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Abstract. Let g be a finite dimensional complex semi-simple Lie algebra with
Weyl group W and simple reflections S. For I C S let g; be the corresponding semi-
simple subalgebra of g. Denote by W; the Weyl group of g; and let w, and w! be the
longest elements of W and W7, respectively. In this paper we show that the answer
to Kostant’s problem, i.e. whether the universal enveloping algebra surjects onto the
space of all ad-finite linear transformations of a given module, is the same for the
simple highest weight g;-module L;(x) of highest weight x - 0, x € W, as the answer
for the simple highest weight g-module L(xw’w,) of highest weight xw/w,_ - 0. We also
give a new description of the unique quasi-simple quotient of the Verma module A(e)
with the same annihilator as L(y), y € W.

1. Introduction. Letg = n~ @ hh & n be a finite dimensional complex semi-simple
Lie algebra with a chosen triangular decomposition, and let /(g) be its universal
enveloping algebra. For two g-modules M and N, the space Hom¢(M, N) of linear
maps from M to N has a U(g)-bimodule structure in the natural way (see for
example [12, Kapitel 6]), and hence a g-module structure via the adjoint action. The
g-submodule of Hom¢(M, N) consisting of all locally finite elements is in fact a (g)-
sub-bimodule, which we denote by L(M, N). As U(g) itself is locally finite under the
adjoint action, we have a natural homomorphism of U(g) into L(M, M) for every
g-module M, whose kernel is the annihilator Ann M of M in U(g). The question raised
by Kostant (see for example [4, 6.10], [15]) is: for which g-modules M is the natural
inclusion

U(g)/ Ann M — L(M, M)

a surjection.

This is in general a difficult question, and the answer is not even known for simple
highest weight modules. It is known to have a positive answer for Verma modules ([4,
6.9] for simple Verma modules, generalised in [15, 6.4] for the general case) and for all
quotients of dominant Verma modules [12, 6.9]. For semi-simple Lic algebras having
roots of different length, examples of simple highest weight modules where the answer
is negative were found early (see for example [5, 6.5], [15, 9.5]). More recently, many
examples have also been found in type 4 (see [19, 28]). The answer to Kostant’s problem
is a valuable tool for example when determining Goldie rank ratios (see [16-18]), and
in the study of generalised Verma modules (see [21, 27, 29]).

In this note, we investigate how the answer to this question for certain simple
highest weight g-modules relates to the answer for modules of semi-simple subalgebras
of g. More precisely, let W be the Weyl group of g, with simple reflections S, determined
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by the triangular decomposition. For a subset I C S, let W, denote the parabolic
subgroup of W generated by /, denote by g; the corresponding semi-simple subalgebra
of g, and let w,_ and w! denote the longest elements of W and W;. For x € W, let L(x)
denote the simple highest weight g-module with highest weight x - 0 (see next section
for precise definition), and similarly, for x € W, let L;(x) denote the simple highest
weight g;-module with highest weight x - 0. The main result of this paper is the following
theorem.

THEOREM 1.1. Let x € Wy. Then Kostant’s problem has a positive answer for Li(x)
if and only if Kostant’s problem has a positive answer for L(xw!w).

Since Kostant’s problem trivially has a positive answer for L;(e), as well as for L;(x)
for any simple reflection x (see [26, Proposition 7] or [19, Corollary 18]), this generalises
previous results by Conze-Berline and Duflo [5, 2.12 and 6.3], later generalised by
Gabber and Joseph [8, 4.4] (the case when x = ¢), and Mazorchuk [26, Theorem 1] (the
case when x is a simple reflection).

The idea of the proof is as follows. For each x € W, there is a unique quotient D
of the dominant Verma module A(e) satisfying Ann D = Ann L;(x). Since Kostant’s
problem has a positive answer for D, as it is a quotient of a dominant Verma module,
we see that Kostant’s problem has a positive answer for L;(x) if and only if

L1(D, D) = Li(Li(x), Li(x)) ()

(where the index 7 is used to emphasise that objects are defined with respect to g; as
opposed to g). We show that we can ‘lift’ this situation by parabolic induction, i.e.
there exists a g-module D’ for which the answer to Kostant’s problem is positive, and
such that

L(D', D) = L(L(xw'w,), L(xw!w,))

holds if and only if (1) holds.

