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THE LAPLACE TRANSFORM ON A CLASS OF BOEHMIANS

DENNIS NEMZER

The one-sided Laplace transform is defined on a space of generalised functions
called transformable Boehmians. The space of one-sided Laplace transformable
distributions is shown to be a proper subspace of transformable Boehmians. Some
basic properties of the Laplace transform are investigated. An inversion formula
and an Abelian theorem of the final type are obtained.

1. INTRODUCTION AND PRELIMINARIES

A relatively new class of generalised functions, called Boehmians, has opened the
door to new areas of research (see [4, 5, 6, 7, 8, 9]). The class of all Boehmians is quite
general. Indeed, the space of all Schwartz distributions on the real line (circle) can be
identified with a proper subspace of Boehmians [4, 8]. There are Boehmians which are
not functions that satisfy Laplace's equation uxx +uyy — 0 [6]. Also, there are periodic
Boehmians which are not periodic hyperfunctions [9].

In this note, we define the one-sided Laplace transform on a subclass of Boehmians
(which is also a subclass of regular Mikusinski operators [2]) and investigate some of
its properties.

Let 0 be a subset of the real line R. The space of all continuous complex-valued
functions on fi will be denoted by C(fi). The space of all functions / e C(R) such
that f(t) = 0 for t < 0 will be denoted by C+(R). The support of a continuous
function / , denoted by supp / , is the complement of the largest open set on which / is
zero. The convolution product of two functions / , g € C+(R) is given by (/ * g)(t) -
fif(t-u)g(u)du.

A sequence of continuous nonnegative functions {y>n} will be called a delta sequence
if

00

(ii) suppy>n C [0, en] , en -> 0 as n -> oo (en > 0).
The following easily proved result will be needed. If / is a continuous function and

{<pn} is a delta sequence, then / * <pn —> f uniformly on compact sets as n —* oo.

A pair of sequences (fn, ipn) is called a quotient of sequences, if /„ 6 C+(R)
for n = 1, 2, . . . , {<pn} is a delta sequence, and fk * <fim = fm * fk for all k and
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m. Two quotients of sequences (fn,8n) and (gn, an) are said to be equivalent if
fk * <Tm = 9m * 6k for all k and m. A straightforward calculation shows that this
is an equivalence relation. The equivalence classes are called Boehmians. The space
of all Boehmians will be denoted by /? and a typical element of /? will be written as
x = fn/Sn- For a more general construction of Boehmians see [4].

By defining a natural addition, multiplication and scalar multiplication on (3, that
is fn/Sn + gn/<rn = (fn * crn + gn * 6n)/Sn * an, fn/6n * gn/<rn = fn * gn/6n * <rn, and
afn/Sn = ocfn/Sn where a is a complex number, /? becomes a convolution algebra.

Since the Boehmian 6n/8n corresponds to the Dirac delta distribution, we denote it
by 6. Moreover, the nth derivative of S is given by the formula Dn6 = 6^ = 8k /8k,
where {6n} is any infinitely differentiable delta sequence. In general, the nth derivative
of x £ (3 is given by Dnx = x * £<n).

By the translation operator on C+(R), we mean the operator Ta, a real, such
that (raf)(t) = f(t — a) for —oo < t < oo. The translation operator can be extended
to an element x = /„/£„ € /? by rax = Tafn/Sn.

A sequence {xn} of Boehmians is said to converge to the Boehmian x, denoted
by 6 — limxn = x, if there exists a delta sequence {£n} such that for each n and k,
^n* 8k, x *6k £ C+(R) and for all k, (xn — x) * 8k —* 0 uniformly on compact sets as
n —» oo.

Since convolution is a continuous operation on /?, if 6 — limzn = x then
6 -liinDmxn = Dmx for m = 0, 1, 2, ....

2. THE LAPLACE TRANSFORM

A Boehmian x is said to be transformable if there exists a delta sequence {8n} and
a nonnegative number a such that x * $n £ C+(R) for all n and x * 8n = O(exp (at))
as t —* oo for all n. The space of all transformable Boehmians will be denoted by @L, .

A Laplace transformable distribution / £ £+ [11] can be identified with the
Boehmian / * 6n/Sn £ (3L where {£„} is any delta sequence. Indeed, by using the
representation

k

(2.1) f = ^2a(d/dt)i[ap(at)Gi(t)]
t=0

where for each i, c,- is a complex number Gj € C [0, oo) and G, = O(tm) as t —» oo
(for some m) [10], we see that / *Sn <E C+(R) and f *Sn = O(exp (at)) as t —> oo for
all n . Thus £+ can be viewed as a subspace of /?£,. The space C+ is actually a proper
subspace of /?£ (see Example 2.6).

