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Disjoint Hypercyclicity and Weighted
Translations on Discrete Groups

Chung-Chuan Chen

Abstract. Let 1 ≤ p <∞, and let G be a discrete group. We give a suõcient and necessary condition
for weighted translation operators on the Lebesgue space ℓp(G) to be densely disjoint hypercyclic.
_e characterization for the dual of a weighted translation to be densely disjoint hypercyclic is also
obtained.

1 Introduction

An operator T on a separable Banach space X is called hypercyclic if there is a vec-
tor x ∈ X such that the orbit {x , Tx , . . . , Tnx , . . .} is dense in X, where Tn denotes
the n-th iterate of T and x is called a hypercyclic vector for T . In the investigation
on hypercyclicity, the weighted shi�s on ℓp(N0) or ℓp(Z) are concrete examples for
researchers to construct and demonstrate the theory of hypercyclicity. For unilateral
shi�s T on ℓp(N0), Rolewicz [19] showed that αT is hypercyclic whenever ∣α∣ > 1,
which is the ûrst example of a hypercyclic operator on a separable Banach space. In
[21], Salas characterized hypercyclic bilateralweighted shi�s on ℓp(Z). Also, Costakis
and Sambarino [13] gave a suõcient and necessary condition for bilateral weighted
shi�s on ℓp(Z) to be mixing. In [14], Grosse-Erdmann characterized chaotic bilat-
eral weighted shi�s on ℓp(Z). _e characterization for bilateral weighted shi�s on
ℓp(Z) to be Cesàro hypercyclic was given in [17].
Based on these works about weighted shi�s, we have extended some results in [13,

14, 17, 21] to the setting of weighted translations on the Lebesgue space of a locally
compact group in [8–12]. For more results and recent works on hypercyclicity, we
refer the readers to these two books [1, 15] on the subject.

Over a decade ago, Bernal-González, Bès, and Peris introduced the new notion of
hypercyclicity, namely, disjoint (or diagonal) hypercyclicity in [2] and [7], respectively.
Since then, disjoint hypercyclicity has been studied intensively in [3–6, 18, 22–25].
For example, the existence of disjoint hypercyclic operators on separable, inûnite-
dimensional topological vector spaceswas investigated in [24,25]. In [3,4], Bès,Mar-
tin, and Peris studied disjoint hypercyclic composition operators on spaces of holo-
morphic functions. Also, Salas considered dual disjoint hypercyclic operators in [22].
_e characterizations for weighted shi�s and powers of weighted shi�s on ℓp(Z) to
be disjoint hypercyclic and supercyclic were given in [6, 7, 18], respectively. Inspired
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by these works in [6, 7, 18, 22] together with our previous work, in this note we will
characterize disjoint hypercyclic weighted translation operators on locally compact
groups.
First we recall the deûnition of disjoint hypercyclicity introduced by Bernal-Gon-

zález, Bès, and Peris independently.

Deûnition 1.1 Given N ≥ 2, the operators T1 , T2 , . . . , TN acting on a separable Ba-
nach space X are disjoint hypercyclic, or diagonally hypercyclic (d-hypercyclic) if there
is some vector (x , x , . . . , x) in the diagonal of XN = X × X × ⋅ ⋅ ⋅ × X such that

{(x , x , . . . , x), (T1x , T2x , . . . , TNx), (T2
1 x , T2

2 x , . . . , T2
Nx), . . .}

is dense in XN where x ∈ X is called a d-hypercyclic vector associated with the oper-
ators T1 , T2 , . . . , TN . Moreover, T1 , T2 , . . . , TN are called densely d-hypercyclic if they
have a dense set of d-hypercyclic vectors.

For a single operator T , it is known that hypercyclicity is equivalent to topological
transitivity. An operator T is topologically transitive if given two nonempty open sub-
sets U ,V ⊂ X, there is some n ∈ N such that Tn(U)∩V /= ∅. If Tn(U)∩V /= ∅ from
some n onward, then T is called topologically mixing. In [7], Bès and Peris extended
the deûnitions of topological transitivity andmixing to the setting of disjointness.