In Section 5, we give an alternative description of the so-called quasi-simple
quotients the dominant Verma module, originally described in [14, Section 5], which
are used as an important tool in the proof of Theorem 1.1. Finally, in Section 6
we apply Theorem 1.1 to get some new answers to Kostant’s problem for the Lie
algebra slg.

2. Notation and preliminaries. The subset / of S determines a parabolic
subalgebra p; of g, containing g;. The triangular decomposition of g induces a
triangular decomposition g; = n; @ h; @ n;. Let u; be the nilradical of p;, and let
37 be the orthogonal complement of h; in h with respect to the Killing form. We thus
have the following decompositions:

h=br @3, andp; = g; @ 3: B uy.

The Weyl group W of g acts on h* in the natural way wA, but in this setting it is
more convenient to consider the so-called ‘dot action’, given by
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where p is the half sum of the positive roots. Similarly, we have both the standard
action and dot action of W on bj.

Let O denote the Bernstein-Gelfand-Gelfand (BGG) category (see for example [3,
10]), and let Oy denote the principal block of O, i.e. the full subcategory of O consisting
of modules that are annihilated by some power of the maximal ideal of the centre of
U(g) which annihilates the trivial module. The simple modules of Oy are the simple
highest weight modules L(w) of highest weight w - 0, where w runs over W. We denote
the Verma module with simple head L(w) by A(w), and the projective cover of L(w)
by P(w). Finally, for w € W we denote by 6,, the indecomposable projective functor
on O (see [2]) satisfying

0w A(e) = P(w).

The corresponding objects for g; are denoted O/, Ly(w), L;, etc.
For a subalgebra a of g (here a will be either h; or 3;), a module M € O, and
A€ a®, let

M, :={me M|xm=rx)mforall x € a},
and define the support of M with respect to a as

Supp, M :={A € a* | M; #0}.

3. Parabolic induction. For A € 37, we define the induction functor from O to O
by

Ind; M = U(g) up, M*

for M e O!, where M” is the p;-module obtained from M by letting 3; act by A, and
u; act by 0. We also define the restriction functor from O to O by

IQE!S)L N = Nx

for N € O, where the action is restricted to g;.

LEMMA 3.1. If Annyg,) M = Annyg,) N for two gr-modules M and N, then
Annyg) Ind, M = Annyg) Ind;, N for any A € 37.

Proof. We have

Anny ) M* = (Annyg,) M) @ U3;) @ U(ur) + U(gr) ® ker A @ U(uy)
+U(gr) @ U(31) @ U(ur)-o,

where U(uy)-o denotes the elements of U(u;) of degree at least 1. Hence Anny,,) M* =
Anng,,) N*, so the result follows from [6, Proposition 5.1.7(ii)].

Let R; be the simple roots corresponding to /. The fundamental weights of h*
orthogonal to R; define a basis B; of 3}, which in turn define a partial order on 3} by
v < A for v, A € 37 if A — v is in the non-negative span of B;. For A € 37 and M € O,
let M, be the submodule of M generated by all M,, v £ A, and define

MS = M/Mg;.
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Generalising the situation when tensoring Verma modules with finite dimensional
modules, we get the following.

LEMMA 3.2. For a finite dimensional g-module V, M € O and ) € 37, the module
V ® Ind; M has a filtration

O=MyCcM,C---CM;=VQ®Ind, M
with
My/M; 1 = Inds . (Res,, V) ® M),

where iy > po > -+ > py € 37 and Supp,, V= {u1, ..., i}t

Proof. Let py, ..., ur €35 be as in the lemma, let By, ..., By be bases of
Res,, V, ..., Res,, V,and let B be a basis of M. Now define

M=) UGB ® (1 Bug, B)).

