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JACOBI MATRICES AND THE SPECTRUM
OF THE NEUMANN OPERATOR
ON A FAMILY OF RIEMANN SURFACES

JULIAN EDWARD

ABSTRACT  The Neumann operator1s an operator on the boundary of a smooth man-
1fold which maps the boundary value of a harmonic function to its normal derivative
The spectrum of the Neumann operator 1s studied on the curves bounding a family of
Riemann surfaces The Neumann operator 1s shown to be 1sospectral to a direct sum of
symmetric Jacob1 matrices, each acting on 2(Z) The Jacobi matrices are shown to be
1sospectral to generators of bilateral, linear birth-death processes Using the connection
between Jacobr matrices and continued fractions, it 1s shown that the eigenvalues of the
Neumann operator must solve a certain equation involving hypergeometric functions
Study of the equation yields uniform bounds on the eigenvalues and also the asymp-
totics of the eigenvalues as the curves degenerate into a wedge of circles

1. Introduction. In this paper, we shall study the spectral properties of the Neu-
mann operator on a certain family of curves which degenerate into a wedge of circles.

The Neumann operator is a pseudodifferential operator living on the boundary of a
smooth domain. The spectral properties of the Neumann operator have not been stud-
1ed until relatively recently [K], [G-M], [E]. Nevertheless, understanding these spectral
properties may yield some 1nsight into the general relationship between geometry and
spectra. In particular, study of the spectrum of the Neumann operator on a degenerating
family of curves might yield some insight into spectral problems arising in the study
of adiabatic limits (cf. [C]). Furthermore, the spectra of certain simple perturbations of
the Neumann operator can be used to study the relationship between the spectrum of
the Dirichlet Laplacian and the spectrum of the Neumann Laplacian on a broad class of
domains [F], [B-F-K].

The spectral properties of the Neumann operator on the family of curves studied 1n
this paper are also of interest for the following reason. It will be shown that the Neumann
operator on these curves is isospectral to a direct sum of Jacobi matrices, each acting on
[2(Z). These Jacob1 matrices are 1sospectral to generators of bilateral, linear birth-death
processes. Thus the results in this paper complement the results in [K-M], where the
spectra of unilateral, linear birth-death processes are studied.

The Neumann operator will be defined as follows. Let Q be a compact, bordered
Riemann surface which 1s biholomorphically equivalent to the unit disk, and suppose
the boundary, 0€2, is a simple closed curve. Endow Q with a Riemann metric. Let u €
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C*(9Q). Then it is well known that there is a unique harmonic extension i of u to the
interior Q.
We define the Neumann operator, Nyq, on 0Q as the map

u— a,,lz‘ag.

Here 9, is the outward normal derivative at the boundary.
We state some of the known properties of Nyq.
Using Green’s formula it is easy to show the following:

LEMMA 1. Nyq is symmetric and non-negative.

Unlike the Laplacian, N;q is not a differential operator. In fact, let x be a local co-
ordinate of dQ induced by an arclength parametrization of dQ. Let £ be the cotangent
variable corresponding to x. The following is proven in [E]:

PROPOSITION 1. Njq is a linear, first-order elliptic classical pseudodifferential op-
erator. In the coordinates (x, £), the symbol n(x, £) has the following complete asymptotic
expansion:

n(x, &) ~ [¢].

For simplicity we denote the self-adjoint extension of Nq again by Nyq.

By the basic spectral theory of pseudodifterential operators on compact manifolds,
it follows that N, has a non-negative discrete spectrum. Denote the spectrum of N;q,
including multiplicities, by a(Nyq).

The following analogue of Weyl’s law, due to Victor Guillemin and Richard Melrose,
is proven in [E]:

THEOREM 1. Let the perimeter of Q be L. Then

o(Nag) = {7/ D)|k| + O(k|™™) s k € 7}.

Here O(]k|)~*) means vanishing more rapidly than the reciprocal of any polynomial.

For example, it is easy to compute the eigenvalues of Ny, where D is the unitdisk in C.
Let 6 € [0, 2r) denote the usual arclength parametrization of dD, so that {¢"?} is a basis
of L2(dD), the set of square integrable functions on dD. Then the harmonic extension of
e to D is

7" = e form >0,

7 = rimlem form < 0.
Applying the normal derivative at 0D one obtains

(1' 1) NaD(ezm()) — lmlelmg'
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Thus o(Nyp) = {|k| ; k € Z}.

In Section 2 of this paper we will define a family of ramified Riemann surfaces denoted
D[c, g1, parametrized by g € N, N being the set of strictly positive integers, and ¢ € [0, 1).
For ¢ = 0, D[c, q] is the Riemann surface of the function 714, For ¢ > 0, D[c, q] is
a ramified g-fold cover of D, with the ramification point projecting to a point p € D
with |p| = ¢. D[c, q] is assigned a Riemann metric away from the ramification point by
defining the g-fold covering map to be a local isometry.

