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Positive Solution of a Subelliptic Nonlinear
Equation on the Heisenberg Group

Wei Wang

Abstract. In this paper, we establish the existence of positive solution of a nonlinear subelliptic equa-
tion involving the critical Sobolev exponent on the Heisenberg group, which generalizes a result of
Brezis and Nirenberg in the Euclidean case.

1 Introduction

Analysis on the Heisenberg group is important since it has many applications to the
theory of several complex variables (see [FS]). Since Jerison and Lee solved the CR
Yamabe problem [JL2], which also has applications to the theory of several complex
variables, people have become interested in nonlinear equations on the Heisenberg
group. Jerison and Lee also found extremals of Sobolev inequalities on the Heisen-
berg group [JL1]. Garofalo and Lanconelli [GL2] established existence, regularity
and nonexistence results for a kind of semilinear equations on the Heisenberg group.
In this paper, we establish the existence of positive solution of a nonlinear subelliptic
equation involving critical Sobolev exponent on the Heisenberg group, which gener-
alizes a result of Brezis and Nirenberg in the Euclidean case [BN].

Let H" be the Heisenberg group, whose underlying manifold is R***!, endowed
with the group law (see [GL1], [GL2] for the following fundamental facts about the
Heisenberg group):

(1.1) (x,y,t) 0 (x',y',t") = (x+x',y +y i+t — ZZ(xjy; — x}yj)> ,
i1

where x = (x1,...,%.), y = (y1,...,yn) €ER". Setz; = x; ++/~1y;, j=1,...,n
In these coordinates, the vector fields

0 0 0 0
1.2 Xi= o +2pjy Yj= = 2xj
( ) ] ax] y]at’ ] 8}’] xjat’
j = 1,...,n, generate the real Lie algebra of left-invariant vector fields on H". It is

easy to check that [X;, Y;] = —46]'1(%, j,k=1,...,n Let

)| = |+ 2" 7,
- ey 0ll = |+ 2l

d((x,p,1), (", y" ) =[x, 3,0) " o (<, ¥, 1))
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(x,y,t)"' = (=x, —y, —t). d(-, -) define a distance on H". The operator

(1.4) Apyp = Z(Xf. +Y7)

j=1
is called subLaplacian, since it is not elliptic and satisfies subelliptic estimate [FS].
(1.5) Tyt (&, y 1) — (x5, p, 1) o (x', ' 1)), (x,5,1) € H"

is called a left translation. Ay is invariant with respect to left translations, since X,
Y; are left invariant vector fields for all j. Furthermore, there is a natural group of
dilations on H" given by

(1.6) dy(x, 7, 1) = O, Ay, A%, A>0
with which Ay» commutes according to the formula
A]HI” (¢} d/\ = )\zd)\ o AH”'

Let W, (D) denote the closure of C°(D) in the norm

(1) fully: = ( [ (¥
D

where |V ul* = Z?:1(|Xju|2 +|Y;ul?), and dx dy dt is the volume element of R*"*!.
Let Q = 2n + 2 be the homogeneous dimension of H". We will consider the following
problem

1

2+ |u?) dxdy dt) ,

—Appu = u® +Au on D,
(1.8) u>0 onD,
u=20 on OD.

Theorem Let Ay be the first nonzero eigenvalue of — Ay on W& 2(D) and n > 2. Then
for every X € (0, A1), there exists a solution of (1.8).

See Section 2 for the facts about the eigenvalues of —Ay.. Analogous to Theo-
rem 2.1 in [BN], we can establish the existence of positive solution for —Ay.u =
w4 f(x,u) on D, u = 0o0n 0D, and f(x, u) is a lower order perturbation of n=1
We omit details. Results about prescribed Webster scalar curvature on S” will appear
elsewhere.
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2 Some Propositions of Ays

From now on, we take p = %, then p+1 = 5—82 Let D(H") = D(R**!), the
Schwartz space on R*"*1,

Proposition 2.1 ([JL2, Corollary C] or [JL1, p. 326]) The following Sobolev type in-
equality holds for all functions u for which both sides finite,

Zdxdy dt.

2
(2.1) S ( |u|p+1dxdydt> < |V u
i

IH»

The best constant for the Sobolev inequality (2.1)is S = 277112(4”11!)_1”27. The equality
is achieved by functions e, y, where a = (xo, ¥o,t) € H", A > 0, ea,A((x, Vs t)) =
e,\(a o (x,y, t)) and

n

2 2
(2.2) ex(x, 1) = ( A ) .

