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Spectral approximation theorems for

bounded linear operators

W.S. Lo

In this paper we present some approximation theorems for the

eigenvalue problem of a compact linear operator defined on a

Banach space. In particular we examine: criteria for the

existence and convergence of approximate eigenvectors and

generalized eigenvectors; relations between the dimensions of

the eigenmanifolds and generalized eigenmani folds of the

operator and those of the approximate operators.

1. Introduction

Let / lie a real or complex Banach space and [X] the space of

bounded l inear operators on X into X . For A in [X] l e t |U||

denote the usual operator norm \\A\\ = sup \\Ax\\ , and nU) denote the
\\x\\<L

null space of A . Let o(A) denote the spectrum of A , that is, the

set of numbers X for which XI - A fails to have an inverse in [X] .

In numerical solutions for the eigenvalue problem for an operator

equation

Tx = Xx ,

often we are led to solve corresponding approximate equations

T x = X x ,
n n n n '

where T, T belong to [X] and ||T -7| | -»• 0 . I t i s of in te res t to know:
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(a) for an arbitrary eigenvalue X of T , is there a sequence

of eigenvalues X of T such that X -»• X ?n n n

(b) for an arbitrary eigenvector x of T , is there a sequence

of eigenvectors x of T such that x -*• x ?

The first question was answered by Putnam [9] under very general

conditions. As for the second question, Pol'ski i [S] showed by way of an

example that for x in r\(\i-T) there need not exist x in n [\x -T 1
n v n n'

such that x• -*• x even when T and T , n 2 1 , are compact. Andrew

and Elton [23 established a necessary and sufficient condition for which

(b) holds when X is a Hilbert space and T, T , n > 1 , are compact.

This paper offers improvements and generalizations of their main result.

As a generalization i t establishes, for an arbitrary but fixed generalized

eigenvector of a compact operator T on a Banach space, a necessary and

sufficient condition for the existence and convergence of generalized

eigenvectors of the approximate operators T . Other results compare the

dimensions of eigenmanifolds and generalized eigenmanifolds of T with

those of T .

2. Eigenvectors and eigenmanifolds.

The following theorem is essential for obtaining the later results.

THEOREM 1. Assume T, Tn (. [X] and \\Tn~T\\ ->• 0 . Let pw in

o{Tn) be such that y -»• u . Then u belongs to o(T) . Now assume T

is compact^ r\i i- 0 3 x (. r\ (y -T ) and \\x \\ = 1 . Then there exist

sequences \T >, <x > and x in X such that x •*• x € nCv-T) as

i •*•<*>. For n sufficiently large we have

dimn fu -I1 ] 5 dimnCu-J1) .v n n'

Let Ma n(u-2") and M <= n(p -2" ) be subspaces such that x € M^

x •*• x implies x € M . Then dimM 2 dimM eventually.

Proof. The first part is well known and can be proved
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contrapositively as follows: if y £ o(T) then

A - Tn = I - (\i-T)~
1[Tn-T+\i-\) , and hence (X-Tj"1 € [X] whenever

\\T-Tj

To prove the second part, let us consider the sequence {Tx } . Now

T is compact implies there exists a subsequence iTx > and a vector x

in X such that Tx ->- yx as i -> °° . Since 21 x = y x we have
'i "i "i "i

Hence ||y x -l-1^ •* 0 as i •* °° . Now y / 0 eventually and
If

-x\\ - M x -\ix-x\v -y

implies x -x •+ 0 as {,-*•<*>. I t follows that

| | T x - y x | | 5 \\Tx-Tnx\\ + ^ x - ^ ^ \\ + \\T X - v n *n \ * \ k * n \
1, If If if IS If If If if If .

But each term on the right hand side of the inequality tends to zero, so

Tx = yx and x i s an eigenvector of T corresponding to y .