The boundary of D[c, q] is a smooth closed curve which degenerates into a wedge
of circles as ¢ — 1. Let N(c, g) denote the Neumann operator on the boundary. The
spectrum of N(c, g) will be the subject of study in this paper.

One of the key properties of D[c, g] is that it is biholomorphically equivalent to D.
Thus, using the properties of biholomorphisms, the problem

N(c,qu = du, u € C™(D[c,q])
pulls back to the problem
MyoNypv = Av, veC®@0D).
Here M, denotes multiplication by the function g, with

1+¢®—2ccosqh
(1.2) 8(9)——W—

Fix ¢, and let v,, be such that v,,(8) = ™ and let
(1.3) E; = span{vyg.q ;n € Z}.

Then L*(9D) = @?_, E, provides a decomposition of L?(dD) into subspaces invariant
under M, o Ny. Thus one can study the spectrum of M, o Ny restricted to E,.

In the case d = 0, geometric considerations show that the spectrum of M, o Ny,
restricted to E; is {|k| ; k € Z}.

In the case d # 0, let {e,} be the standard basis of /(Z). Then one can identify E,
with [2(Z) using the map Vgm+d — €m. The matrix representing M, o Ny restricted to E,
is isospectral to the following symmetric Jacobi matrix which we label BS:

c
=2V Th—2Tn—1

1+¢?

: c
. T—c2 Th—1 -2V Zrnflﬂ'n
c 1+c c
(1.4) T2V ™n—1Tn 1—c2n =2V TnTn+l R
c 1+c? .
-2V TnTh+1 ]7(171'11

(o
1=V Tn+1Th+2
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where
T = |n+d/q|.

The theory of symmetric Jacobi matrices has been studied in connection with the
classical moment problem, with Lie theory, with orthogonal polynomials, and with birth-
death processes. It will be shown in Section 4 that the matrix By is isospectral to the gen-
erator of a birth-death process acting on a weighted /> space; this generator is represented

by:
¢
=2 =2
—1-c? c
T M-l T
2 2
C i c
(15) - |7(,_77TII | —c? Trn | —c? 7T”
2 —1—¢?
-2 T+l ?(.z'ﬂnﬂ
2
—2 Tn+2

To study the spectrum of B, we first need to prove a result in the theory of Jacobi
matrices. Let A be a symmetric bilateral Jacobi matrix, and suppose the entries to the
superdiagonal of A are non-zero, and that the spectrum of A is discrete. Then it was proven
in [I-L-M-V] that the spectrum consists of the poles of the following three functions
meromorphic in z:

(e, (A —zD)"en), (eo,(A—zD)""er), (e1,(A—zD)ey).

Here (x, *) is the inner product on />(Z). In Section 3 of this paper it is shown that actually
the spectrum of A consists of the poles of (eg, (A — zI)~'ep). In fact for any i, j, the poles
of (e, (A — zI)"'e;) coincide with the poles of (eq, (A — zI) " 'ep).

It is a standard fact in the theory of Jacobi matrices that (eg, (A — zI) "'e0>" can be
expressed as a sum of continued fractions. In the case where A = B¢, these continued
fractions can be expressed explicitly in terms of some 2-1 hypergeometric functions.
This is because B is closed related to the Jacobi matrices connected with associated
Meixner polynomials, and the continued fraction representation of the resolvent has been
computed explicitly in terms of 2-1 hypergeometric functions in these cases [M-R].

Thus one obtains an equation involving 2-1 hypergeometric functions whose solution
set is precisely the spectrum of BY. This equation is given in Theorem 12.

Applying the theory of 2-1 hypergeometric functions to Theorem 12, one obtains the
main results in this paper:

THEOREM 2. o(B))NN =0, for0 <c <1,d #0.

It follows from the theory of Jacobi matrices that the eigenvalues of B have mul-
tiplicity one, and it follows from analytic perturbation theory that the eigenvalues are
analytic functions of c¢. Let {\;(c)} be the set of eigenvalues on BS. Then the theorem
above provides bounds on \;(c):
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COROLLARY 1. Letm € N, and suppose \,(0) € (m,m+1). Then A,(c) € (m,m+1)
for0<c< 1.

For the lowest eigenvalues the bounds can be improved on:

THEOREM 3. Letq>2.{d/q,1—d/q}No(BY) =0 for0 <c < 1.

In the special case g = 2, d = 1, the bounds can be improved as follows:
THEOREM 4. {n—1/2;n € N}No(BY) =0 for0<c < 1.