N2+ (N]zP + 1)

ey in (2.2) is another form of extremal ®° in [JL2, p. 326] for e = % It follows
that

(2.3) —Aprey =¢b, e €L,

and we can check that ||e) || 5+, is independent on .

Proposition 2.2 ([GL2, Theorem 3.2]) For D bounded and 1 < q < Qz—?z, embedding
W01’2(D) — L1(D) is compact.

For u,v € C§°(D), we have (X;u,v) = (Bixju, V) + (%u, 2yiv) = (u,—X;v) by
Stokes’ formula and similar formulae for Y;, j = 1,...,n. Thus, j;”n VipuVimv =
— an ulAynv, where Vi uVypv = Z?:l X;juX;v+Y;uY;v. The following maximum
principle will be used later.

Proposition 2.3 (The Maximum Principle) Letu € WO1 ’2(D) satisfy Apgnu > 0, ie.,
fH” Vip Vv > 0 forallv € W01’2(D) with v > 0. Then either u = 0 or u cannot
attain its maximum in D.

This proposition follows from the following weak Harnack inequality by standard
argument [GT, p. 188].

Proposition2.4 Ifu € WOI’Z(D), Apyntt > 0in D, and u > 0ina ball Byg = Byr(y) C
D, there exist py > 0, C > 0 such that

1
1 Po
(2.4) ( u|P°) < Cessinfp, u.
|Bar| /iy

Only in this proposition and its proof, we use the following distance on H" as in
[CDG]:

d(x, y) = inf{T > 0 | there exists v: [0, T] — H",v(0) = x, y(T) = y},
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where v must be a piecewise C! curve and for each ¢ € R*"*t € [0, T],

(7'(1)-€) <Z( (v(®) >2+(Yj(7(t)).§)2_

Br(y) = {y' € H" | d(y,y’) < R}. This distance is equivalent to the distance
defined in (1.3), but we will not use this fact. Harnack inequality is proved for more
general nonlinear subelliptic equation in [CDG]. They consider vector fields in R",
Xy, ..., Xm (m < n), satistying Homander condition, i.e., the rank of Lie algebra
generated by X, ..., X,, at each point is n. The Heisenberg group is a special and
simple case of this. Although Proposition 2.4 is about subsolution, its proof is similar
to [CDG, pp. 1788-1791]. In the case of Heisenberg group, computations become
more simple.

Proof We denote the weak derivatives corresponding to X, Y; also by X;, Y}, j =
1,...,n, and for Vyu. Choose § < —1,q = % < 0. Forn € C§°(Byr) with
0<n<1,letd = u+kand ¢ = n*%’ for constant k > 0. Since Ay > 0,

(25) 0< / VitV dxdy dt = / Znﬂﬂanﬂanﬂ + ﬁnzﬂﬂ71V]HnﬁVHnﬁ
Hr Hr
by calculus of weak differentiation [GT, Section 7.4]. Now let v = %, then

(2.6) 18| InViv|*
e

< 2|q| [YWien - nViv
He
Using Holder inequality in the right side of (2.6), we find

2 (/ :
7)< WWim|* ) .
> 2lgl + 1 \ Sy

Using Lemma 3.2 in [CDG] for 1 < a < b < 2, we can choose n € C§°(Byr) with
n = 1 on By and |Vyn| < a)R Now apply the Sobolev embedding theorem
(Theorem 2.3 in [CDG]) to (2. 7) to get

(2.7) ( [NV
He

1

(2.8) </ |v|2”dxdydt) < ¢ |Bog|5 2 (/ v dxdydt>
By (b—a) Bie

Q =
for1</<a<Q Letan_z.Notevfuqandq<0,

1

(2.9) (/ uzwdxdydt> Y > Clb— @) H B (/ uzqudydt> '
B Bir

Now as in [CDG, p. 1791], by Moser’s iteration procedure, we get

1 %
(2.10) essinfg, 1 > C ( B 7% dx dy dt> l

|Bar| /i,
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Where 2g ranges (—o0, 0) by the choices of 3, g. Now choose v = logu, ¢ = n? ()~
forn € C§°(Bar) and [Vin| < %. Then

(2.11)

0 S anﬁanqf) dx dy dt = / 27’]|ﬁ| 71V]H|,1EV]HW77 — ’I]z |ﬁ| 72anaanﬁ
H» H

and

(212) |’I7V]H1nV
H»

