notion. For y > 1, a y-admissible
graph is a map defined on a ball B(x, yA8) C (=2r;/3y,2r;/3y)%, taking its values
in (=2r; /3y, 2r; /3y)%, whose graph belongs to G; (K ). The corresponding y -admissible
leaf is ¥; o (Id, x)(B(x, 8/y)).

LEMMA 3.3. There exists yo > 1 satisfying the following property: for any full admissible
leaf W and n € N¥, forany 1 < y < y, there exist y-admissible leaves Wy, ..., Wy,
whose number £ is bounded by a constant depending only on n, such that:

M T7W) € Ujey Wi

@ 17" W) > U5 Wy
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(3)  there exists a constant C (independent of W and n) such that a point of T"W is
contained in at most C sets W;;

(4)  there exist functions p1, . .., pe of class " and compactly supported on W; such
thaty_ pj = Lon T~ (W), and |pj|cr+1 < C.

Proof. Let x : B(x, AS) — (—2ri/3, 2ri/3)d“ be an admissible graph. Let W =
¥, o (Id, x)(B(x, 8)) be the admissible leaf corresponding to x, and W the corresponding
full admissible leaf.

Take y € B(x,8) (so that B(y, (A — 1)8) C B(x, AS8)) and j such that T~" o
iy, x(y) € ¥ ((—r;/2, rj/2)d). Let 7 : RY — R% be the projection onto the first
components. The map T ~" expands the distances by at least v™" along W. The maps wfl
and v are (1 + «)-Lipschitz and |7 (v)| > (1/v1+ 4«2)|v| when the vector v points in a
stable cone C;. Hence, the map F' := 7 o w;l o T7" o ¥; o (Id, x) expands the distances
by at least v /[(1 + )21 + 4k2). If y is close enough to 1, then (3.1) implies that the
image by F of the ball B(y, (A — 1)8) contains the ball B(F(y), y A8). We can then define
amap xr(y) : E(F(y), yAS) — (=2r;/(By), 2rj/(3y))d“ such that its graph is contained
in I//;l (r— W). In particular, x r(y) is a y-admissible graph, by Lemma 3.1.

We have shown that 7~"W can be covered by y-admissible leaves. As the C’*!
norm of admissible leaves is uniformly bounded, we can then apply general results on
the existence of good partitions of unity, such as [11, Theorem 1.4.10], to finish the proof
of the lemma. O

Remark 3.4. We will mostly use this lemma with y = 1, to get a covering of 7" W by
admissible leaves. However, in the study of perturbations of 7', we will need to use some
y > 1.

4. Description of the space BP+1

Take a covering of X by sets of diameter at most § and a partition of unity subordinated
to this covering. Using admissible leaves supported in each of these sets, we easily check
that there exists a constant C such that, for all 2 € C" (X, R) and for all ¢ € C?(X, R),

fores
X

Passing to the completion, we obtain that any & € B7-9 gives a distribution on X of order
at most g§. Denote by D; the set of distributions of order at most g with its canonical
norm.

< Clhllpq4lelca.

PROPOSITION 4.1. The map BP9 — D; is a continuous injection.

Proof. The continuity is trivial from the previous remarks.
Take h € C"(X,R). Let x : B(x, A8) — (—2r;/3, 2r;/3)% be an admissible graph and
let o be a multi-index with |a| < p. We can define a distribution Dy, (h) of order g + |«],

on the ball B(0, 8), setting (Da, (1), @) = [958 (h 0 Yi)(x + 1, X (x + ) - 9 () d1.
The map i = Dy, (h) is continuous for the || - || »,4-norm, and hence it can be extended to

T Here, we are using the fact that there is a canonical measure on X, namely the Riemannian measure. Otherwise,
we would have to distinguish between generalized functions and generalized densities.
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the space B79. The norm of an element /i of 379 is by definition equal to the supremum
of the norms of the corresponding distributions Dy, (/).

Assume that 9% = 8.,'8/3. Let x. be the admissible graph obtained by translating the
graph of x by ¢ in the direction x;. For i € C", the map & > Dy 4, (h) is continuous.
By density, it is continuous for any # € 37°4. Moreover,

1
Dg,y.(h) — Dp,x (h) = 8/0 Dy, (h) dt.

As & = Dyq y, (h) is continuous, we obtain that, for any & € BP9,

Dp,x.(h) — Dp,x ()
&

Dy, y (h) = lim 4.1)
e—0

Take h € BP9 different from zero. Then there exists an admissible graph x such
that Dy , (h) # 0: otherwise, (4.1) would imply that all the distributions Dy, , (h) vanish,
which means that 2 = 0 in BP9, As C* is dense in C?, there exists ¢ € C® such that
(Dg,y (h), @) # 0. Then, for any x' close enough to x, we still have (Dg,y (h), ) # 0 by
continuity. Hence, we can construct a C* function ¢ supported on a neighborhood of the
graph of x such that (h, @) # 0. Therefore, the distribution given by 4 is non-zero. a

Remark 4.2. There exist canonically defined maps B”¢ — BP~14 and BP9 — Brd
for ¢’ > g, obtained by extending continuously the canonical embedding of C” functions.
Proposition 4.1 implies, in particular, that these maps are injective.

Remark 4.3. When h is C" and p + g < r, then ||A|| ., < C|h|cr. Hence, the embedding
of C"(X,R) in B4 is continuous. As C*®°(X, R) is dense in C" (X, R) for the C"-norm,
it implies that C°°(X, R) is dense in B?7-4. Hence, we could also have obtained B”'¢ by
completing C*° (X, R).