Deûnition 1.2 Given N ≥ 2, the operators T1 , T2 , . . . , TN on a separable Banach
space X are d-topologically transitive if given nonempty open sets V0 ,V1 , . . . ,VN ⊂ X,
there is some n ∈ N such that

∅ /= V0 ∩ T−n
1 (V1) ∩ T−n

2 (V2) ∩ ⋅ ⋅ ⋅ ∩ T−n
N (VN).

If the above condition is satisûed from some n onward, then T1 , T2 , . . . , TN are called
d-mixing.

We note that in [7, Proposition 2.3], the operators T1 , T2 , . . . , TN are d-topolog-
ically transitive if and only if T1 , T2 , . . . , TN have a dense set of d-hypercyclic vec-
tors. Also, the disjoint blow up/collapse property implies d-topological transitivity in
[7, Proposition 2.4]. An operator T on a separable Banach space X is said to have the
blow up/collapse property if for any three nonempty open subsets U ,V ,W of X with
0 ∈ W , there exists some n ∈ N so that W ∩ T−n(U) /= ∅ and V ∩ T−n(W) /= ∅.
Accordingly, the deûnition of disjoint blow up/collapse property is given in [7].

Deûnition 1.3 Given N ≥ 2, the operators T1 , T2 , . . . , TN on a separable Banach
space X satisfy the disjoint blow up/collapse property if given any nonempty open sets
W ,V0 ,V1 , . . . ,VN ⊂ X with 0 ∈W , there is some n ∈ N such that

∅ /=W ∩ T−n
1 (V1) ∩ T−n

2 (V2) ∩ ⋅ ⋅ ⋅ ∩ T−n
N (VN),

∅ /= V0 ∩ T−n
1 (W) ∩ T−n

2 (W) ∩ ⋅ ⋅ ⋅ ∩ T−n
N (W).

We note that it has been shown in [6,_eorem 2.1] that the bilateralweighted shi�s
on ℓp(Z) are d-hypercyclic if and only if they satisfy the disjoint blow up/collapse
property. In fact, the weighted shi�s on ℓp(Z) are a special case of the weighted
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translations on the Lebesgue space of a locally compact group. Hence, the aim of this
note is to characterize densely disjoint hypercyclic weighted translations and show
that dense d-hypercyclicity and the disjoint blow up/collapse property can only occur
simultaneously on weighted translations.

2 Disjoint Hypercyclicity

As in [8–12], the result on the ℓp-space of a discrete group in this note can be ex-
tended without diõculty to the Lp-space of a locally compact group. For simplicity
and exposing the essential idea, we will conûne our discussion to discrete groups.

_roughout, let G be a discrete group with identity e and an invariant Haar mea-
sure λ that is the counting measure here. We denote by ℓp(G) (1 ≤ p < ∞) the real
Lebesgue space, with respect to λ. A bounded function w∶G → (−∞, 0) ∪ (0,∞) is
called a weight on G. Let a ∈ G and let δa be the unit point mass at a. A weighted
translation on G is a weighted convolution operator Ta ,w ∶ ℓp(G)→ ℓp(G) deûned by

Ta ,w( f ) = wTa( f ) ( f ∈ ℓp(G)) ,
where w is a weight on G and Ta( f ) = f ∗ δa ∈ ℓp(G) is the convolution:

( f ∗ δa)(x) = ∑
y∈G

f (xy−1)δa(y) = f (xa−1) (x ∈ G).

We also deûne a self-map Sa ,w on the subspace ℓp
c (G) of functions in ℓp(G) with

ûnite support by

Sa ,w(h) =
h
w
∗ δa−1 (h ∈ ℓp

c (G))
so that

Ta ,wSa ,w(h) = h (h ∈ ℓp
c (G)).

Since the weighted translation Ta ,w is generated by the group element a and the
weight function w, some elements a ∈ G and weights w should be excluded from
our consideration. For example, if ∥w∥∞ ≤ 1, then ∥Ta ,w∥ ≤ 1 and Ta ,w is never
hypercyclic. Also, it has been shown in [12] that Ta ,w is not hypercyclic if a is a torsion
element ofG. Hence theweighted translation operators cannot be disjoint hypercyclic
if they are generated by torsion elements. An element a in a groupG is called a torsion
element if it is of ûnite order. It was characterized in [11, Lemma 2.7] that an element
a of a discrete group G is not torsion (non-torsion) if and only if for any ûnite set
K ⊂ G, there exists some N ∈ N such that K ∩ Ka±n = ∅ for all n > N .