Note that special cases of M and M are M = r\(\i-T) ,

M = n [v-Tn) • I t remains to prove that dimAf S dimW for n

sufficiently large. Suppose that dimW i m for a l l n in an inf in i te

set <7 . Then there exists x , in M such that

. ^ 1

for n in J , k = 1, . . . , m , and a l l choices of c . . Hence by the
J

hypotheses on M and M and the part of the theorem already proved there
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exists {%)' \\k} ' Bnd Xk ' * = 1 . • • • . « , m W with * xk

a s £ •* , n in- J . Therefore ||x, || == 1 and
k-1

- J ex. > 1 for

k = 1, . . . , m , and a l l choices of a . , so that dimM 5 m . Contraposit-
0

ively, i f dimW < m then dimM < m for n sufficiently large.

LEMMA 1. Let M and M , n = 1, 2, . . . , be subspaoes of X , and

dimA/ < °° . If for every x in M there exists x in M such that

||x -x|| -»• 0 then there exists an integer N such that dimM > dimW for

all n > N .

Proof. Without loss of generality assume dimM = m . Let

{x. : i = 1, . . . , nt\ be a basis for M . Suppose for each i = 1, . . . , m

there exists x . in M such that ||x .-x.| | •* 0 as n -*• °° . Let

c = { (a, e ) : a. is a scalar for 1 S i 5 m\ . Define the compact

s e t D c if b y D = {[a a ) : max|(3.| = l} . Define functions /

and fn on D :

m
L * J

and

Note that f is continuous and, by the triangle inequality, f •*• f

uniformly on D . Now it follows from the linear independence of

{x. : i = 1, ..., m\ that min / > 0 . Therefore there exists an integer
% D

N such that {x . : i- = 1, . . . , m) is linearly independent and
Tit*

dimM > dimW fo r a l l n > N .n

The next theorem gives a necessary and sufficient condition for the
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existence of x^ in n (y -21 J , n = 1, 2, . . . , such that x converges

to an arbi trary but fixed element x in r\(\i-T) . Pol'skiT [S] showed by

way of an example that when dimri(y-T) > 1 there may be vectors in rKy-J7)

which can not be obtained as the l imit of any sequence of eigenvectors of

Tn , even with T^ compact for n = 1, 2

THEOREM 2. Let T, T € [X] , T compact,, and \\T -T\\ -»• 0 . Let

y # 0 be an eigenvalue of T , and let y^ be eigenvalues of T^ such

that y •* y . Then the following are equivalent:

(a) dimn(y -2"n) = dimnCy-T) eventually;

(b) for every x in n(y-T) a \\x\\ = 1 ^ there is a sequence

{xj such that xn € n [vn-T^ and xn •* x .

Proof. We note tha t , in the complex case, the existence of y such

that y •* y was proved by Putnam [9] .

To show (a) implies (b) , f i r s t note that T i s compact implies that

dimnCy-r) = m < °° . Suppose (a) does not imply (b). Then there exist a

vector a; in r\{\i-T) , a s t r i c t l y increasing sequence of positive integers

S , and a number d > 0 such that ||a:w-a;|| > d for a l l n in S , and for

a l l xn in r\[]in-'fn) such that ||a; || = 1 . By (a) for each n

sufficiently l a rge , n in S , there exis ts ill . - y c .U > l

for 1 S i S m , and for any choices of a. . By Theorem 1 there exists a
3

subsequence of posit ive integers S c S and </>• in n,(y-T) with

ty . ->• ty. as n •* «> , f o r 1 S i S m , n € S' It follows that ll^ll = 1

for 1 S i 5 m and

> i

for any choices of a. . Therefore ty. , . . . , ^ are l inear ly independent,

and n(y-T) = spanfij;., . . . , ty } . Hence there exist a. , l < i S m ,
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m m
such that x = J a.ty. . Let x = \ a.ty • for n in SQ . Then

x t r\[\in~Tn) and ||x -x\\ •* 0 as n -*• °° , « in 5_ which is a

contradiction.

(b) implies (a) follows from Theorem 1 and Lemma 1.

REMARKS. 1. Theorem 2 i s a generalization and an improvement of a

theorem proved by Andrew and Elton [2 ] , In addition to the hypothesis in

Theorem 2, they assumed that X is a Hilbert space and the operators T ,

n = 1, 2, . . . , are compact. As a consequence they obtained a dimensional

inequal i ty dimn (y^-T^J > dimn (y-T) in (a) instead of the dimensional

equali ty dimn (y^-27^) = dimn(y-r) for n suff iciently large.