It is interesting to give explicit examples of non-trivial elements of B9,

PROPOSITION 4.4. Let W be a CP*'-submanifold of dimension d,, everywhere transverse
to the cones D (C;) (e.g. a piece of unstable manifold) and p a CP-density on W, with
compact support. Then the distribution £(¢) := [| w @ du belongs to BP-4.

Proof. Without loss of generality we can assume that the manifold W belongs to one chart
((—r;, ri)d, Y¥;). We will work only in such a chart, and omit the coordinate change ;.
The pullback in this chart of the Riemannian measure is of the form y (1, &) dn d&, where
(1, &) € R x R,

The manifold W is given by the graph of a C?*! function ¢ : R% — R%. The density
of 1 is then given by a C” function f : R% — R with compact support.

Let f; € C* be such that | f — fi|cr < &. Take also {; € C* with [£ — Lelepr1 < €.
Let ¥ : R — R, be a C* function supported in B(0, 1) and with [¢ = 1
Set 9.(n) = (1/e%)0(n/e): it is supported in B(0, ¢) and has integral one. Finally, let
he(, &) = 0e(n — L&) fo(&)y(n, €)1 it is a C* function, and the corresponding
distribution in D; is given by

o f he . £)o (0. £)y (1, &) dy d& = f Do — £ (E)) fo©)0 (1, &) iy dE.
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When ¢ — 0, this distribution converges to £. Hence, the result will be proved if we show
that {A.} is a Cauchy sequence in B”9.
Take o with |a| < p. Then one has

Ohe(n, €) = Y _(979:) (1 — e (€))up.c (&),

B=a
where the function gy g, is in C*° and converges in cP~lel+1Bl to a function 8a,8,0 When

e — 0.
Let x be an admissible graph and ¢ a C411*! test function with l¢lca+ial < 1. Then

/w(n)aahs(n, x(m) = Z/(p(n)(aﬁﬁs)(n — Le(x (M) ga.p.e (X ())- 4.2)
B

As W is everywhere transverse to the cone C;, the map 6, : n — n — ¢.(x(n)) is a
CP*! diffeomorphism, and it converges when & — 0. Using this change of coordinates in
(4.2), integrating by parts and given the fact that ¢, is a C° mollifier, we obtain that (4.2)
converges when ¢ — 0. Moreover, the speed of convergence is independent of the graph
x or the test function ¢, as all norms are uniformly bounded. Hence, ||h; — hellpg — O
when ¢, &’ — 0, i.e. h, is a Cauchy sequence in B”*9. m]

5. Compactness
This section is devoted to the proof of Lemma 2.1. We will work only in coordinate charts,
using in an essential way the linear structure to interpolate between admissible leaves.

Leth e C". Fixe > 0. Take 1 <i < N. As p + ¢ < r, the injection C’t! — CP*4 is
compact. Therefore, there exists a finite number of admissible graphs xi, ..., xs defined
on balls B(xj, AS), ..., B(xs, A8) such that any other admissible graph y defined on a
ball B(x, AS) is at a distance at most ¢ of some X in the sense that |[x — x;| < & and
[n= x(&x+n)— Xj(xj + n)|Cp+q(§(()’5))]Rdu) <e.

Take o with || = p — l and ¢ € cg*‘f (B(0, 8), R) with |@|cp+e < 1. Write

fim) =G +n+1(x —xp), xj(x; +n) +1(x(x +n) — x;(x; +n)).

Write also F(z) = 0% (h o ¥;)(z). Then, for n € B(0, §),

0%(h o i) (x +m, x (x +m)) — 3% (h o i) (x; + 1, xj(xj +m)
= F(fi(m) — F(fo(n)

1
=/O DF(fi(m) - (x —xj, x(x +n) — xj(x; +n))dt.

Hence,

/ 3% (h o i) (x +n, x (x +m)e(n) dn — / 9% (h o i) (xj +m, xj(xj +m)e(m) dn

1
:/0 (/ DF(fi(m) - (x —xj, x(x +n) — x;j(xj +n)e(m) d’?) dt.

When ¢ is fixed, the last integral is an integral along the graph given by f;. This graph is
admissible as it is an interpolation between two admissible graphs (here, the fact that the
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cone C; is constant is essential). As |x — x| < eand [x(x + 1) — x;j(x; +n)lcr+e < &,

this term can be estimated by C £||h||;’ g+p- We have proved that
= sup  sup sup / 30%(h oY) o (Id, ) - ¢
ll=p x:B(x,A8)>Ru eCl*(B(x,5),R) Y B(x.9)
X&=i llept+q <1
<Celllyyptsp sp s [ ahew)oadw-e.
lel=p 1=<k=s oecl™ (B(x,8),R) Y BEk.9)
[@lep+q <1

i.e. we have only a finite number of admissible graphs to consider.

In the following, we work with one graph x = xx. The set of functions ¢ €
CUT(B(xk, ), R) with |g|cr+a<) is relatively compact for the CP+9~! topology. Hence,
there exists a finite set of functions ¢, ..., ¢x which are e-dense. For any ¢ as above,
there exists j such that ¢ — @j|ep+e—1 < €. As ||h||;71,q+p71 <Ihlpq,

/a“(h oY) o(d, )¢ < /a“(h oY) o (I, X) - @; + Cellhllpg-

To summarize, we have proved the existence of a finite number of continuous linear
forms vy, ..., vg on BP9 such that, for any h € C",

1721l < Cellhllp.q + sup [vi(h)].

p=lg+p =
By density of C", this inequality is true for any 2 € B?-9. This immediately implies the
compactness we are looking for.