Nowwe are ready to prove themain result by applying the property of non-torsion
elements and the following useful result from [11, Lemma 2.6].

Lemma 2.1 ([11, Lemma 2.6]) Let G be a discrete group. For each n ∈ N, let φn ∶G →
(−∞, 0) ∪ (0,∞) be a function deûned on G. _en the following conditions are equiv-
alent.
(i) Given ε > 0, a ûnite set K ⊂ G and N ∈ N, there exists m > N satisfying ∣φm(x)∣ <

ε for all x ∈ K.
(ii) _e sequence (∣φn ∣) admits a subsequence (∣φnk ∣) that converges uniformly to 0

on each ûnite subset D of G.
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Here we follow the ideas in the proof of [6,_eorem 2.1] to obtain the result. It is
interesting to learn thatHan andLiang recently also characterized disjoint hypercyclic
weighted translations on groups in [16] by using a diòerent approach.

_eorem 2.2 Let G be a discrete group and let a be a non-torsion element in G. Let
1 ≤ p <∞. Given some N ≥ 2, let w l ∶G → (−∞, 0) ∪ (0,∞) be a weight on G, and let
Tl = Ta ,w l be a weighted translation on the real space ℓp(G), generated by a andw l for
1 ≤ l ≤ N. Deûne

φ l ,n =
n
∏
j=1

w l ∗ δ j
a−1 , φ̃ l ,n = (

n−1
∏
j=0

w l ∗ δ j
a)

−1
and ϕ l ,n =

φ̃1,n

φ̃ l ,n
=
∏n−1

j=0 w l ∗ δ j
a

∏n−1
j=0 w1 ∗ δ j

a
.

_en the following conditions are equivalent.
(i) T1 , T2 , . . . , TN have a dense set of d-hypercyclic vectors.
(ii) T1 , T2 , . . . , TN satisfy the disjoint blow up/collapse property.
(iii) _ere exists a sequence (nk)k∈N ⊂ N such that (∣φ l ,nk ∣) and (∣φ̃1,nk ∣) converge to

0 pointwise in G for 1 ≤ l ≤ N , and the set
{(ϕ2,nk(x), ϕ3,nk(x), . . . , ϕN ,nk(x)) ∶ k ∈ N}

is dense in RN−1 with respect to the product topology for all x ∈ G.

Proof (iii)⇒ (ii). Let W ,V0 ,V1 , . . . ,VN be non-empty open subsets of ℓp(G) with
0 ∈ W . Since the space Cc(G) of continuous functions on G with ûnite support is
dense in ℓp(G), we can pick f0 , f1 , . . . , fN ∈ Cc(G) with f l ∈ Vl for each l . Let K be
the union of the ûnite supports of all f l . We can further assume f1(x) /= 0 for all x ∈ K.
Let the sequences (φ l ,nk), (φ̃1,nk), and (ϕ l ,nk) satisfy condition (iii). Choose ε > 0
such that B(0, ε) ∶= {g ∈ ℓp(G) ∶ ∥g − 0∥p < ε} ⊆W , and B( f l , ε) ⊆ Vl for 0 ≤ l ≤ N .
By condition (iii), there exists N1 ∈ N such that for k ≥ N1, we have ∣φ l ,nk ∣ < ε

∥ f0∥p on
K and ∥ϕ l ,nk f1 − f l∥p < ε for 2 ≤ l ≤ N .
First, for 1 ≤ l ≤ N and k ≥ N1, we have