It is clear from Equation (1.4) that 0(B)) = {i — 1 +d/q,i—d/q ; i € N}. Itis
convenient for the spectrum of B to be split into two subsets {\/(c¢)} and {}, (¢)}, with
i € N, such \}(0) =i —d/gand A, (0) = i — 1 +d/q. Then in another application of
Theorem 12, one obtains the asymptotics of the eigenvalues as ¢ — 1:

THEOREM 5. Suppose d # 0. Then, as ¢ — 1,
2
I AT(©) ~ 1/(2In5).

20 (@ ~i+1/(Ins), i > 1.
3 A ~i— (1 —o)(1 —d/g)d]q)i2i+1).

As a consequence of Theorem 5, one can make an interesting observation on the re-
lationship between the spectrum of the Neumann operator and the underlying topology.
As the underlying curve deforms into a wedge of ¢ copies of dD, Neumann operator
spectrally decouples in the following sense:

COROLLARY 2. As ¢ — 1, the spectrum of N(c, q) converges pointwise to the spec-
trum of the Neumann operator associated to the disjoint union of q copies of oD.

ACKNOWLEDGEMENTS. [ wish to thank David Masson for numerous helpful conver-
sations. In particular his suggestions on how to study the asymptotics of the eigenvalues
were very useful. I also wish to thank Richard Melrose for some useful conversations,
and finally I would like to thank the Natural Sciences and Engineering Research Council
of Canada for funding this research.

2. The underlying geometry and preliminary results. Let g be a positive integer
and : D — D be a ramified g-fold cover. In particular, let 7 = f o Q, where f:D — D is
a bihilomorphism of the disk, and Q(z) = z7. Let p = f(0). Then it is well known that
there exists:

1. aramified Riemann surface D[p’, q] with ramification point p’,

2. a biholomorphism ¢,: D — D[p’, g] such that ¢,,(0) = p’,

3. aholomorphism ,: D[p’, g] — D which is a g-fold covering map away from p/,
and under which 7, (p) = p,

4. and a commuting diagram:

Dlp’,q]
'1[7,)/
(D Va BT
p % D
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Clearly, D[p’, q] is unique up to biholomorphism.

One can metrize D[p, g] be defining 7, to be local isometry away from p’. The metric
then vanishes at p’. Note that such a metric is compatible with the conformal structure
away from p’.

Because D[p’, q] is unique up to biholomorphism and 7, is a local isometry, it is easy
to show the following two lemmas:

LEMMA 2. D[p’, q] defined as above is unique up to isometry.

LEMMA 3. [fp1,p2 € C are such that |p\| = |pa|, then D[p},q] and D[p},q] are
isometric.

It follows from Lemma 3 that one can rewrite, without ambiguity, D[p’, ¢] as D[c, g], with
c=|p| €10,1).

Let f:D — D be defined as above. Then f induces a biholomorphism F: D[0, g] —
D[c, q] such that the following diagram commutes.

D[0.q] —— Dlc.q]

(I /o >

p % b L o

Here the ramification point in D[c, g] gets mapped by 7. to ¢ € [0,1) C C.

Denote the boundary of D[c, g] by dDl[c, g]. It is clear that the Neumann operator on
dD[c, q], denoted N(c, q), exists. To study its spectrum, we will pull N(c, g) back to an
operator on dD. The biholomorphism F o 15: D — Dl[c, q], when restricted to dD, is a
diffeomorphism onto dD[c, g]. For convenience, let us denote this restriction by F o .

PROPOSITION 2.  (F o v)*N(c,q) = My o Nyp, where M, denotes multiplication by
the function g, and

+¢? —2ccos(gh)
g(1 —c?)

1
2.1 g0) =

PROOF.  Note that harmonic functions composed with holomorphisms remain har-
monic.

Also note that since (F o 1) is angle preserving, normal derivatives on dD][c, g] pull
back to normal derivatives on dD. In fact, let x € dD[c, g], and let 1, be the outward unit
normal vector to dD[c, g] at x. Similarly, let vy be the outward unit normal vector to oD
at 0, with § = (F o 1) '(x). Then by Diagram II one has

(Fo w())*nx =(fo Q)*("rc)*nx
= (1/4lf'@dl)ve.

To compute |f'(8)|, recall that f was defined as a disk-preserving biholomorphism such
that f(0) = c; thus f must be of the form
z—ce'’

f@) =€

1 —ce Wz’
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with o + ¥y = 7. By Lemma 3 we can assume 1) = 0 and o = 7. Thus
1—¢?
14c¢2—2ccosb’

2.2) If')] =

The proposition now follows from the definition of the Neumann operator.
Thus N(c, q) is isospectral to M, o Nyp. Let

0= Xo(0) < Ai(e) S Xafe) < -+

be the eigenvalues of N(c, q).
One can prove that the spectrum of N(c, q) is a non-constant function of ¢ by studying
that zeta function of N(c, g). Recall that the zeta function has as its formal definition

@@= 3 (M)

M(©)#0

By Theorem 1, {(z) is analytic for Re(z) > 1. For Re(z) < 1, {(z) can be defined by
meromorphic extension, and is explicitly computable at the negative integers [E]. In
particular, one has

2 1 2
@.3) =L
—C

Equation (2.3) shows the following:
PROPOSITION 3. Let ¢ > 1. Then ¢ # ¢’ = o(N(c, 9)) # o(N(c,q)).