2 S 2/ UV]HW’/]V\H[WV.
H

Using the Holder inequality on the right side of (2.12), we find

1 1
2 2
2) S 2 (/ V]H[n’lﬂz) S C‘BZRléR_l.
Hr

Then as in [CDG, p. 1788], by using Poincaré inequality and John-Nirenberg theo-
rem for space of homogeneous type, we infer that there exist py > 0 and C > 0 such

(2.13) ( [N Vv
e

that
1 1
1 Po 1 Po
(2.14) ( u|P°) <C (— |u|_P°) .
|Bar| Jp,p |Bar| /b,
Then, by (2.10),
1 o .
(2.15) ( ﬁ|1’°> < Ceessinfp, u.
|Bar| /B,y

Note constant C in (2.15) is independent on k. Let k — 0. We get (2.4).

Proposition 2.5 ([S, Corollary 7.D]) Let V and H be two Hilbert spaces with V dense
in H and assume the embedding V. — H is compact. The continuous sesquilinear form
a(u, v) is symmetric and satisfies

a(v,v) + A|v||}; > c|lvlly, veV
for some A € R and ¢ > 0. Now define the operator A:
D(A) = {u € V | a(u, -)is continuous with respect to norm || - ||u },
a(u,v) = (Au,v)y forue D(A),veV

Then there is an orthonormal sequence of eigenfunctions of A which is a basis for H and
the corresponding eigenvalues satisfy —A < A; < Ay < -+ <A, < -eL
Apply Proposition 2.5 to
V=W;*D), H=L'D), a(u,v)= [ VguVuv,
He

to get A = —Ayr and the corresponding eigenvalues being nonnegative. The only
eigenfunction of eigenvalue 0 is the zero function by the maximum principle.
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3 The Proof of the Theorem

Set
(3.1) Sy = inf{ || Vypul3 — Mull3;u € Wy (D), ||ul| 1 = 1}

As in the Euclidean case [BN], Sy is independent on D and only on #n. This follows
from the fact that the ratio ||V ul|5/||u||p+1 is invariant under scaling, i.e.,

(3.2) Vil _ \|VH,,M|\27
[l p+1 [l 1

where ui(x, y,t) = u(kx, ky, k*t), k € 7. Hence Sy = S. To check (3.2), note

0

0 ) 0
<8_x] + 2y15> (u(kx7 ky, k t))

0
v 1 Y 1ol
k<8x§+2y]8t,>u(x,y,t)

0 0 0 0
— X — 2 = — =2 r— ! r¢!
(3}/]' x]at) (u(kx,ky,kt)) k(@y;— x]at,> u(x’, y',t),

for j=1,...,nand (x', y’,t') = (kx, ky, k’t). Then

</ Z(|Xjuk|2 + IYjuk|2)dxdydt>
W =

1
2

= k”(/ Z(|X]'»u|2 + Y ul*) dx’ dy'dt')
1
j=1

. . 8 8
by dilation transform (x', y',t") = (kx, ky, kK’t), where X| = o * 2yl Y] =
Biyf - Zx;%, j =1,...,n. Under the same dilation transformation,
J

_L
ptl1

(3.3) ( |uk|P“dxdydt)'” :k‘iil‘2< |u|P+1dx’dy’dt’)
H» H»

Then, (3.2) is verified by p + 1 = Qz—_Qz = Anmtl)

n

Proposition 3.1 Sy < Sforall X > 0.

Proof Since Ay» is invariant under left translation, we can assume 0 € D. Let’s
estimate the quotient

[Vrrull3 — Afull3

[ull51

(3.4) Q\(u) =
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for u.(a) = ¢(a) - 0.(a) with

n

64 2
6dm::<&ﬂ+(ékP+1P>’

where a = (x, y,t) € H", ¢ > 0 on D, ¢ € D(D) satisfying ¢ = 1 on some neigh-
bourhood of (0, . .., 0) contained in D. It can be directly checked that

— (' + (€72 + 1)?) 7271(454)/1-1‘ +4e’x;(e?[2]* + 1))

X5, = —
(3.5) .
Yi6. = ——e ('t + (%2> + 1)°) 7 (—detxjt + 47y (2P + 1))
for j=1,...,n,then
n? . 16e8|z]%t? + 16e*|z|*(?|z]* + 1)?
(3.6) |Vipd.|> = —e* 2] |2[*(e”| |n+2 .
i (e'2 + ([ + 1?)