If / 6 C+(R) such that f(t) = 0(exp (at)) as t —> oo, for some real number
a , then the Laplace transform of / is given by F(z) = £[/] = /0°°exp(—zt)f(t)dt for
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Rez > a . Now, for x G fa where x*6n G C+(R) and x*Sn = 0(exp(a<)) as t —> oo for
all n , the Laplace Transform C[x] of x is defined by the equation £[x]£[5n] = £[z*£n]
for all n .

By using the Convolution Theorem for Laplace transforms and the fact that if {£„}
is a delta sequence then for every complex number z, C[Sn](z) —» 1 as n —• oo, we see
that the Laplace transform for each transformable Boehmian is well-defined. Moreover,
for each x G fa there exists a half-plane in which C[x] is an analytic function.

Now, if / G £+ then / has a Laplace transform as a member of £+ and as
a member of fa. By using the representation (2.1) for / it follows that the two
definitions for the Laplace transform agree on C+.

As the next theorem shows, many of the standard properties concerning the ordi-
nary Laplace transform are preserved. Since the proof follows directly from the defini-
tions and the properties of the ordinary Laplace transform, it is omitted.

THEOREM 2 . 1 . For x, y G fa > if X(z) and y(z) are the Laplace transforms of
x and y respectively, then:

1. C[x+y]=X(z) + y(z).
2. £[aa;] = aX(z), a a complex number.

3. C[Dnx) = znX(z).

4. C[x*y] = X{z)y{z).
5. C[rax] = exp(—az)X(z), a a real number.
6. (Uniqueness Theorem) If X(z) - 0, then x = 0.

THEOREM 2 . 2 . (Inversion Formula) For eacii x G fa, x = 6 - liml/27ri
7+ioo

J exp(zt)C[x * Sn](z)dz, where {6n} is any delta sequence such that for each n,
y—ioo

x * Sn G C^(R) and x * 8n — O(exp(ai)) as t —» oo, and 7 is any real number such

that 7 > a .

PROOF: The existence of a delta sequence such that for each n, x * 6n G C^(R)
and x * Sn = O(exp(at)) as t —> 00 is not as restrictive as it first appears. Indeed,
suppose for each n, x * <pn G C+(R) and x * <pn = O(exp(at)) as t —> 00 for some
delta sequence {fn}- Let {V>n} be any infinitely differentiate delta sequence (that is
i>n £ C^'(R) for all n). Then the delta sequence {Sn}, where Sn = ipn * tj)n for all n,
will be the desired delta sequence.

Now, since for each n, x * Sn G C^(R) and x * Sn = O(exp(at)) as t —* 00,
we have that for each integer k and for all n, the function C[x * Sn](z)/(1 + \z\)

is bounded in the half-plane Rez ^ 7, where 7 > a. Hence, for n — 1, 2, . . . ,
(x *Sn)(t) = l / (2ir i ) / 7

7^exp(zt)£[z * Sn](z)dz, for any 7 > a (see [3]). Now, for
k = 1, 2, . . . , (z * Sn) *Sk = (x * Si) * Sn —» x *6k uniformly on compact sets as n —> 00.
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That is, 6 — lim (z * 6n) = x and the result is established. 0

DEFINITION 2.3: Let Q be an open subset of R. A Boehmian x is said to be
equal to a continuous function / on fi, denoted by x = / on f2, if there exists a delta
sequence {6n} such that x * 6n € C{R) for all n and x*6n —> f uniformly on compact
subsets of fl as n —> oo.

The support of x 6 /?, written supp x, is the complement of the largest open set
on which x is zero. For example, given any delta sequence {Sn} and e > 0, Sn(t) -+ 0
uniformly for |tf| > e as n —> oo. Thus, suppDnS = {0} for n = 0, 1, 2,

Suppose that x = fn/Sn 6 /? such that x has bounded support. It is not difficult
to show that

(2.2) s u p p / n C supp a; + supp£n for all n,

and hence, for each n, the function x * Sn is bounded. Thus we obtain the following
theorem.

THEOREM 2 . 4 . If x e 0 has bounded support, then x £ f3L.

THEOREM 2 . 5 . Suppose that {xn} is a sequence of Boehmians such that
S - lima;n = x and suppxn C [0, T] for all n (for some T ^ 0). Then Xn -> X
uniformly on compact sets as n —> oo.