There is one subset of ()’(N(C, q)) which is independent of ¢, as we now show. Let v,,
be such that v,,(0) = ¢™, § € dD. Thus {v,, }2°__, forms a basis of L?(dD). For d € Z,
let E; be defined as in (1.3).

Then L?(dD) = @Z;(l) E4, and by (2.1) each E; is invariant under M, o Nyp.

PROPOSITION 4. o((Mg o Nap)|g,) = {Ik| ; k € Z}.

PROOF. Recall that Nypv,, = |m|vy,. Since 7. is a holomorphism, and a local isometry
near the boundary, it follows that

N(e, @)(me) v = |k| () v

Thus
Mg oNgp(mc.oFo w())*vk = lkl(ﬂ'c oFo wO)*Vk-

But by Diagram II, 7. o Fo ¢y = f 0 Q, and clearly (f o Q)*L?(dD) = Ey. Thus {(r. o Fo
Yo)*vi ; m € Z} forms a basis of eigenvectors of Ey, with {|k| ; k € Z} as eigenvalues.
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3. Jacobi matrices and the continued fraction representation of the resolvent.
Let £2(Z*) be the set of all square summable complex sequences, and let {e, }*2, be the
standard basis of £2(Z*). If u = Yon2 Unen, and v = 357 v,e,, then the inner product is
defined by (u,v) = 00 tyVn.

Consider the symmetric Jacobi matrix

ag b] 0
3.1 A=|b a by .|, bn#0,
0 bz ay

acting ¢2(Z*). Suppose A represents a closed operator on a minimal domain in £%(Z*).
PROPOSITION 5 [A]. A is self-adjoint if and only if 5,2 | b, = oo.
Associated to A one has the difference equation

(3.2) b1 Xnst (A) + (@n — NXn(N) + b, Xy (X)) =0, n=0.

Here we assume by = 1. Assuming X,, # 0 for n > 0, one gets

Xt _ b2,
(3.3) by X0 = (A an)+7b TR
" X1 ()

Repeated application of formula (3.3) gives, formally at least,

_ —b?
Xl()\):(/\—ao)’r —
Xo(N) b3

Ay - —2
N—ay— -

3.4

The continued fraction on the right hand side is expressed by the compact notation

K .
n=1 A —dy,

(3.5)

To discuss the convergence of the continued fraction, it is necessary to define the
subdominant solution. The subdominant solution of (3.2), denoted X;,(}), is a solution
such that for any linearly independent solution X,,(\) of (3.2),

XN
lim =

=0.
n—00 Xn()‘)

The subdominant solution X ()) is also referred to as the minimal solution. It is well
known from the classical moment problem [A] that a sufficient condition for the existence
of a subdominant solution is for A to be self-adjoint.

The relationship between the continued fraction and the subdominant solution is ex-
hibited in the following theorem of Pincherle [G]:
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THEOREM 6. The continued fraction (3.5) converges (possibly to 00) if and only if
X exists, and in this case,

X0 o —b?
=L — (N —aqp) + L
Xy T KT

The continued fraction is also related to the resolvent (A — AI)~! by the following
formula [M-R]:
1

“p2
ao — A +Krct>il an—\

(3.6) (o, (M —A)'eg) =

Much of the theory of unilateral symmetric Jacobi matrices extends easily to the bi-
lateral case. Let £2(Z) be the set of square-summable bilateral complex sequences, with
{e,}jf“oo the standard basis. If u = ¥° _we, and v = Z]":o_oo v,e,, then the inner
product on ¢%(Z) is defined by (u,v) = ¥ u,v,.

Suppose we have a closed, symmetric operator with minimal domain on ¢*(Z) repre-
sented by the bilateral infinite Jacobi matrix

b
by a1 by an = (en,Aey) €R,
A= by ay b . by = (en1,Ae,) #0.

b] aj bz

PROPOSITION 6 [A]. If =°1/b, = o0 and ¥,2° 1/b, = 00, then A is self-
adjoint.