6. Lasota—Yorke-type inequality
This section is devoted to the proof of Lemma 2.2.

6.1.  Proof of inequality (2.3). By density it suffices to prove it for & € C".

Take W € X andn € N*, Let ¢ € Cg(W, R) satisty |¢|cs < 1. Let p1,..., p¢ be
the partition of unity on 77" W given by Lemma 3.3 (for y = 1), and Wy, ..., W, the
corresponding admissible leaves. Let i, = h - |det DT"| ™!, then

/E”h-go:/ hp-@oT" - JyT"
w T

where Jy T" is the Jacobian of 7" : T7"W — W. Using the partition of unity,

4
/E"h-(p:Z/ By -@oT" - JwT" - pj. (6.1)
w j=17W;

The function ¢; := @ o T" - p; is compactly supported on the admissible leaf W;, and
belongs to C?. Using the definition of the || - ||o,; norm along W; yields

‘/ hn'(pj'.]an
W;

We will use repeatedly the following distortion lemmas.

< Cllhllo.qldet DT"|7" - @ - Jw T" lcaqw)).- (6.2)
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LEMMA 6.1. Let W be a full admissible leaf and W' an admissible leaf contained
in T7"W. Let1l < s < r. Let go,...,gn—1 be strictly positive C* functions on

W, ...,T""Y (W) and let L > 0 be such that, for any x € T'(W'), the C* norm of
gi is bounded on a neighborhood of x by Lg;(x). Then

n—1 )
l_[ 8i © Tl
i=0

for some constant C depending only on the map T.

forallx e W',

n—1
<Ce [leioT(x)
Cs (W) i=0

Proof. Using the assumption on the C* norm of g; and the uniform contraction of T
e -1 : 1 ;
along W', it is easy to check that |[]'_) g o T* |C5(W/) <CL¥|[[Zpgio T |C0(W/)'

The differential of the function log (]_[7;01 gioT! ) is also bounded by C L, from which,
forany x,y € W/,

n—1 n—1
[[eioT x) <CeE]]gioT (). O
i=0 i=0

LEMMA 6.2. There exists C > 0 such that, for each n € N, we have that

> lldet DT erqwyy - 1w T  lerw;) < C.
j=t

Proof. Lemma 6.1 applies to estimate ||detDT”|*1|Cr(Wj) and |JWTn|Cr(Wj). For any
X € Wj,

||detDT"|*‘|cr(Wj) NIwT" lerw;) < Cldet DT"| " (x) Jw T" (x).
In particular,
ldet DT | Yerqwyy - 1w T lerowy)

< C/ |det DT" |~y T" = c/ |det(DT ~")].
W; (W)

By Lemma 3.3, the sets 7" (W;) are contained in W and have a bounded number of
overlaps. Let us consider the thickening Z := (J, . W;j (x), where W;j (x) is the ball
of size p in the unstable manifold through x. By usual distortion estimates,

Z/ |det(DT )| < c/~ |det(DT )|
=T W) w

< Cp / |det DT ™" = C Vol(T"Z) < C. i
zZ

As T" is uniformly contracting along 7 =" (W), we have |¢ o THICq(W/) <Clplcs <C,
‘ caw)) is uniformly bounded by Lemma 3.3. This, together with (6.1) and (6.2)
and Lemma 6.2, concludes the proof of inequality (2.3).

and ‘pj
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6.2.  Proof of inequality (2.4). Let p € Nandq > O satisfy p +¢q < r.

LEMMA 6.3. There exists a constant C such that, for each n € N, there exists C,, > 0
such that, for any h € BP-1

forall0 <t < p, 1L g4r < COND'IAllpg + Cullhll p—1,9+1

and
1L RN, g4 p < Cmax(A P v ]l pg + Callkll p—1,g+1-

Proof. We prove the lemma by induction over . So, take 0 < ¢t < p and assume that the
conclusion of the lemma holds for all ¢’ < ¢. By density, it suffices to prove the lemma for
heC.

Let W and W be an admissible leaf and the corresponding full admissible leaf.
As before, we will use Lemma 3.3 (with y = 1) to write T~"W C |J W and denote
by p; the corresponding partition of unity given by Lemma 3.3.

Let vy,...,v, € V(W) with |vj|cr < 1,and let ¢ € C(I)Jrq(W) with [¢|cr+awy < 1.
Writing h, = h - |det DT"|~! as above, we want to prove that
CwH"||h + Cullhllp— ift < p,
/ Vi vy o T_n)q)‘ < ()| ”p,q nll ”p l,g+1 ‘ P
W Cmax(A P, v 1hllpg + Callhllp—1.q41 i1 = p.
(6.3)

The main idea of the proof will be to decompose each v; as a sum v; = w; + w; where w;}
is tangent to W, and w;' ‘almost’ in the unstable direction. We will then get rid of w} by an
integration by parts, and finish the proof by using the fact that w is contracted by DT ™".

Let W and W; be coordinates charts with uniformly bounded C” *+1 norms such that
the images in the charts of W and ﬁ}j are contained in R% x {0}. Let 9;(y) =
DW (W~ ly)v; (W~1y), it has still a bounded C" norm. The integral in (6.3) can be written
as

/ U1 U (hpo T "o W™ oW Jac(w™).
W(W)

We will work in this coordinate chart and, with a small abuse of notations, omit W
in the formulas. As Jac(¥~!) has a bounded C" norm, we may also replace ¢ with
@ o vl Jac(\Il’l). We will also work in the charts W;, and omit them as well in the
formulas.

Remark 6.4. Note that, in the coordinate charts W, W; the manifolds W, W; are C*°.
This will be used extensively in the following.