1<j<i

Asin the ‘standard’ case (se for instance [12, Satz 2.2]) we find that each M; isU(u; )-free
over

U 8 ® 0 sue) B.
1<j<i

In particular, as U(u; )-modules we have that
M;/M; 1 = U(u; )(Bi @ (1 Quqp,) B)).
Furthermore, it is straightforward to see that, as /(g;)-modules,
Ug(Bi @ (1 Qup) B)) = (Resy, V)@ M,

from which the statement follows. O

COROLLARY 3.3. For any A, u € 3}, finite dimensional g-module V, and M € o7 we
have

Res, (V ® Ind;, M)S* = (Res,_, V) ® M.
Proof. If p — A ¢ Supp,, V' the result is immediate as both modules are zero. On

the other hand, if © — 4 € Supp,, V, then by Lemma 3.2 the module (V' ® Ind, M )SH
has a submodule M’ isomorphic to

Ind,((Res,—» V) ® M),
and
Supp,,((V ® Ind; M)S*/M') < p,

from which the statement follows. O
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We now fix & € 37 to be the restriction of w_ -0 to 37, and let O¢ be the full
subcategory of O of modules satisfying Supp,, M < &. By [26, Proposition 11], Ind;

and Res; induce mutually inverse equivalences between Og and O, identifying L;(x)
with L(xw!w_) and A;(x) with A(xw!w,). Let pr, and pr} denote the projection
functors from O to Oy and O’ to Of, respectively.

LEMMA 3.4. For any M € O we have

Res; o pro(M) = pr{ o Resg(M).

Proof. Let A € h* with A[;, < &.If A|;, < & then
Res; o pro(L(A)) = prjoResg(L(1)) = 0,
so assume Al;, = &£. We then have that
Resg L(A) = Li(Alp,).
Furthermore, since A|;, = (w, - 0)|;,, we have that

L(x) ifx € Wiw, -0, or equivalently, Aly, € W, -0,

ro L(L) =
Pro L(4) {0 otherwise.

Hence the statement follows for simple modules since

Li(Aly,) if Aly, € W -0,
0 otherwise.

pro Li(Aly,) = {
For M € O%, let My = pry M and let M| € O¢ be such that
MZE=Myd M.

By definition, we have

Resg o pry M = Resz M. 2)
Let L()) be a composition factor of M. If A|;, < & then Resg L(1) = 0, and if A|;, = &
wemust have A|;, ¢ W; - 0,50 pr) o Resg L(A) = 0. Since both restriction and projection
are exact it follows that

prfoRes: M; = 0.

On the other hand, since M, € C’)g we have Res; M, e (’){], SO

pr) o Ress My = Res; M.
Since both restriction and projection are additive, it follows that

pr)oRes; M = Res; M.

Comparing with equation (2) yields the result. ]

https://doi.org/10.1017/5S0017089509990127 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089509990127

24 JOHAN KAHRSTROM

4. Proof of Theorem 1.1. We start by proving the building blocks used in the
proof of Theorem 1.1. We retain the notation from Section 3. In particular, we have
fixed & € 37 to be the restriction of w, - 0 to ;.

PROPOSITION 4.1. For each finite dimensional g-module V and M, N € (’)6, we have

Homy(V ® Indg M, Indg N) = Homg,(Resy V' @ M, N).

Proof. We have that

Homy(V ® Indg M, Indg N) = Homgy(pry(V @ Ind; M)S%, Indg N)
= Homyg, (Res; o pro(V ® Inde M)S%,N)
= Homyg, (pr) o Resg (V' ® Ind; M)S5, N)
= Homy, (Ress (V' ® Inds M)Sé, N)
= Homyg,(Resy V' ® M, N),

where the first isomorphism follows from the fact that Ind; N € (’)g, the second by
the adjointness of Resg and Indg, the third by Lemma 3.4, the fourth by the fact that
N € O}, and the fifth by Corollary 3.3. O