Suppose that A is self-adjoint. We have the following extensions of the unilateral
Jacobi matrix theory:

THEOREM 71) [M-R]. Foreveryi,j € Z, {e,,(\[—A)~'e,) has a universal continued

fraction representation. In particular for A & a(A),
1

3.7 (e M =A)le) = o 0 o B
P— K n+t 1—n+1
st — pyy  n=1 A — A_py
and
(e0, (N — A)'er)
1
3.8) = o —b?
b2 b(z)(/\—a|+ KIXA—)
—b, n= —da
(/\—aO)()‘_al+Ky?i] - l+l)_ — _bnz+l
" A—a 1+ K -
n=—1 ap_|

1) [I-L-M-V]. \¢ is an eigenvalue of A if and only if (e,, (zI — A) e, ) has a pole at
z= Mo form,n=0orl.

Part II of this theorem can be improved as follows:
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THEOREM 8 )¢ 1s an eigenvalue of A if and only if (eo, (zI — A) 'eo) has a pole at
= Ao

PROOF  To show that z = )¢ 1s a pole of (e, (z/ — A)"'ep) 1f and only 1f 1t 15 a pole
of <e1, @ — A) le >, 1t suffices to use (3 7) to show that

(e1,l = A)er)
00 _b2 b2
:/\_al + K n+l 1 5
n=1 /\—am-l bl
(€0, (e —A) leg) 1+ 5
0 —by,
/\—a1+ K
n I/\‘a”.,.l

Similarly, one can use (3 8) to show that z = A 1s a pole of (e, (z/ —A) 'ep) 1f and only
if 1t 1s a pole of (eg, (z — A) 'e;)
We conclude this section with the following classical result

THEOREM 9 [A]  All eigenvalues of A have multiplicity one

4 An equation characterising the eigenvalues. We apply the results of the previ-
ous section to M, o Ngp Fix g > 1 and 0 < d < q Relabel M, o Nyp|g, as N, Using the
map Vpgsqg — €, Eq 18 1dentified with ¢2(Z) Under this 1dentification, N, 1s represented
by the matrix

~=ln—1+d/q|

2

Leln—1+d/q] Sln+d/q]
@1 Faln—1+d/ql ESln+d/q aln+1+d/q]

1—c?

ﬁ|n+d/q| 1”‘('_22|n+ 1+d/q]

n+1+d/q|

<
1 2

which we denote again by N,
LEMMA 4 The matrix N, 1s 1sospectral to the matrix By given in (1 4)

PROOF  Consider the weighted (2-space (*(Z,m,), where the mnner-product 1s de-
fined by (u,v) = £° o Tty ¥y, With m, = |n+d/q|

Let N. denote the matrix (4 1) acting on 0%(7), and let N/ denote the matrix (4 1)
acting on (*(Z,m,) Suppose v = (v,) € £*(Z) satisfies (N, — \)v = 0 By the ellipticity
of My o Nyp, |v,| vanishes rapidly as |n] — oo Hence v € (%(Z,m,), and so A 1s an
eigenvalue N/ Simularly, 1f ) 1s an eigenvalue of N/, then A 1s an eigenvalue of N, Thus
the spectra of N, and N.. coincide
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Let f, = w,fl/z(. ..,0,0,1,0,0,...), so that {f,}>>__, forms an orthonormal basis
of £2(Z,m,). Define L = (*(Z,m,) — (2(Z) by L(f,) = e,. Let BS: (((Z) — (X(Z) be

densely defined by:

¢
1 —¢?

¢
+14—C2\/|n+d/q| |n+1+4d/qlen.

1 2
Bgen: \/l’l‘l"‘d/ql |n+d/q|€n—l+li*;|”+d/qlen

It is easily verified that

(L' BgLfs fn) = (Nifws fon)s
and so L™'BSL = N.. This proves the lemma.

THEOREM 10. The operator B is unitarily equivalent to the matrix (1.5) acting on
a weighted I* space.

PROOF. Let 7, = ¢ %"d/|qn +d|, and let [*(Z, 7)) be the weighted /> space whose
inner product is given by (u,v) = >0° __ 7,up V.

Let A be the operator on lz(Z, ) whose representation, with respect to the basis {e,, ;
n € 7}, is the matrix (1.5). Let U be the unitary transformation on /*(Z, 7)) given by
U, = (—1)"e,,and let A’ = —U~'AU. Then arguing as in the previous lemma, we see
that A" is unitarily equivalent to BS.

We will now study the spectrum of B§. By Proposition 6, B is self-adjoint, and by
Theorem 9, its eigenvalues have multiplicity one. Furthermore, it is easily verified that
B is analytic in ¢ in the sense of Kato, and so one has [R-S]:

PROPOSITION 7. Let A\;i(c) be defined as in Section 2. Then for 0 < ¢ < 1, \i(c) is
analytic in c.

THEOREM 11. o(BS) = a(quA d)).

PROOF. By Theorem 7,

d1+?) o qTapln—d/qlln—1—d/q]

0, (z— B9 eg) ' =z~ +
ooz = B eo) g1=A =tz |n—d/q (1)
+ 3 (1:1)2 —n+1—d/q||—n—d/q|
=l 2= |—n—d/q(15)
4.2) = (e_1.(z— B, 4) 'e1)".