2. If in Theorem 2 we assume in addition that X i s a complex Banach

space, then resu l t s in [6] s t a te that for x in r\(\i-T) , \\x[\ = 1 , there

exis t xn in r\ [y^-T^J such that x ->• x , and some sort of error

estimate is also given there . Andrew [1] proved the same resul t by

assuming, in addition to the assumptions in Theorem 2, that X i s a real

or complex Hilbert space, T is compact for each n , and y is a simple

eigenvalue of T (that i s , dimn(y-2") = 1 ) .

3. Generalized eigenvectors and generalized eigenmanifolds

Assume T i s compact, and y i s a non-zero eigenvalue of T . Let

D(\l, e) be a disc (or in terval in the real case) centered at y with

radius e . Choose e so small that D(y, e) n D(\i' , e) = 0 for y1

any eigenvalue of 1 other than y . For k < °° , l e t y . in

D(\i, e) , for j = 1, . . . , k , be eigenvalues of T . We note that for a

fixed n there may be an inf in i te number of eigenvalues of T in

D{\i, e) . I t i s shown in [6] that when X i s a complex Banach space and

for n suff ic ient ly la rge , the set of eigenvalues of T in 0(y, e) i s

a non-empty f in i t e s e t , {y . : j = 1 k } , such that

max |y-y .| •* 0 .

n
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The following theorem compares t he dimensions of the genera l ized

eigenmanifolds of T with those of T .

n

LEMMA 2. Let T, Tn d [X] „ n = 1 , 2 , . . . . Assume \\Tn~T\\ •» 0 ,

T compact, and u a non-zero eigenvalue of T . Suppose for each n ,
u j , is an eigenvalue of T for k = 1 , . . . , k , andnK n n
max I H ^ - U I -*• 0 . Choose any non-negative integers y and y 7 j

nK nK

k
n

k = 1, . . . , k j such that 1 y , £ y . Then for all n sufficiently
n k=1 nK

k

large f dimn (y ,-T ) nk £ dimn[(y-r)Y] .
k=l \_ n n J

k
n

Proof. Without loss of generality, £ Y ̂  = Y for all n . It
k=l n

follows from 110, p. 317] that

•k
n

T T W -T
k=l "* n

yA n
) ** - ©

fc=l

and

ne U

dimn
n

TT
k=l

? n and T

c

y I

by

- T u
n n n

k

k

-fr
fe=l

Then 31 -»• 2* and VJ •* yY . Since T i s compact, Lemma 1 implies t ha t

dimn(p -T ) £ dimn (VJY-T) even tua l ly . The a s se r t i on fellows.

An immediate consequence of Theorem 2 and Lemma 2 i s the following

general ized version of Theorem 2.
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THEOREM 3 . Let T, T € [X] , n = 1 , 2 Assume \\T -T\\ •*• 0 ,
n n

T compact and y a non-zero eigenvalue of T . For k = 1, . . . , k ., let

y , be eigenvalues of T such that max |y , —p | -»• 0 . Choose any

non-negative integers y and y . , k = 1, ..., k satisfying

kn
F Y r, - Y • Then the following are equivalent:

fe=l nK

kn Y
(a) I dimn(y P-T ) nk = dimn(p-T)Y eventually;

k-1

(b) for every x in nCy-r) j llxll = 1 , there exists a sequence

n Y
{x } such that x in r\ »nk

and x •*• x .

Applying Theorem 3 to the case in which \i •*• y , T x = y x and

Tx = \ix with y # 0 . We then obtain a necessary and sufficient condition

for the existence of a sequence of generalized eigenvectors {x } of {T }

converging to an a rb i t ra ry but fixed generalized eigenvector x of T .

COROLLARY. Let v and vn , n = 1, 2, ... , be eigenvalues of T

and T respectively, such that y # 0 and y •* y . Then for any

positive integer y the following are equivalent:

(a) dimn(yn-rw)Y = dimn(y-T)Y eventually;

(b) for every x in r\{\i-T) , \\x\\ = 1 , there exists a sequence

{xn} such that xn € n (*Vr
n)Y x

n
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