COROLLARY 4.2. For M, N € O} we have
Homy, (V, L;(M, M)) = Homg, (V, L;(N, N))
for all finite dimensional g;-modules V' if and only if
Homg(V’', L(Indg M, Indg M)) = Homgy(V’, L(Indg N, Indg N))
for all finite dimensional g-modules V'.
Proof. For the ‘only if” part, by Proposition 4.1 and [12, 6.8 (3)] we have

Homg(V’, L(Indg M, Indg M)) = Homgy(V’ ® Inde M, Ind; M)
= Homg,(Resy V' @ M, M)
= Homyg,(Resy V', L(M, M))
= Homyg, (Reso V', L(N, N))
= Homg,(Resy V' ® N, N)
= Homg (V' ® Indg N, Indg N)
= Homgy(V’, L(Indg N, Indg N))

for all finite dimensional g-modules V. Similarly, for the ‘if” part, we find that
Homyg, (Resy V', £L;(M, M)) = Homg,(Resy V', L;(N, N))

for all finite dimensional g-modules V. We need to show that this covers all relevant
finite dimensional g;-modules. We first note that

Homg, (V® M, M) # 0
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only if ¥y # {0}, where Vj denotes the h;-invariant subspace of V. This follows from
the fact that

Suppy, (V' ® M) € Suppy, V + Supp,, M
and, since M € Oy,
Suppy, M C ZRy,
while, if ¥y = {0},
Suppy, VNZR; = 0.

On the other hand, extending the highest weights of V' from g; to g and using the
classification of finite dimensional g-modules (see [6, Theorem 7.2.6]) we have that if
Vo # {0} then there is a finite dimensional g-module V such that V is a direct summand
of Resy V’. Now the result follows by induction on the dimension of V. ]

We need the following crucial observation made by V. Mazorchuk.

PROPOSITION 4.3. Kostant’s problem has a positive answer for any quotient of
Aw!iw,).

Proof. Consider a short exact sequence
0—> X — A(w!w,) > Y —0.
By [26, Proposition 5], we need to show that
Exty, (A(wlw,), 6:X) =0

for all x € W. Let C, and T, denote the completion functor and the twisting functor
associated with x € W, respectively, and let RC, and LT, denote the corresponding
right and left derived functors. They satisfy

CeA(w,) = A(x"'w,), and Ty A(x 'w.) = A(w,),

they form mutually inverse equivalences of the bounded derived category D?(O), and
they commute with projective functors (all this can be found in [1, 22]). Hence we have

Exty, (A(w!w,), 6x:X) = Homps o) (A(wlw,)[—1], 6:X)
= HOl’Ith(O) (,R,waA(wo)[—l], QYX)
= HOl’Ith(O) (Qx—l A(wo)[—l], LTw{ X)
To study LT,,: X, we note that X" € Og, and take a projective resolution

P — X 00— P,—---— P — Py— X — 0,

of X in this category.
In D?(O) we now have X = P*. Since O is equivalent to O}, since all projective
modules in Of have Verma flags, and since the equivalence maps Verma modules to
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Verma modules, the modules in P* have Verma flags. Since T, is acyclic on such
modules we have LT, P* = T, P*, and hence we have

HomDh(O) (QX—I A(wo)[—l], ;CngX) = Hompb(o) (Qx—l A(wo)[—l], ngp.)

For x € Wy, let P(xw!w_) denote the projective cover of the simple module L(xw’w_)
in (90@. We have that

A(wgwo) = P( gwo),
and, analogous to Oy, for each x € W there is a projective functor 6, such that

Plxwlw,) = o.A(wlw,).

o

Since twisting functors commute with projective functors we have
Ty P(xwlw,)) = 7,04 (ww,) = 0, T A(w!w,) = 0,Aw,).

Since A(w,) is a tilting module, and projective functors take tilting modules to tilting
modules, we have that ngi’(xwg w, ) is a tilting module for all x € W;. In particular,
T, P* is a complex of tilting modules. Similarly, 6,1 A(w,) is a tilting module, and
hence we have

Home(@) (ex—l A(U)O)[—l], Tw{P.) = HOl’n}Ch(O) (ex—l A(wo)[—l], ngP.),

by [9, Chapter I1I(2), Lemma 2.1], where X?(©) is the bounded homotopy category.
Since 0,1 A(w,)[—1] is concentrated in position 1, and LT, P* lies between position 0
and —k, this last Hom-space must be zero. Il

We can now put the above results together to prove Theorem 1.1.