The theorem now follows from Theorem 8.

Theorem 11 shows that we can assume without loss of generality that d < g/2.

The continued fraction in (4.2) is closely related to the continued fractions derived
from the difference equations associated to Meixner polynomials. Because the subdom-
inant solution for the Meixner case has been computer explicitly, [M-R], one obtains a
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new equation characterising the eigenvalues of B, which involves 2-1 hypergeometric

functions.
Recall that a 2-1 hypergeometric function is defined as follows:
a7b9Z >, (a)n(b)n Zn
4.3 F = s
( ) 2 ( c ) r;) (C)n l’l!

with (d), = T'(d + n) /T(d). The 2-1 hypergeometric function is analytic in z for |z| < 1
and continuous in z for |z <1 provided Re(c —a —b) > 0.

The following identities will be frequently used in this paper: Let n = 0,1,2,....
Then

(@t Dt <a+n+l,b+n+l,z
- T v 1

(n+1)! n+?2 ) ; ([S.A],15.1.2)

a,b,1\ T(l(c—a—b).. ]
(45) 2F1< c ) = m ifc > Re(a+b) ’ ([SA], 15120)

(4.6) SF <a’f’z> _ —z)“zF.(“’c_b’j/(z_ 1)) - ([S.A], 15.3.4)

4.7 oF (“’f’ z) =1 -2 “bF (C B a’z —b Z>. (IS.A], 15.3.3)

7| < 1,(c —a) € Z, there is ([G-R], 9.154):
T)Ta+1) <a,a+ 1,z>
————F

Finally, for | arg(—z)| < ,

I'(c) c
4.8) a2 IlNa+1+ml'Q—c+a+n) _,
=2 nZ:() At 1) < glm

+(—2) ‘T'(@)I'(1 — c+a),

with g(n) = lﬂ(—z)+7rcot(7r(c—a)> +Y(n+2)+Y(n+1)—Yla+n+1)—Y(2—c+a+n).
THEOREM 12. X € o(BY) if and only if
—1+d/q,d ,_~2 1 —¢?
(d/q—A)(l—d/q—/\)zFl( * /"d//;_;/( c))

(—d/q,l —d/q,—c*/(1 —c2>)
2F)

1—d/qg—X\
c? d/g,1+d/q,—c*/(1 —c*)
~d/q = af gm0 )
1—d/q.2—d]a~3)(1 &
4.9) zFl( /qz_d//“q_a/( ‘)):o.
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REMARK. If )\ = X is such that any of the hypergeometric functions on the left-hand
side of (4.9) is singular, then the left hand side of (4.9) should be understood as the limit
as A — Ao.

PROOF. By (4.2),

(=90 - Daer

“.10) {e0,(z— By 'ep) ' = CFi(2) + N
with

2) o an(n+d/q)n—1+d
4.11) CFI(Z):Z—d(1+C)+IE (l—c)(”+ /‘I)(” + /61)’

g =) =i 71— (n+d/q)i*s

1—c?

and

2
1+ o gp—d/g)n+1—d/q)
4.12) Ch@ =z—0—-d/qg) + K
2(2) /a 1—c2 o Z"(n"’l"d/Q)lliCsz

CF,(z) is the continued fraction associated to the difference equation:
c
1—¢2

(4.13) +

S 1 2

Jo+d] g n+ 1+d] @)X + (l—i—ccz(rwd/q) - z)x,,
C

1 —¢2

Jor+d/@n—1+d/@X, 1 =0, n>0.

By Theorem 6, CF|(z) = 1<51/(d/q)(—1+d/q)(X* |(2)/ X§(2)), where X(2) is the
minimal solution of (4.13). Applying [M-R, (3.2)] one obtains:

v [\ JVTn+d/@T(n+1+d/q)
"_(1—c2) TCn+1+d/qg—N\)

(n+a'/q,n+1 +d/q,—c*/(1 -cz))
»F .

n+l+d/qg—A\
Thus
—1+d/q.d/q,—c*/(1—c?)
2F1( +/qd//Z,A/ )
(4.14) CRi@)=/q=N d/qi+d/g—c?/(-c))
F]< 1+d/g—X )

From (4.11) and (4.12), it is clear that one obtains CF;(z) from CF;(z) by substituting
q — d for d. Hence

2Fl ( —d/q,1~d/q,7c2/(lfcz))

l—d/l—)\
4.5 F =(1—-d/g—X .
( ) C 2(Z) ( /q )2F1 ( lid/qu_d/q’_cz/(l,@))

2—d/q—\

Thus the theorem is obtained using Theorem 8 and (4.10).
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5. Bounds on the eigenvalues. Using Theorem 12, it is easy to show that the eigen-
values of B are bounded as functions of c:

THEOREM 2. a(B)NN =0 for0<c < 1.