Without loss of generality, we can assume that each v; is of the form f;d,(;) where f;
is bounded in C" and dy;) is one of the coordinate vector fields. In vy ... v;(h, o T7"), if
we differentiate at least one of the functions f;, we obtain an integral of 1’ < ¢ derivatives
of h, o T™" against a function in C9t'. Hence, it is bounded by CHEnh”z_’,quﬂ’ which
has already been estimated in the induction. For the remaining term (where no f; has been
differentiated), we can replace ¢ by fi ... f; - ¢ and assume that v; = 9d4(;). In particular,
v; is well defined and C"*! on a neighborhood of w.
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Take some index j, we will estimate
/ vy -+ U(hyoT™") - @-pjoT " (6.4)
T"(Wj)
The decomposition of v; as w; +w; on a neighborhood of 7" (W;) is given by the following

technical lemma.

LEMMA 6.5. Let v be a vector field on a neighborhood ofﬁ’ with |v|er+1 < 1. Then there
exist C" 1 vector fields w" and w* on a neighborhood U of T™"(W)), satisfying:
° forall x € T"(W;), w*(x) is tangent to T" (W;);

. lwler+1yy < Cn and |w"|eri1yy < Cn, where Cy is a constant that may depend
onn;
o |woT"erw,) =C;

o IDT"(x)"'w"(T"x)|cr+ar-nyy < CAT".

The idea of the proof of the lemma is to decompose the tangent space at y = 7" (x) €
T"(W;) as the sum of the tangent space to W, and the image of the vertical direction
{0} x R% under DT" (x). The decomposition v = w" 4+ w* is then obtained by projecting
v along these two directions. The estimates on |w* o T"| and |DT" (x)~'w"(T"x)| are
then consequences of the smoothing properties of 7" along W;. This naive idea works
well when p + g < r — 1, but it yields only C" vector fields w* and w*, which is not
sufficient for our purposes if r — 1 < p + g < r. Hence, the rigorous proof of Lemma 6.5
involves additional regularization steps. As it is purely technical, it will be deferred to
Appendix A.

As in Lemma 6.5, write v; = w} + w;. Then (6.4) is equal to

/ w‘fl'Hw?'(h,,oT_")wp«pjoT_n.
T”(W/)

oefs,ult

Take o € {s,u}’, and let k = #{i | 0; = s}. Let = be a permutation of {1, ..., ¢} such that
w{l,...,k} ={i | 0 = s}. Then

/ w?lo~wf’(h,,oT*”)'g0opjoT’”
(Wj)

k t
Z/ [Twrey [T whiynoT™) ¢ pjoT™"+ Ol p-1.411).
(W) ;=1 i=k+1

Namely, the commutator of two C"+! vector fields is a C" vector field. Hence, if we
exchange two vector fields, the difference is bounded by Cy, ||2]l p—1,4+1-

We integrate by parts with respect to the vector fields w; ) they are tangent to the
manifold W, from where [y, w} o f -8 = — [y [ wy 8 + [y f8 - divwy ). Asw) ;)
is C"*1 and the manifold W is C* with a C® volume form (here, we use the fact that we
work in a coordinate chart for which W C R% x {0}), the divergence terms are bounded
by Cullhll p—1,4+1. We get an integral f ]_[tk+l wj’;(i)(hn oT™)- Hi w;(i)((p -pjoT™M).
If we use one of the vector fields wfr (i) 10 differentiate p; o 77", then we obtain an integral
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of t — k derivatives of h against a function in C4H!+(=5 which is again bounded by
Cullhll p—1,4+1- Hence,

k 13
/ [Twrey IT whoytaoT™) ¢-pjoT™"
(W,

) i=1 i=k+1

t 1
= (Dt [T whoyaoT™ [Twiae:pjo T+ Ol p-1.4+1)-
Tn
W5 i=k+1 i=k

(6.5)

Let w}(x) = DT"(x)’lwf‘(T"x). This is a vector field on a neighborhood of W;.
Changing variables, the last integral in (6.5) is equal to

t 1
_/W [T @5 <H wfz(m”) oT" - pj- JwT", (6.6)
j i=k

Ji=k+1
where Jw T" is the Jacobian of 7" : W; — W, as in the proof of (2.3).
We use the standard coordinate chart (of dimension ds) on W, and write wfr(l.) =

Zld;l 8rai),10; where gz, is C’*!. Differentiating one of the functions gr@y,l yields
another term bounded by Cy||%|lp—1,4+1. Consequently, up to O(||allp—1,4+1), (6.6) is

equal to the sum, for /1, ...,y € {1, ..., ds}k, of
t k k
/ [T @5 (l_[ 311-<P> oT" - pj - IwT" - [ [ 8ntiy o T".
Wi izk+1 i=1 i=1
Fix parameters/y, ..., ly. Let F = ,oj']_[ff=1 gray.;0T". ByLemma6.5, [Flcrtawy) = C.

We want to estimate

t k
/W [T @k <]_[ aw) oT" . JywT" - F. 6.7)
j i=1

Ji=k+1

Assume first that 1 = p and k = 0. The function ¢ o T" satisfies |¢ o Tn|Cp+q(Wj) <C.
As |F|Cp+q(Wj) < C, and the vector fields wj“r(l.) have a C”™¢ norm bounded by A ™"

by Lemma 6.5, (3.5) (applied with f = |det DT"|~!) implies that (6.7) is bounded by
CA™P |l p,q et DT~ Yepraqw,) - 1 Iw T lcrraqw;)-

In the other cases, t — k < p. It will be useful to smooth the test function. For ¢ < §
and ¢ € Cng’*k(W, R), let A;¢ € Cg“ﬂfk(ﬁ/, R) be obtained by convolving ¢ with a
C* mollifier whose support is of size €. Let a be the largest integer witha < g + 1 — k.

LEMMA 6.6. Foreach § € C1T7K

[Ae@|cgri—k < Cl@|pg+i—r;
[Ae@log+14i—k < C8_1|(/_)|Cq+,_k;
|Ae@ — loa < Ce¥M G gris.