Proof of Theorem 1.1. By [16, Lemma 3.3], there is a (unique) quotient D of A;(e)
satisfying Ann L;(x) = Ann D, and Kostant’s problem has a positive answer for D,
since D is a quotient of the dominant Verma module (see for example [11, 6.9]). Hence
we have

L(D, D) = U(gr)/ Ann D = U(g,)/ Ann Li(x) < L(Ly(x), L(x)). (3)
Furthermore, since L(xw!/w_) = Ind; L;(x) we have
Ann L(xw!w,) = AnnIndg D

by Lemma 3.1. Since Indg D is a quotient of Ind; Aj(w!) = A(w!w,), Kostant’s
problem has a positive answer for Ind; D by Proposition 4.3. As above, we have

L(nd; D, Indg D) — L(L(xw!w,), L(xw'w,)). 4)

If Kostant’s problem has a positive answer for L(x) then the injection (3) is a
bijection, so by Corollary 4.2 we have

Homg(V, £L(Ind; D, Indg D)) = Homg (V, L(L(xw!w,), L(xw!w,)))
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for all finite dimensional g-modules V. Hence the injection (4) is a bijection, and
Kostant’s problem has the positive answer for L(xw’w,). The proof of the converse is
completely analogous. ]

5. Alternative description of D. The module D used in the proof of Theorem 1.1
can be described as follows. If we set J = Ann L(x), then by [16, Lemma 3.3], JA(e) is
the unique submodule of A(e) satisfying

Ann(A(e)/J A(e)) = Ann L(x).

In particular, D := A(e)/JA(e) is the unique quotient of A(e) satisfying AnnD =
Ann L(x). Furthermore, the category O is equivalent to a certain category of Harish-
Chandra bimodules, and under this equivalence the module D corresponds to the
bimodule

U(g)/Ann L(x),

called a primitive quotient of U(g). A classical problem, which has not yet been solved
completely, is to determine the simple composition factors (with multiplicities) of
primitive quotients.

When beginning this work, the author used a more direct approach to find the
module D, inspired by ideas in [19]. Although not necessary for the current exposition,
the following proposition is interesting in its own right. It has close resemblance to the
description of D given in [7], which in our setting gives D as the image of a map

Ae) > C-1V(x). ®)

PROPOSITION 5.1. Let x € W. The unique quotient D of A(e) satisfying Ann D =
Ann L(x) is isomorphic to the image of a non-zero homomorphism

Ae) = O L(x7M).

We first note that this image is uniquely defined, since

dim Homg(A(e), 6 L(x~")) = dim Homg (6,1 Ae), L(x""))
= dim Homg (P(x7h), L(x7Y))
=1

To prove Proposition 5.1 we need to recall some further theory.

The category Oy has a Z-graded version OZ, in which the modules L(x), A(x) and
P(x), for x € W, all have standard graded lifts (where their heads are concentrated
in degree zero). Furthermore, the projective functors 6, x € W, also have graded
lifts (see [30]). For M € Og and i € Z, let M (i) denote the graded module defined by
M(l)/ = Alj_l'.

The Grothendieck group of Og is isomorphic to the Hecke algebra H of W,
i.e. the free Z[v, v~']-module over the basis { H,|x € W}, where multiplication is
given by H. H, = H,, if £(xy) = £(x) + £(y), and H,H, = H, + (v~! — v)H, for simple
reflections s € S. The Kazhdan—Lusztig basis is a basis of the Hecke algebra, whose
clements we denote by H , which are self dual under the duality H — H on ‘H given

https://doi.org/10.1017/5S0017089509990127 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089509990127

28 JOHAN KAHRSTROM

by H, = (H,1)"" and 7 = v~'. We also have the dual Kazhdan-Lusztig basis, whose
elements we denote by H ., which is dual to the Kazhdan-Lusztig basis with respect
to the symmetrising trace. We then have

[A(x)] = HL,
[P(x)] = H,,
[L(x)] = H,,

[0.__] = right multiplication by H ., and
i

[ ()] = multiplication by v™".