PROOF.  Suppose m € o(B3) N N. Applying (4.9), (4.7), and (4.3) one obtains:
5.1
0=(d/q—m)(1—d/q—m)
F (—l+d/q,d/q,~cz/(1 —c2)) F (d/q,l—d/q,—c2/(l ~c2))
2 d/qg—m a 1—d/qg—m
2
_d/q(l‘d/Q)m

d/g.1+d/q,—c*/(1—¢?) 1—d/q,2—d/q,—c*/(1 —¢?)
ZF‘( 1+d/qg—m )ZF‘( 2—d/qg—m )
— (d/q—m)(1 —d/q—myF, (1 - _d”/”q__czn/l(l B Cz))
(1)
—d/q(1 —d /g F (1 - m’1_+m‘;/_qci/'(nl - Cz))

2F|(1 —m,—m,c/(1 —cz))

l+d/q—m
_ i( —c? )" (l—m),(~r7),(1~m)k(4m)k(1-d/q~m)(d/614m)
ol =) JkNd/q—m),(1 —d/q— m)
(1_ d/q(1 —d/q)c? )
d/g—m+j)1—d/qg—m+k))

Recall that (1 —m), = (1 —m)---(1 —m+j— 1). Hence one can assume j < m — 1,
and similarly k < m — 1, in the sum above. It follows that

d/q(1 —d/q)c?

(5.2) _(d/q—m+j)(l—d/q-m+k)>0f0rc<l’
and
(11— m)j(*m)j(l — m)(—m)y )
5.3 = (="
6 Sg“(j!k!(d/q—m),(l “djq—my) Y
Here sgnx = { 1_1 i?i z 8 From (5.2) and (5.3), it follows that the addends in (5.1)

are all the same sign. Hence (5.1) is non-zero for ¢ € (0, 1), and so by contradiction,
m ¢ o(BY).

THEOREM 3. Let g > 2. Then {d/q, 1 —d/q}ﬂo(B‘Z) =0for0<c<1.
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PROOF.  Suppose d/q € o(B?). Then by Theorem 12,
lim{(d/q - N1 —=d/g—N

—d/q,1—d/q,—c*/(1—c?) —1+d/q,d/q,—c*/(1 —c?)
2F1( )2F|( )

1—d/qg—\ dlq—
ettt S (U5, 507)
G4 (! —d/q’é:‘i//z:f/(l _cz>)} .
By (4.4),
Jim (d/q~ A)zlﬂ(—] +d/q’j//jv_—:2/<l = cz))
s af (o )or (01 40/ 0=)

Thus (5.4) becomes the equation:

2 _ 2 o _ 2 )
<1—2d/q>zﬂ(d/"’”d/q’ c/a ”)zm( d/g,1 —d/q,~/(1 c))

2 1 —2d/2
djq1+d]q /(1 —¢ | —d/q,2—d/g,— /(1 -
—2F'( ot /ql o ())ZF'( X 2—/2‘11/; : C)):O'

Applying (4.6), one obtains

1 — ’.2 _ o — ’.2

2 1—-2d/q
d/q,—d/q,—c*/(1—c%) 1 —d/q,—d/q,c?
=2F) 2F :
1 2—-2d/q
By (4.3), the left-hand side of (5.5) is an increasing function of ¢, while the right hand
side is a decreasing function. By (4.5), the limit as ¢ — 1 of both sides of the equation is
I'2—-2d/q)
FQ—d/qT(1 —d/q)*T(1+d/q)
Thus the (5.5) cannot hold for ¢ < 1, and so by contradiction, d/q ¢ o(BS). Similarly,
1—d/q & o(By.
THEOREM 4. Letq =2,d = 1,andc € (0,1). Then {n—1/2;n € N}No(Bf) = .
PROOE.  Suppose A = n — 1/2 € o(BY), with n € N. Then by Theorem 12,
—1/2,1/2,—c*/(1 —cz))
1/2—-X

c 1/2,3/2,=2 /(1= cHY] _
(5.6) j:1/21—_;52F,( 322 H =0.

(5.5)

lim /2[(1/2 — /\)2F|(

A—n—1
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CASE 1. n = 1.By (4.4), (5.6) becomes

2 _ 2 ) 2
(1/2)62F1(1/2»3/2, /a 6))i2F1(1/2,3/2, /1 6))20.

2 1
Applying (4.6), one gets
2 _ 2
£2F| 1/2,1/2,¢ Lo, 1/2,—1/2,¢ _o.
2 2 1
A B

By (4.3) and (4.5),A—B < 0O0and A+ B > 0 for 0 < ¢ < 1. Thus by contradiction,
1/2 & o(BY).