The proof of the above lemma is standard and is left to the reader.
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We apply this lemma to ¢ = H?:l o, with e = p@+t=bn/(g+t—k—=a) Then
[((Agp — @) o Tn'C‘Hf*k(Wj) < Cv(q+t7k)n'
Hence, by (3.5),
t k &
‘/ l_[ u_)j;(i)h"'(Haliw_AenalMD)OT".JwT".F‘
Wi i=k+1 i=1 il
< OV det DT gty < 1w T [easi—swp 1l p.g-

Note that, as k < ¢, p@+=kmny—t=bn < yan Moreover, as t —k < p and A, ¢ is smoother
than ¢,

t k
/ l_[ a):;(i)hn : (As l_[ali(/)> oT" - JwT"-F = O(llhll p—1,4+1)-
Wi izk+1 i=l

To sum up, we have proved that
‘/ vi- 0 (L) - 9| < Okl p-1,4+0) +C Y _IL"RI
w t'<t

+ <Z ||detDT"|_1|Cr(W,-) . |JWTn|C’(W]-)> {
J

C(Vq)n”h”p,q ifr < p,
Cmax(A=?, v)"||hllp,q ift = p.

By Lemma 6.2, the sum Zj [|det DT |~} lerowyy - 1w " |Cr(W/.) is bounded independently
of n. Together with the inductive assumption, this concludes the proof of Lemma 6.3. O

We now prove (2.4) by induction over p. The case p = 0 is given by (2.3).
Lemma 6.3 implies the inequality

I£" Al p.g < Cmax(™P, v)" |kl pg + Cullhllp—1,g+1- (6.8)

To prove (6.8), we have only used the fact that v is greater than the minimal contraction of
T in the stable direction, and X is less than the minimal expansion in the unstable direction.
Let A’ > A and V' < v satisfy the same conditions, we get in the same way

1Ll p.g < C"max(' ™" V') Al p.g + Collkll p—1.g+1- (6.9)

Finally, choose ng such that C’ max(A’~?,v/9)" < max(A~P,v?)". Iterating (6.9)
for n = ng (and remembering that [|[L"h| p—1,4+1 < CllAllp=1,4+1 by the inductive
assumption), we obtain (2.4).

7. General perturbation results

It is obvious from the previous discussion that all the results discussed so far—and in
particular Lemmas 2.2 and 3.3—hold not only for the map 7', but also for any map
in a C"*! open neighborhood U of T, or for any composition of such maps. We will
consider perturbations of 7' as described in §2, given by a probability measure u on a
space  and functions g(w, -) € CPT9(X,Ry), and we will assume that all the random
diffeomorphisms 7,, we consider belong to the above set U. In this section, we will prove
Theorem 2.7.
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LEMMA 7.1. There exists a constant C > 0 such that, for any map T e U, forany p € N*
and g > O with p 4+ g < r, forany h € BP4,

ILrh — L7hll p—1.g+1 < Cderat (T, TY |12l p.q-

Proof. Asusual, it is sufficient to prove it for 4 € C” by density. Let W be a full admissible
leaf, given by an admissible graph x € E; defined on a ball B(x, A§). We will use
Lemma 3.3 with y = yp > 1: there exists a finite number of y-admissible graphs
X1, ..., Xe, such that x; is defined on a ball E(xj, Ayd) C (=2rij/3v, 2r,-(j)/3y)d5
for some index i (j), and such that the corresponding y-admissible leaves cover T~ (W).
Write p; for the corresponding partition of unity.

Take T € U. The projection on the first d; coordinates of

Uich o T~ o T oy o (Id, x;)(B(x;, y AS))

contains the ball E(xj, A$) if U is small enough. Hence, it is possible to define a graph X
on E(xj, Ad) whose image is contained in 1//1.?})(7"’1 (VT’)). Moreover, 71 (W) is covered
by the restrictions of these graphs to~the balls B(x;,6) if U is small enough. Finally,
Ixj — )7j|cp+q(E(xj,A5)) < Cder+1 (T, T).

Letla| < p — L letg € I (B(x,8), R), and set &1} := h o ¥i(j). Then

3
/ *(Lrh) oY) (Ad, ) -9 = ) Z/ 0P h;(1d, x;) - Fapr.j pj (1.1)
B(x,5) B(x},8)

IBl=lel j=1

for some functions Fy g 7,; bounded in C?T1+1Al. The same equation holds for L5, with
x; replaced by ¥; and Fo g 7,; replaced by a function F, 4 7 ; satisfying |Fop,7,j —
Fa,ﬂf’ﬂc’qﬂﬂl < Cdpr+1 (T, T).

For1l < j < {and|B| < |¢|, we have

/ 3ﬁﬁj(ld, Xj)(Fa,ﬂ,TJ - Fa,ﬁ,ii)pj
B(x;,5) .
< ClhllpglFapr.— F !ﬁ,iﬂcqﬂm < Cllhllp,qdcr+1 (T, T) (7.2)

o

and

/ 3 nj(d, x))F, 5.7 P) — / (1, X))F, g 7 ;)
B(x;.8) B(x}.8)

. (1.3)

1
| [ D@ RT 4 1Gy =T Ok = T F g0
1=0 JB(x;.5)

When ¢ is fixed, each integral is an integral along an admissible graph, from where it is at
most

Clihlip.glxj — Xjlearsi|Fy g 7 jleatisrt < Cllkllpgder+1 (T, T).