For a review of this theory, see [27], in particular Section 3.
For x,y € Wand H € HletkY e Z[v, v™'] be such that

H
HH=Y k!'H,.
yeWw
The right preorder on W is defined by x <z y if there exists an H € H with kﬁ , #0.
Dually, if & € Z[v, v™'7is such that

A AHp
HH=) Kk,
yew

then x > y if and only if there exists a H € H with l%’jy # 0 (see [23, 5.1.16]). The
left preorder is defined by x <; y if and only if x~! <z y~!. By [13, 20] we have the
important fact that

x < yifand only if Ann L(x) 2 Ann L(y).

The equivalence classes of <z and < are called right and left cells, respectively.
For x,y € W, let hy, € Z[v,v~'] with

ﬁy = Z h)c,yHX7

xeW

and for x, y,z € W, let k. € Z[v, v~'] with

HH, =73 ky:H..
zeWw

Note in particular that k. . = k... Now Lusztig’s a-function on ¥ (see [24]) can be
defined as

a(x) := max degk, - ..
y,zeW

It is constant on right cells, and in general we have (see [25, 1.3(1)])
a(x) < mindeg#, ,,

where, for 1 € Z[v, v™'], mindeg f is the minimal degree of f, i.e. the minimal element
i € Z such that the coefficient of v in f is non-zero. The Duflo set D (sometimes called
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the set of distinguished involutions) is defined as the set of elements d € W satisfying
a(d) = mindeg 4, 4.

By [25, Proposition 1.4, Theorem 1.10], each right cell contains precisely one Duflo
involution. Note that, by the BGG reciprocity, we have

[A@@)] =) he [L(¥)]

xeWw

Hence, given a right cell R of W, all composition factors in the form L(x), x € R of
A(e) occur in degree at least a(x), and there is precisely one such factor which occur in
degree a(x), namely the one corresponding to the Duflo involution in R.

Proof of Proposition 5.1. Fix x € W and denote the image of a non-zero
homomorphism from A(e) to 8, L(x~") by D. Since 6y is exact, applying it to

P(x 1 — L(x7h
gives
OxP(x") — O L(x7"). (6)

First, we have, for some k-1 . € Z[v,v™!],

O LGN =HoH, =) ki Ho =) ke L),

zeW zeW

and k1 . # 0implies z <z x~! so all composition factors of 6, L(x~') are in the form
L(y), where y <z x~!. On the other hand, we have

[P =H H = ke H. =Y ke, [PE)],

zeW zeW

and k1 . # 0 implies z > x~!. Hence the head of 6, P(x~!) has only simple factors
in the form L(y), y >z x~'. From equation (6) it follows that ,L(x~!) has minimal
degree greater than or equal to —a(x~!), and that the head of 6, L(x~") has only simple
factors in the form L(y), y ~z x~'. Furthermore, since 6, L(x~") is self-dual, 6, L(x~")
has maximal degree smaller than or equal to a(x~"), and all its simple submodules are
in the form L(y), y ~z x~\.

In particular, the maximal degree of D is bounded by a(x~!), and all simple
submodules of D are in the form L(y), y ~z x~'. But the only such submodule
occurring on degree a(x~!) or smaller in A(e) is L(d), where d is the unique Duflo
involution in the same right cell as x~!, occurring precisely once in degree a(x~!). Hence
D has L(d) as its unique simple submodule, and all other simple composition factors are
in the form L(y), y <g d. By [15, Proposition 6.2 (ii)] it follows that Ann D = Ann L(d),
and Ann L(d) = Ann L(x) as d ~ x. Since D is the unique quotient of A(e) with this
property, we must have D = D. O