= Vo 6. +¢ Vid,,and

Since Vi u, =
e8|z|*t? et|z]? )

v n(; 2 <4 26411
|Vinde|* < 4n (et + et|z|*)2 (412 + et|z]h)™H!
||

< 4n? |2 +
= an (tz + |Z|4)n+2 (tz + |Z|4)n+1

is bounded if (x, y, t) is not in a neighbourhood of (0, . . ., 0), and similarly, é. (x, y, t)
is also bounded if (x, y,t) is not in a neighbourhood of (0, ..., 0), we find

/|V“nu5|2dxdydt
D
Z/\V]H[nés|2dxdydt+0(l)
D

= [ Vi) dxdydt + O(1)

H»
8 2t2 + 4| ,2(2]||2 +1 2
et el Cle U7 gy ar+ o)

(3.7)
= [ 4n’e"
A{n (e*1? + (2]2]> + 1)?) e

22 4 1212(12P + 1)2
S
we (24 (|22 +1)?)

= €Q72||V1H[n60||§ + O(l)
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where we use the coordinate transformation ex — x, ey — y, €t — t. Simi-

larly,
Julip = [ 187+ o)
D
n+1

(3.8) B et

= |\ Gerer dxdy dt + O(1)

= 2601511 + O(1).
Then,

[t 51 = €100l 541 + O(1).

Note [, % dx dy dt integrable if n > 2,

2+(]z]2+1)2

e " .
) il = A[n <64t2 + (€22 + 1)2> +0(1) = "2do I3 + O(1).
Then
Vindol|3 5ol|?
(3.10) Q\(u.) = M — A2 ” 0!2 + 0(8_2")
100 ptl H50Hp+1

by (3.7)—(3.9). Thus, Q) (u.) < So = S if ¢ sufficiently large.
Proposition 3.2 The infimum of (3.1) is archived.

Proof By using Proposition 3.1, the proof is exactly the same as the proof of
Lemma 1.2 in [BN]. We omit the details.

Proof of the Theorem Let u € W, (D) given by Proposition 3.2 and ||u|| pr1 =1,
I Vueul|3 — A||lul|3 = Sx. We may assume u > 0 on D (otherwise we replace u by
|u| since H Vi |ul H , < || V14| by the calculus of weak differentiation). Since u is a
minimizer of (2.4), we obtain a Lagrange multiple u € R such that

(3.11) —Aytt — Au= pu?  onD.

= Sx. Sy > 0by A < Ay. Then ku satisfies (1.8) for kS) = kP. Now Ay (—u) > 0.
Hence u > 0 by Proposition 2.3, the maximum principle.

References

[BN] H. Brezis and L. Nirenberg, Positive solutions of nonlinear elliptic equation involving critical
Sobolev exponents. Comm. Pure Appl. Math. 36(1983), 437-477.

[CDG] L. Capogna, D. Danielli and N. Garofalo, An embedding theorem and the Harnark inequality for
nonlinear subelliptic equations. Comm. Partial Differential Equations 18(1993), 1765—-1794.

https://doi.org/10.4153/CMB-2001-035-0 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2001-035-0

354 Wei Wang

[FS] G. B. Folland and E. M. Stein, Estimates for the 0y, complex and analysis on the Heisenberg group.
Comm. Pure Appl. Math. 27(1974), 429-522.

[GL1]  N. Garofalo and E. Lanconelli, Frequency functions on the Heisenberg group, the uncertainty
principle and unique continuation. Ann. Inst. Fourier Grenoble 40(1990), 313-356.

, Existence and nonexistence results for semilinear equations on the Heisenberg group.
Indiana Univ. Math. J. (1) 41(1992), 71-98.

[GT] D. Gilbarg and N. S. Trudinger, Elliptic partial differential equations of second order.
Grundlehren Math. Wiss. 224, Springer-Verlag, 1977.

[JL1] D. S. Jerison and L. M. Lee, Extremals for the Sobolev inequality on the Heisenberg group and the
CR Yamabe problem. ]. Amer. Math. Soc. 1(1988), 1-13.

[GL2]

[JL2] , Intrinsic CR coordinates and the CR Yamabe problem. J. Differential Geom. 29(1989),
303-343.
[S] R. E. Showalter, Hilbert space methods for partial differential equations. Pitman Publishing,

London, 1977.

Department of Mathematics
Zhejiang University
Zhejiang, 310028

P.R. China

email: wangf@mail.hz.zj.cn

https://doi.org/10.4153/CMB-2001-035-0 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2001-035-0