Integrating over ¢, we get (7.3) < Cllh|lp,qder+1 (T, %). Combining this inequality with
equations (7.2) and (7.1) yields the conclusion of the lemma. O
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This lemma readily implies that, for any operator L, , satisfying the previous
assumptions,
I1£u.gh — Lrhlp-1,9+1 < CAG, ©)NIAllp.g. (7.4)

where A(u, g) is defined in (2.5).
When g(w, x) = 1, Lemma 2.2 applied to compositions of operators of the form Lr,
immediately implies that

1L, ¢hllp.g < Cmax(A™P, v Ikl g + Clikll p—1,4+1, (1.5)

which is sufficient to obtain spectral stability, by [13]. In particular, this suffices to prove
Theorem 2.7 for deterministic perturbations.

However, in the general case, further arguments are required to obtain a uniform
Lasota—Yorke-type inequality.

LEMMA 7.2. For any M > 1 and any perturbation (i, g) of T as above, there exists a
constant C = C(M, f lg(w, )lcr+a xRy du(@)) such that, for any n € N,

ICE, Ghllog < CM" o (7.6)

and
”[:Z’gh”p,q < Cmax(A~ 7, vq)”||h||p,q +CcM”" 2l p—1,g+1- 7.7

Proof. We will prove (7.6), which is an extension to the perturbative case of (2.3), by
adapting the proof of (2.3). The proof of (7.7) is similar, using the same ideas to extend
the proof of (2.4).

The only problem comes from the functions g(w;, x), and a distortion argument will
show that their contribution is small. Let ¢ = [ |g(w,)lcse du(w). Fix parameters
@n = (w1, ...,w,) € Q". Fix also ¢ > 0. Write g; (x) = g(w;i, x) + e(|g(w;, )|ca)/c.

We will write T, = Ty, 0- - <07, . Let W be an admissible leaf, Wy, ..., W, a covering
of T3, 'w by admissible leaves and py, ..., p¢ a corresponding partition of unity, as in the
proof of (2.3). Let also ¢ be a C? test function. Then

/ (l_[ g(wi, Tajl_l 0---0 Twnlx)>£7wnh(x)g0(x)
W\i=1

4 n
=> fw |det DT, (x>|—1h<x)<]"[ g(w;, Ta,-_]x)>€0 o T, (x)Jw T, (x) pj (x).
=1 J i=1

As W; is admissible, the last integral can be estimated using the C? norm of
[Ti=) (@i, Ts_, x). As |g(w;, )lca < £8i(x) by definition of g;, Lemma 6.1 shows that
this norm is bounded by C exp(Cc/¢) [1/_, gi (T, ,x) for any x € W;. Combining this
estimate with the distortion arguments of the proof of (2.3), we obtain

‘ / (H glwi, T,y - Twnlx))ﬁTwn -+ L1, h(x)p(x)
W\i=1

c YA S B
< Cexp<cg>||h||o,q /ﬁ/ |det DT, | 1<1_[g,-(Twil...Twn1x)>.
i=1
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To estimate this last integral, consider the thickening Z = (J, . Wg (x), where Wg (x)
is the local unstable manifold of 7z, through x. Along this manifold, the function
[T, §,~(Tw_l_1 e Tw_nlx) changes by a multiplicative factor of at most C exp(Cc/¢), again
by Lemma 6.1. Hence

n
/W |det DT, |~ (1‘[ g Tw_nlx))

< Cexp( > / |det D75, |~ <1_[ g,(Tw*il ... Tw,,lx)>

Cc 1 ~
SCCXP C_ / l_[gi(Ta)i_] "'Tw]x)
&) JT(2) i

sCexp( )/]‘[gz(Twll < Ty ).

Integrating over all possible values of w,,, we finally obtain

Cc
£}, ¢hllo.g < Clihlloq eXp<C—)

//in_[<g(wls w;j— l.”Twl‘X)—i_gM) d,U«(O)l) du(wn)

Integrating over w, gives a factor 1 + ¢, as [ g(wn, y) dju(w,) = 1 for any y. We can then
proceed to integrate over w,—1, wy—2, . .., and get

Cc
£}, ¢hllo.q = Clihllog eXp<Cg>(1 + )" 0

The inequalities (7.4) and (7.7) are exactly what is needed to apply Theorem 1 in [13],
which implies Theorem 2.7.

8. An abstract perturbation theorem

Let B 5 B! 5 ... 5 B%, s € N, be a finite family of Banach spaces, let I C R be a fixed
open interval containing zero, and let {£;};c; be a family of operators acting on each of
the above Banach spaces. Moreover, assume that

there exists M > 0, forallt € I, |IL] fllgo < CM"| fllgo (8.1)
and
there exists < M, forallt € I, |IL} fligt < Ca"|fligt + CM"|| flgo. (8.2)
Assume also that there exist operators Q1, ..., Qs_1 satisfying the following properties:
forall j=1,...,s — L, foralli =j,...,s, [Qjlgi_p-i <C (8.3)
and, setting Ag(¢) := £; and A (1) := L; — Lo — Zi;ll tkQy for j > 1,

forallt € I,forall j =0,...s,foralli =j,...,s, [A;®)lgi_pi-i < Ct/. (8.4)
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These assumptions mean that ¢ — £, is continuous at # = 0 as a function from B’ to B/~
In fact, t +— L; even has a Taylor expansion of order s, but the differentials take their
values in weaker spaces. This setting can be applied to the case of smooth expanding maps
(see [17] for the argument limited to the case s = 2) and to the transfer operator associated
to a perturbation of a smooth Anosov map as we will see in §9.

For ¢ > a and § > 0, denote by Vj , the set of complex numbers z such that |z| > o
and, for all 1 < k < s, the distance from z to the spectrum of Ly acting on Bk is > §.

THEOREM 8.1. Given a family of operators {L;};c1 satisfying conditions (8.1)—(8.4) and
setting

Ry(t) == S Yo @=Ly QL) e = L) Qe (2 = Loy,
k=0 £y+-+0;=k
forall z € Vs , and t small enough, we have that
Iz = L0™ = Ry®)llgspo < Cle[*~H
where n = log(o/a)/log(M /).