In [31] Stroppel shows that the map (5) has a graded lift, which allows her to give
an upper bound on the multiplicities of simple composition factors of the primitive
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quotient U/(g)/ Ann L(x) as (here written in the setting of Oy)

[D: L) < Y max {[A(e): Ly)D] [Cor V(x): L)} @)

ieZ

Similarly, from Proposition 5.1 we obtain the following upper bound:

[D: L)) < ) max {[A(e): LD [BL(x"): L)} ®)

ieZ
For Lie algebras of small rank, the bound (8) is finer than the bound (7), but we
have not been able to show this in general. However, in [31] Stroppel greatly refines the
bound (7) by using the the Duflo-Zhelobenko four step exact sequence

0 = CorV(sx) = Cln1 V(1) 25 Gt V(x) = Cionr V() = 0.

It does not seem to be possible to find a similar refinement of our bound.

6. Kostant’s problem for sls. In [19], the answer to Kostant’s problem was given
for all simple modules in Oy for sl,, n < 5, and partial results were obtained for slg.
In type A4 the answer to Kostant’s problem is a left cell invariant by [27, Theorem 60].
Furthermore, since in type A4 there is a unique involution in each left cell, it suffices to
solve Kostant’s problem for involutions. The Weyl group for sl is Sg, which contains
76 involutions. For 45 of these Kostant’s problem were shown to have a positive answer,
for 17 the answer was negative, and for 11 it remained unknown.

We expected that Theorem 1.1 would answer many of these 11 unknown cases, but
it actually turned out to answer only two. The involution s;s5,5155 is in the same left cell
as the element

1
S154 - W W,

where I = {s1, 52, 53, 54}. By [19, Corollary 21], Kostant’s problem has a positive answer
for the sls-module L(s;s4), and hence by Theorem 1.1 Kostant’s problem has a positive
answer for the slg-module L(s;525155). By symmetry of the Coxeter diagram, Kostant’s
problem also has a positive answer for L(s1545554). Hence answer to Kostant’s problem
is still open for the modules

L(5253545352),  L(52515453528554),  L(81535254535251555453),
L(525153545382),  L(5152535254535281),  L(82515352515455545352),
L(525453825554),  L(5253525455545352),  L(525153525453525155548352).

ACKNOWLEDGEMENTS. The author thanks V. Mazorchuck for fruitful comments,
suggestions and discussions.

REFERENCES

1. H. H. Andersen and C. Stroppel, Twisting functors on O, Represent. Theory 7 (2003),
681-699.

https://doi.org/10.1017/5S0017089509990127 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089509990127

KOSTANT’S PROBLEM AND PARABOLIC SUBGROUPS 31

2. J. N. Bernstein and S. I. Gelfand, Tensor products of finite- and infinite-dimensional
representations of semisimple Lie algebras, Compositio Math. 41(2) (1980), 245-285.

3. I. N. Bernstein, I. M. Gelfand and S. I. Gelfand, A certain category of g-modules.
Funkcional. Anal. i Prilozen. 10(2) (1976), 1-8.

4. N. Conze, Algeébres d’opérateurs différentiels et quotients des algébres enveloppantes,
Bull. Soc. Math. France 102 (1974), 379-415.

5. N. Conze-Berline and M. Duflo, Sur les représentations induites des groupes semi-
simples complexes. Compositio Math. 34(3) (1977), 307-336.

6. J. Dixmier, Enveloping algebras, Graduate Studies in Mathematics, 11, (American
Mathematical Society, Prodivence, RI, 1996).

7. M. Duflo, Sur la classification des idéaux primitifs dans I’algébre enveloppante d’une
algebre de Lie semi-simple, 4nn. Math. 105 (1977), 107-120.

8. O. Gabber and A. Joseph, On the Bernstein—Gelfand-Gelfand resolution and the Duflo
Sum formula, Compositio Math. 43(Fasc. 1) 1981, 108-131.

9. D. Happel, Triangulated categories in the representation theory of finite-dimensional
algebras, London Mathematical Society Lecture Notes Series, Vol. 119 (Cambridge University
Press, Cambridge, UK, 1988).