∥Tnk
l f0∥p

p =∑
G
∣
nk−1
∏
j=0

w l(xa− j) f0(xa−nk)∣
p
=∑

G
∣
nk

∏
j=1

w l(xa j) f0(x)∣
p

=∑
K

∣φ l ,nk(x)∣p ∣ f0(x)∣p < εp ,

which says Tnk
l f0 ∈W ; that is,

∅ /= V0 ∩ T−nk
1 (W) ∩ ⋅ ⋅ ⋅ ∩ T−nk

N (W).
Applying a similar argument to the iterates Snk

1 , and making use of the sequence
(φ̃1,nk), one has

∥Snk
1 f1∥p

p =∑
G

1
∣∏nk

j=1 w1(xa j)∣p ∣ f1(xa
nk)∣p =∑

G

1
∣∏nk−1

j=0 w l(xa− j)∣p
∣ f1(x)∣p

=∑
K

∣φ̃1,nk(x)∣p ∣ f1(x)∣p Ð→ 0

as k →∞, which implies Snk
1 f1 ∈W . Also, we have

∥Tnk
l Snk

1 f1 − f l∥p = ∥ϕ l ,nk f1 − f l∥p < ε
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saying Snk
1 f1 ∈ T−nk

l Vl for 2 ≤ l ≤ N . Together with Tnk
1 Snk

1 f1 = f1 ∈ V1, we have

∅ /=W ∩ T−nk
1 (V1) ∩ ⋅ ⋅ ⋅ ∩ T−nk

N (VN).
_erefore, T1 , T2 , . . . , TN satisfy the disjoint blow up/collapse property.

Since condition (ii) implies (i) by [7, Propositions 2.3 and 2.4], we only need to
show condition (i) implies (iii).

(i)⇒ (iii). For each n ∈ N and 2 ≤ l ≤ N , let h l ,n be a bounded function deûned on
G. Assume that {(h2,nk(x), h3,nk(x), . . . , hN ,nk(x)) ∶ k ∈ N} is a dense set in RN−1

for each x ∈ G. Let K ⊂ G be a ûnite set, and let χK ∈ ℓp(G) be the characteristic
function of K. Let ε ∈ (0, 1). _en there exist a d-hypercyclic vector f ∈ ℓp(G) and
some r ∈ N such that

∥ f − χK∥p < ε and ∥T r
l f − χK∥p < ε

for l = 1, 2, . . . ,N , which says

∣ f (x)∣ > 1 − ε (x ∈ K), ∣ f (x)∣ < ε for x ∈ G ∖ K(2.1)

and

∣φ̃ l ,r(x)∣−1∣ f (xa−r)∣ > 1 − ε (x ∈ K , 1 ≤ l ≤ N).(2.2)

Since a is non-torsion, there is some N2 such that K ∩ Ka±n = ∅ for all n > N2.
Hence there is some m ∈ N such that m − r > N2,

∥Tm+r
1 f − (φ1,r ∗ δra)(χK ∗ δra)∥p < ε(2.3)

and

∥Tm+r
l f − (h l ,m ∗ δra)(φ l ,r ∗ δra)(χK ∗ δra)∥p < ε (2 ≤ l ≤ N).(2.4)

Hence, by (2.3), we have

εp > ∥Tm+r
1 f − (φ1,r ∗ δra)(χK ∗ δra)∥

p
p

=∑
G

∣Tm+r
1 f (x) − φ1,r(xa−r)χK(xa−r)∣p

=∑
G

∣
m−1
∏
j=0

w1(xa− j)(T r
1 f )(xa−m) − φ1,r(xa−r)χK(xa−r)∣p

=∑
G

∣
m
∏
j=1

w1(xa j)(T r
1 f )(x) − φ1,r(xam−r)χK(xam−r)∣p

=∑
G

∣φ1,m(x)φ̃1,r(x)−1 f (xa−r) − φ1,r(xam−r)χK(xam−r)∣p ,

which says
∣φ1,m(x)φ̃1,r(x)−1 f (xa−r)∣ < ε (x ∈ K)

by K ∩ Kam−r = ∅. Combining the inequality above with (2.2), we have, for x ∈ K,

(2.5) ∣φ1,m(x)∣ < ε
∣φ̃1,r(x)−1 f (xa−r)∣ <

ε
1 − ε .

Similarly, by (2.4), we have

∣φ l ,m(x)φ̃ l ,r(x)−1 f (xa−r)∣ < ε (x ∈ K).
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Hence,

(2.6) ∣φ l ,m(x)∣ < ε
1 − ε (x ∈ K , 2 ≤ l ≤ N).