Hence, the resolvent (z — [:,)_l depends on ¢ in a C* —l+n way at t = 0, when viewed
as an operator from B° to B°.

Note that one of the results of [13] in the present setting reads
Iz =£)7" = (2= L) 'llgipo < Clel". (8.5)

Accordingly, one has Theorem 8.1 in the case s = 1 where no assumption is made on the
existence of the operators Q.

Proof of Theorem 8.1. Iterating the equation
@=L ==L+ G — L)L~ Lo — L),

and setting A(z, 1) := (£; — Lo)(z — Lo) ™', it follows that
s—2

=Ly =) (2= L) 'AG ) + @ — L) Az, 1)
j=0

s—1
=Y @=L A + 12— L) =z — Lo TAG DT (8.6)
j=0

Next, for each j € Nand a < s, using (8.4), we can write
a—1

Az, 1) =A@ = LO)T AG 0T Y 1100z — Lo AG T 8
(=1
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For € = 0 or 1, we can then prove by induction the formula, forall 1 <m < j,

m

A(Z, t)] — Z Z t€|+...+@k_| Qﬁl(z _ EO)—I L.

k=1 L1+ +Llr_1<s—€
f,‘>0

Qo (2= L) Ayt (D (2 = L0) Az, 1) T

+ Y Ty e = Lo) T Qe (z — Lo) T A 1T

Li+ 4Ly <s—e
f,‘>0

(8.8)
In fact, for m = 1 the above formula is just (8.7) for a = s — €. Next, suppose (8.8) is
true for some m, then by (8.7) it follows that

Q@=L " Qp, @ — L) A T = Qo (2 — L) O, (2 — Lo)
x [Asez,’f;] 4 ) (z — ﬁo)flA(z, t)j*mfl

s—e—Y L ¢i—1
+ Y 0, (2 Lo) T AG, r)-"—m—l}.
Cpp1=1
Substituting the above formula in (8.8) we have the formula for m + 1.
We can now easily estimate the terms in which a A; appears. In fact, |A(z, ?)||ps < C,
and (8.3) and (8.4) readily imply that

—e_Nk=1 .
106, z=Lo) ™" Qo z=LO) A, _ gty ()(z—L0) M ip—pe <Cle' 2=t
Z]:l J

The theorem follows then from (8.6), using (8.8) with ¢ = 0 and m = j to estimate the
terms (z — Lo) "' A(z, 1)/, and (8.8) with e = 1 and m = j = s — 1 together with (8.5) to
show that ||[(z — £) ™! — (z — Lo) Az, )* g go < Cle]" =17, o

9. Differentiability results

In this section, we prove Theorem 2.8 by applying Theorem 8.1. To simplify the
exposition, we will abuse notation and systematically ignore the coordinate charts of the
manifold X. As we have carefully discussed in the previous sections, this does not create
any problem.

To start with, let us assume that 7, is so small that {T; : t € [—t, t.]} is contained
in the neighborhood U of Ty in which the estimates of the Lasota—Yorke inequality hold
uniformly.

By Taylor’s formula we have, for each f € C" ands <r,

s—1 1 dk t 151 dS
ET,f=kZOEWET,f|z:o+/O d“"'/o dfs(ﬁﬁtf)(fs) ©.1)

Next,forl <k <s—1,
dk k
L W] g =) Y Jalk t, L Hl=0 = KO () (92)

=1 |a|=L

for appropriate functions Jy (k, ¢, -) € C" (X, R).
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We are now ready to check the applicability of Theorem 8.1. First, let us define
B := Br~1+ia+s—i  Conditions (8.1) and (8.2) hold with @ = max(A~7, v4+~1) by
our choice of f,, and M = 1 by (7.5). Moreover, for | < i < s, the essential spectrum
of £ acting on B’ is contained in {|z| < max(A~(P~1+) 4+s=i)} Hence, for 1 <i <,
sp(L : BY — B') N {|z] > max(A~P,v?)} is composed of isolated eigenvalues of finite
multiplicity. In particular, V; , is discrete.

From the definition of the norms it follows straightforwardly that, for each multi-index «
with |a| = j, 3% is a bounded operator from B7+4 to 3P ~/4*J . From this, Condition (8.3)
readily follows. By (9.1) and (9.2), it follows that A is given by the last term in (9.1).
By the previous arguments

—— L1, (f)

o < Cllf Iy

H ;
p—k,q+k

which obviously implies Condition (8.4).

A. Appendix. Distortion estimates
In this appendix, we prove Lemma 6.5. Recall that Wj and W are considered as subsets
of R% x {0} ¢ R?. Fory € W, let F(y) = R% x {0}. This defines a C* field of planes
of dimension dg on W. Forx € Wj, set also E(x) = DT"(x)({0} x R4y, Let 9, be a
C® mollifier of size ¢ on R% . Define a new field of planes of dimension d,, on T"(W;) by
E:(y) = [ E(T™"y+2)0:(2) dz. Itis still uniformly transversal to F, and it is C"*1 along
T"(W;), even though E was only C", thanks to the regularizing effect of ;. Note that a
convolution usually shrinks slightly the domains of definition of functions. However, at
the beginning, our functions are defined on larger sets W and Wj. Hence, we can safely
forget about this issue in what follows.