PROOF: Suppose that for each n, supps n C [0, T] and 6 — l imxn = x.
Then supp a; C [0, T] and there exists a delta sequence {£„} such that for each
n and k, xn * 6k, x * 6k € C+(R) and for each k, (xn — x) * 6k —* 0 uniformly
on compact sets as n —» oo. By (2.2) we may assume that for each n and k,
supp (a;n *6k), supp (x * 6k) C [0, T + 1].

To complete the proof it suffices to show that for each complex number zo 6 C
there exists a neighbourhood S(e) (e > 0) for ZQ such that Xn —> A" uniformly on S(e)
as n —» oo. Let zo 6 C. Since for each k, C[6k] is continuous and £[5jb](.zo) ^ 1 as
A; —> oo, there exist an integer fco and an e > 0 such that |£[£AO](2) | ^ 1/2 for all
z G 5(e) . So, for each z € S(e),

(2.3)
I*B(*) - x(z)\ = |£[xn * ^(zj/rifcoK*) - £[x * fcoMACfroK*)!

< 2 | £ [ z n * 5 t o ] ( * ) - £ [ 1 * ^ 1 ( ^ ) 1 .

Now, since for each n, supp(xn * £*o), supp(x*£t0) C [0, T + 1] and
(xn — x) * 6k0 -> 0 uniformly on compact sets as n —* oo, C[xn * 6k0] —> C[x * 6k0]
uniformly on compact sets as n —> oo. The proof is completed by applying (2.3) to the
above. D
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It is well-known that if / G £+ , then there exist a real number a and a polynomial
P such that F(z) is analytic in the half-plane Re ^ a and |-F(z)| ^ -Pd2!) for Rez ^ a
[11]. Thus, the following example demonstrates that £+ is a proper subspace of /3x,.

EXAMPLE 2.6: Since for each a > 1 the Denjoy-Carleman class C / { l / r ( l + an)}

(r( t) = /0
coexp(-w)u*-1dtt) is not quasi-analytic, xa = £ Dn6/T(l + an) E 0

n=0

(see [1]). Now, for a > 1, suppxa = {0} (see [1]), thus xa £ /?£,. Moreover,
oo

by applying Theorems 2.1 and 2.5, for each a > 1, C[xa] = X) zn/T{l + an).
n=0

Furthermore, C[xa] is an entire function of order I/a (that is, for every e > 0,

£[za](z) = Of exp (\z\ ' a + e j j as \z\ —» oo, but this relation does not hold for any

e < 0 ) .
Since a locally integrable function / can be identified with the Boehmian f*Sn/Sn

(where {Sn} is any delta sequence), we say that a Boehmian x is equal to / on an
open set il it x — / = 0 on Cl.

For a transformable Boehmian x that is equal to a well-behaved function on (T, oo)
for some T > 0, we prove an Abelian theorem of the final type. That is, we relate
the asymptotic behaviour of x at infinity to the asymptotic behaviour of X(z) at a
singularity.

It is well-known [3] that if h is a locally integrable function such that
lim h(t)exp(—zot)/tx = A [A and ZQ complex, Re A > —1), then C[h] = H(z)

t—>oo

exists for Rez > Rezo and
(2.4) lim (z - zo)A+1#(z)/r(A + 1) = A for |arg(z - zo)\ ^ ip < TT/2.

Z *ZQ
Suppose that x = fn/f>n is a transformable Boehmian having bounded support. By
(2.2) we see that for each n, /„ also has bounded support, and hence Fn(z) is an entire
function for all n. Moreover, for each z € C £[5n](z) —» 1 as n —» oo and C[Sn] is also
an entire function for all n. Thus, X(z) is an entire function and hence

(2.5) lim (z - zo)
X+1X(z)/T(\ + 1) = 0 (where Re A > - 1 , zQ complex).

Z—'ZQ

Now, suppose that x 6 (3L such that over some interval T < t < oo, x is equal to
a locally integrable function h and lim h(t)exp(—zot)/tx = A {A and ZQ complex).

t—>oo

Then, x = y + h, where y is a transformable Boehmian having bounded support.
Applying (2.4) and (2.5) to x = y + h we obtain the next theorem.

THEOREM 2 . 7 . Let x E PL such that over some semi-infinite intervaJ T <
t < oo, x is equal to a locally integrable function h and lim h(t)exp{—zoi)/tx =

t—»oo

A (A and z0 complex, Re A > — 1). Then X(z) exists tor Rez > Rez0 and
Jdm (z - z o ) A + 1 #(z) / r (A + 1) = A in |arg(z - zo) | < r/> < TT/2.
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