On the other hand, by (2.3), one has the following inequality:

εp > ∥Tm+r
1 f − (φ1,r ∗ δra)(χK ∗ δra)∥

p
p

=∑
G

∣T r+m
1 f (x) − φ1,r(xa−r)χK(xa−r)∣p

=∑
G

∣
r−1
∏
j=0

w1(xa− j)(Tm
1 f )(xa−r) − φ1,r(xa−r)χK(xa−r)∣p

=∑
G

∣
r
∏
j=1

w1(xa j)(Tm
1 f )(x) − φ1,r(x)χK(x)∣p

=∑
G

∣φ1,r(x)φ̃1,m(x)−1 f (xa−m) − φ1,r(x)χK(x)∣p .

_erefore, for x ∈ K, one has
∣φ1,r(x)∣∣φ̃1,m(x)−1 f (xa−m) − 1∣ < ε.

Hence,

(2.7) ∣φ̃1,m(x)−1 f (xa−m) − 1∣ < ε
∣φ1,r(x)∣

≤ ε
M

(x ∈ K),

where M ∶= min{∣φ1,r(x)∣ ∶ x ∈ K} > 0. By (2.1) and (2.7), we arrive at

(2.8) ∣φ̃1,m(x)∣ < ∣ f (xa−m)∣
1 − ε

M
< Mε

M − ε (x ∈ K).

Similarly, by (2.4), we have

(2.9) ∣φ̃ l ,m(x)−1 f (xa−m) − h l ,m(x)∣ < ε
M

(x ∈ K , 2 ≤ l ≤ N).

Finally, combining (2.8), (2.9), and (2.7), we have, for x ∈ K,
∣ϕ l ,m(x) − h l ,m(x)∣ = ∣φ̃1,m(x)φ̃ l ,m(x)−1 − h l ,m(x)∣

= ∣φ̃1,m(x)∣∣φ̃ l ,m(x)−1 − h l ,m(x)φ̃1,m(x)−1∣

< ∣ f (xa−m)∣
1 − ε

M
∣φ̃ l ,m(x)−1 − h l ,m(x)φ̃1,m(x)−1∣

= 1
1 − ε

M
∣φ̃ l ,m(x)−1 f (xa−m) − h l ,m(x)φ̃1,m(x)−1 f (xa−m)∣

≤ 1
1 − ε

M
∣φ̃ l ,m(x)−1 f (xa−m) − h l ,m(x)∣

+ 1
1 − ε

M
∣h l ,m(x)∣∣1 − φ̃1,m(x)−1 f (xa−m)∣

< 1
1 − ε

M
( ε
M

+ ∥h l ,m∥∞
ε
M

) = ε( 1 + ∥h l ,m∥∞
M − ε ) .

From the last inequality aswell as from (2.5), (2.6), and (2.8),we observe that (∣φ l ,n ∣),
(∣φ̃1,n ∣), and (∣ϕ l ,n − h l ,n ∣) satisfy Lemma 2.1(i) for each ûnite set K ⊂ G. It follows
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from Lemma 2.1(ii) that these sequences admit a subsequence (nk) ⊂ N such that
(∣φ l ,nk ∣) and (∣φ̃1,nk ∣) converge to 0 pointwise in G, and the set

{(ϕ2,nk(x), ϕ3,nk(x), . . . , ϕN ,nk(x)) ∶ k ∈ N}
is dense in RN−1 for all x ∈ G.

Example 2.3 Let G = Z and a = −1 ∈ Z. Given N ≥ 2, let w l ∗ δ−1 be a weight on Z
for l = 1, 2, . . . ,N . _en the weighted translation operator T−1,w l∗δ−1 is deûned by

T−1,w l∗δ−1 f (i) = w l(i + 1) f (i + 1) ( f ∈ ℓp(Z)).
Hence, the operator T−1,w l∗δ−1 is just the bilateralweighted backward shi� Tl , given by
Tl e i = w l , i e i−1 with w l , i = w l(i). _at is, Tl = T−1,w l∗δ−1 for 1 ≤ l ≤ N . Here (e i)i∈Z
is the canonical basis of ℓp(Z) and (w l , i)i∈Z is a sequence of nonzero real numbers.
By _eorem 2.2, the operators T1 , T2 , . . . , TN are densely disjoint hypercyclic if there
exists a strictly increasing sequence (nk)k∈N of positive integers such that