A vector field v with |v|er+1 < 1 can be decomposed along T"(W;) as v = w" + w’
where w¥(y) € E.(y) and w’(y) € F(y). We will first estimate the norms of this
decomposition along W, and prove that, if ¢ is small enough,

[w* o T"|eraw;) < C (A1)

and
IDT" (x)~'w" (T"x)|cptaw,) < CAT". (A.2)

Then, the second step of the proof will be to extend this decomposition to a neighborhood
of T"(W;) so that the conclusions of Lemma 6.5 hold.
We will first estimate the C" norm of x — E(x) along W;. If

A"(x) B"(x)
0 D'(x))’

0o u"
0 Id

where U (x) = B"(x)D"(x)~'. Let xo be an arbitrary point of W;, we will work on a
small neighborhood of xg. For k = 1,...,n — 1, let 8¢ be a chart on a neighborhood of

DT"(x) = <

the projection on E(x) is given by
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T*xo such that 6 (T*(W;)) C R% x {0} and D (T*x0)DT*({0} x Ré%) = {0} x R%.
As the manifolds Tk(Wj) are uniformly C’*! (locally, they are admissible leaves) and
uniformly transversal to DT*({0} x R%), we can choose such charts with a uniformly
bounded C" ! norm. Set also 6y = Id and 6, = Id (this is coherent with the previous
choices as W; and W are already assumed to be subsets of R% x {O}).

Let Ty =6roT 06 ' ,and T¥ = Ty 0 --- o T}. For y € R% x {0}, we can write

k—1°
Ar(y) Bk(y)>
0 Di(»)’
with [Ax(y)| < v, |Dk(y)_1| <MPForO<k<n-2as Bk(%kxo) = 0, we can reduce
the neighborhood of x( and assume that | By (y)| < vk, For x € R% x {0}, let

A¥(x) Bf(x)
0 Dfx))-

DT (y) = (

D7~"k(x) = (

If UK(x) = B¥(x)D¥(x)~!, we can write
D ()™ = D* ) T D (TFx) 1,
U (x) = (A1 (TR0 UR () 4 Bigt (TFx)) Dyt (TFx) 71

We have | Dy (%kx)’1 | < 271, and its derivatives with respect to x are bounded by C pk
by uniform contraction of T along R% x {0}. Hence,

k
1Dk e < [T +ovhH = en (A.3)
=1

In the same way, as |Bx(y)| < v for k < n — 2 by the smallness of the neighborhood
of xo,
U er < (v + CVO)UFer + CVOHOTT + Cvb).

This implies |[U"~!|cr < Cv", from where
[U"(x)|cr < C. (A4)

Let v be a C"t! vector field on a neighborhood of T"(W;). For x € W; and
y = T"(x), write v(y) = (v1(y), v2(y)) the decomposition of v along R4 x R4 Then the
decomposition of v(y) in w*(y) + w¥(y) is given by

w'(y) = <[/ U™(x + 2)0:(2) dz}vz(y), vz(y)),

w'(y) = <v1(y) — [/ U™ (x + 2)0¢(2) dz}vz(y),0>.

Namely, these vectors satisfy w* + w® = v, w" is tangent to E.(y) and w® is tangent to
R% x {0}.
As the C" norm of U" is bounded, by (A.4), this proves (A.1). Moreover,

DT" (x) " 'w*(T"x)

= (A"(x)1 [ / (U"(x +2) — U"(X))ﬁe(z)dz}vz(T"X), D"(x)‘vz(T"x>).
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Hence, (A.3) implies that the C" norm of the second component is bounded by CA™".
On the other hand, the first component is not necessarily small in the C” topology.
However, as p + g < r, its CP*4 norm is bounded by

C|An(.x)7l |CP+q(W])8r7(p+q)7

which can be made arbitrarily small by choosing ¢ small enough. This proves (A.2).

We still have to extend w® and w" to a neighborhood of 7" (W;). Let 7 : RY — R% be
the projection on the first dy components. A naive idea to construct an extension w{ of w"
is to set

w(y) = DT"(T"y)DT" (x T " y) 'w"(T"x T™"y).

In other words, we extend w* so that the vector field DT" (x)_lw’f (T"x) is constant along
the vertical planes {n} x R, By (A.2), this extension satisfies

IDT" ()~ wi (T"x) |epra vy < CAT, (A.5)

for some neighborhood V of W;. The vector field w{ is unfortunately only C", which
means that we will have to regularize it.

LEMMA A.1l. Let G : R? — R be a C" function whose restriction to R% x {0} is C" 1.
Then, for every & > 0, there exists a C" ! function H : R? — R such that:

(1) [Hler+1 = CelGler + ClGleri ras x oy

(2)  The restrictions of G and H to R% x {0} are equal;

(3) |G — Hlcp+a < €|Glcr.

Proof. Replacing G and H by G — G o w and H — G o w, we can assume without loss
of generality that G = 0 on R% x {0}. Let Hy be obtained by convolving G with a C*
mollifier 9, of size ¢ in R?. Let finally H = Hyp— Hpom. The first and second conclusions
of the lemma are clearly satisfied by H.

The functions G and Hy satisfy |G — Hy|cp+q < Ce"~PTD|G|cr, which can be made
arbitrarily small. To conclude, we have to prove that the C**¢ norm of Hy o 7 is arbitrarily
small. For n € RY%  we have

Ho(n,0) = / G +n',&)0.(n', &) dn’ dt’. (A.6)

As G =0 onR% x {0}, the CP*4 norm of the restriction of G to R% x {¢} is bounded by
C|&|"=(P+D|G|cr. Together with (A.6), this implies |Ho o 77 |cp+q < Ce"~PFTD|G|cr. O

Applying this lemma to the components of w{, we obtain a new vector field w5, which
coincides with w" on 7" (W;), belongs to C" ! and satisfies |w{ —w}|cr+a < &. Choosing
& small enough, this together with (A.5) implies

IDT" (x) ' wh (T"x)|cpracyy < CAT™.

Let finally w® = v — wj, the vector fields w® and wj satisfy all the conclusions of
Lemma 6.5.
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