CASE2. n=2,3,.... Suppose (5.6) holds. Then by (4.4) and (4.6),
. 1 —1/2,1/2,—c*/(1 — %)
= 1 —|(1/2 = M\ F
Aa,‘,'_‘}/zr(l/z—»[( /2= ‘( 1/2— X )
1 ¢ 1/2,3/2,—/(1 — %)
iil—cﬂF‘( 3/2- A H
_ ol b om
) n!(l—&) (=)

(—1/2)(1/2) n+1/2,n+3/2,—c*/(1 —c*)
el )

+1 n+2
2 2
ilel(n+l/2,n+3/2, c/(l c)”

0

2 n+1
:lc2n+|( 1 )‘/21 —c F(n+l/2,l/2,c2)

1—¢2) 42+ D! n+2

n+1/2,1/2,c2
i2Fl( {z+l/ )

Arguing as in Case 1, this equation cannot hold for0 < ¢ < 1. Thus n—1/2 ¢ o(BY).

6. Asymptotics of the eigenvalues. Assumed # 0and0 < ¢ < 1.By Theorem 12,
X\ € By if and only if
°r e [a.:d/q,~¢/
_ JT(=1+d/g)T(d/q) ~1+d/q,d/q,—c*/(1 —c?)
0=dd=o =g/, *F ( d/q— )
[(—d/q)T(1 —d/q) F —d/q,1—d/q,—2/(1—c?)
T(1—d/qg—X ° ‘( 1 —d/q—\ )
+( qc? >2F(l—d/q)r(2—d/q) F (l—d/q,Z—a’/q,—cz/(l—cz))
1—¢2 T2—d/qg—x > 2—d/q— )\
Id/T(1+d/q) F d/g,1+d/q,—c*/(1—¢?)
T +d/q—N\) ° '( 1+d/q— )\ )
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Applying (4.8), one obtains

. _ 2
0:d(d—q)czwjr)\—)[r(*l"'d/q)r(’\)( < )‘ e

2

—c >k]

2

—d/q
+<lic2) Zr(d/q+k)r()\+1+k)g,(k)<

sinm(1l —

) 2 /a
[F(“d/Q)r()\)<l—ﬁ?2'>

2 2

+ ( ¢ )d/q*' ST —d/q+ T+ 1 +k)g2(k)(l
k=0

1—¢?

— 2\
]
.\ <1qf2cz)2sin 7r(71r - ) [F(l B d/q)F()\)< )d/q-l

2

(= )/Hir(z d/q+k)F(A+1+’<)83(")( Czﬂ

1—¢?
)‘d/q
2

sinm(l — A
N S Mg+ 14 BT 14 ek
H1oa) L T@/a+ 1+RTO+ 1+ be (=

(6.2) )

2

r/oro (75

—c )"}
Here g,(k) = ln(cz/(l — c2)) + meotm(1 — \) + «a, with ¢, bounded functions of c.
By Theorem 2, sin(7r(l — /\)) #0, and so

0=¢"

1_ 2 oo 2k
2= Sk 1 d [+ d [anO+ O (=) |

1—- — c2 k
[1 28 S k- afocafano s oonen (1) |
(6.3)

l_ 2 oo 2k
e 158 2(k+1Ad/q)<1*d/q)k<x+k>(x)kg3(k>( =]
k=0 —C

1- NG
1+ 155 Sk dfaa/ono s oo (L5 )|
¢ k=0 —c

Eliminating higher order terms, (6.3) becomes
(6.4)

0~1+i(c2+1)1n
X( C)
C

2

5+ Ciz(c2 + reotn(l = \) — (reot((1 ,\))>2
[ (1 —d/q)d/) (=1 +d/q)1 — d/q)(~d/q)A+1)
@/ a)=d /)14 d [0+ D+ 52— d [0~ d[a)d [+ D

1
+ (1= d/)1+d/q)1+d/q)d[ )N+ D)
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Solving for 7 cot(7r(1 - /\)) using the quadratic formula, and using the approximation
V1+x ~ 1+ jx, one obtains:

Al +c3)

M1 —d/g)d/ -1+ + 13/~ D)(Lz)’

(6.5) meot(m(l — X)) ~

or

c? 1+)\i*siln—cz—;
6.6 t(m(l —\)) ~ — e l-c
66 {1 =) ~ = (5

This shows that for A(c) € o(B9), hm._; A(c) = m € Z. In fact, 1f (6.5) holds, then

M1 —d/g)@d/g)[=1+ + (& — D]
c2(1+¢c?)

Me) ~m— (1 —c)?-

If (6.6) holds and m # 0, then \(c) ~ m+ m Finally, 1f (6.6) holds and A(c) — O,

then A(c) ~ m This completes the proof of Theorem 5.
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