10. J. Humphreys, Representations of semisimple Lie algebras in the BGG category
O, Graduate Studies in Mathematics 94 (American Mathematical Society, Providence, RI,
2008).

11. J. C. Jantzen, Moduln mit einem hochsten Gewicht, Lecture Notes in Mathematics,
Vol. 750 (Springer-Verlag, Berlin, 1979), ii—195.

12. J. C. Jantzen, Einhiillende Algebren halbeinfacher Lie-Algebren, u Ergebnisse der
Mathematik und ihrer Grenzgebiete (3), Vol. 3 (Springer-Verlag, Berlin, 1983).

13. A. Joseph, A characteristic variety for the primitive spectrum of a semisimple Lie algebra,
Non-commutative harmonic analysis (Actes Colloq., Marseille-Luminy, 1976), 102-118. Lecture
Notes in Mathematics, Vol. 587, Springer, Berlin, 1977.

14. A. Joseph, Dixmier’s problem for Verma and principal series submodules, J Lond.
Math. Soc. 20 (1979), 193-204.

15. A. Joseph, Kostant’s problem, Goldie rank and the Gelfand—Kirillov conjecture, Invent.
Math. 56 (1980), 191-213.

16. A. Joseph, Goldie rank in the enveloping algebra of a semisimple Lie algebra, I, J.
Algebra 65 (1980), 269-283.

17. A. Joseph, Kostant's problem and Goldie rank, Noncommutative harmonic analysis and
Lie groups (Marseille, 1980), 249-266, Lecture Notes in Mathematics, 880 (Springer, Berlin-New
York, 1981).

18. A.Joseph, A sum rule for scale factors in the Goldie rank polynomials, J. Algebra 118(2)
(1988), 276-311.

19. J. Kahrstrom, V. Mazorchuk, A new approach to Kostant’s problem, preprint
arXiv:0712.3117.

20. D. Kazhdan and G. Lusztig, Representations of Coxeter groups and Hecke algebras,
Invent. Math. 53(2) (1979), 165-184.

21. O. Khomenko and V. Mazorchuk, Structure of modules induced from simple modules
with minimal annihilator, Can. J. Math. 56(2) (2004), 293-309.

22. O. Khomenko and V. Mazorchuk, On Arkhipov’s and Enright’s functors, Math. Z.
249(2) (2005), 357-386.

23. G. Lusztig, Characters of reductive groups over a finite field, in Annals of Mathematics
Studies, Vol. 107 (Princeton University Press, Princeton, NJ, 1984).

24. G. Lusztig, Cells in affine Weyl groups, in Advanced Studies in Pure Mathematics,
Vol. 6 (North-Holland, Amsterdam, 1985).

25. G. Lusztig, Cells in affine Weyl groups, 11, Algebra 109(2) (1987), 536-548.

26. V. Mazorchuk, A twisted approach to Kostant’s problem, Glasgow Math. J. 47 (2005),
549-561.

27. V. Mazorchuk and C. Stroppel, Categorification of (induced) cell modules and the rough
structure of generalised Verma modules, Adv. Math. 219(4) (2008), 1363-1426.

28. V. Mazorchuk and C. Stroppel, Categorification of Wedderburn’s basis for C[S,], Arch.
Math. (Basel) 91(1) (2008), 1-11.

https://doi.org/10.1017/5S0017089509990127 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089509990127

32 JOHAN KAHRSTROM

modules, Comment. Math. Helv. 72(4) (1997), 503-520.

30. C. Stroppel, Category O: Gradings and translation functors, J. Algebra 268(1) (2003),
301-326.

31. C. Stroppel, Composition factors of quotients of the universal enveloping algebra by
primitive ideals, J. Lond. Math. Soc. (2) 70(3) (2004), 643—-658.

32. D. Vogan, Ordering of the primitive spectrum of a semisimple Lie algebra, Math. Ann.
248(3) (1980), 195-203.

https://doi.org/10.1017/5S0017089509990127 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089509990127