∣φ l ,nk(i)∣ = ∣
nk

∏
j=1

(w l ∗ δ−1) ∗ δ j
1(i)∣ = ∣

nk−1
∏
j=0

w l(i − j)∣ Ð→ 0 (1 ≤ l ≤ N)

and

∣φ̃1,nk(i)∣−1 = ∣
nk−1
∏
j=0

(w1 ∗ δ−1) ∗ δ j
−1(i)∣ = ∣

nk

∏
j=1

w1(i + j)∣ Ð→∞,

as k →∞ for all integers i, and the set {(ϕ2,nk(i), ϕ3,nk(i), . . . , ϕN ,nk(i)) ∶ k ∈ N} is
dense in RN−1 for all i ∈ Z, where

ϕ l ,nk(i) =
φ̃1,nk(i)
φ̃ l ,nk(i)

=
nk

∏
j=1

w l(i + j)
w1(i + j)

for l = 2, 3, . . . ,N .

Finally, we conclude the paper with a discussion of dual disjoint hypercyclicity.
Recall that a hypercyclic operator T whose dual T∗ is also hypercyclic is called a dual
hypercyclic operator. In [20], Salas constructed a dual hypercyclic weighted shi� on a
Hilbert space. Similarly, the d-hypercyclic operators T1 , T2 , . . . , TN are said to be dual
d-hypercyclic in [22] if T∗

1 , T∗
2 , . . . , T∗

N are also d-hypercyclic where T∗
l is the dual of

Tl for 1 ≤ l ≤ N . It was shown in [22, 24] independently that a separable Banach
space supports dual d-hypercyclic operators. We note that Bès and Peris considered
a weighted bilateral forward shi� Awith dual A∗ on ℓ2(Z) and showed that both the
operators A,A2 , . . . ,AN and A∗ ,A∗2 , . . . ,A∗N are d-hypercyclic under some weight
sequences in [7, _eorem 4.11]. Here, we will characterize disjoint hypercyclicity for
the dual of weighted translation operators by applying _eorem 2.2 directly.

Let p ∈ [1,∞) with conjugate exponent q, and let ⟨ ⋅ , ⋅ ⟩∶ ℓp(G) × ℓq(G) → C be
the duality. A simple computation gives

⟨Ta ,w f , g⟩ = ⟨ f , Ta−1(wg)⟩ ( f ∈ ℓp(G), g ∈ ℓq(G)) .
_erefore, the dual map T∗

a ,w ∶ ℓq(G)→ ℓq(G) is given by

T∗
a ,w(g) = Ta−1(wg) = Ta−1 ,w∗δa−1 (g) ( g ∈ ℓq(G)) ,

which is also a weighted translation operator on ℓq(G).
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_e following result reveals that for certain weight functions, both the weighted
translation operators T1 , T2 , . . . , TN and their dual operators T∗

1 , T∗
2 , . . . , T∗

N can be
d-hypercyclic at the same time.

Corollary 2.4 LetG be a discrete group and let a be non-torsion element in G. Given
some N ≥ 2, let Tl = Ta ,w l be a weighted translation on ℓp(G), generated by a and a
weight w l for 1 ≤ l ≤ N. Let T∗

l = Ta−1 ,w l∗δa−1 be the dual of Tl . _en the operators
T∗

1 , T∗
2 , . . . , T∗

N have a dense set of d-hypercyclic vectors if eachweightw l ∗δa−1 satisûes
condition (iii) for a−1 in _eorem 2.2; that is, these sequences

φ∗l ,n ∶=
n
∏
j=1

(w l ∗ δa−1) ∗ δ j
(a−1)−1 and φ̃∗l ,n ∶= (

n−1
∏
j=0

(w l ∗ δa−1) ∗ δ j
a−1)

−1
,

and

ϕ∗l ,n ∶=
φ̃∗1,n
φ̃∗l ,n

=
∏n−1

j=0(w l ∗ δa−1) ∗ δ j
a−1

∏n−1
j=0(w1 ∗ δa−1) ∗ δ j

a−1

satisfy the weight conditions in _eorem 2.2.

Example 2.5 As in Example 2.3, let G = Z and a = −1 ∈ Z. Given N ≥ 2, let
w l ∗ δ−1 be a weight on Z for l = 1, 2, . . . ,N . _en the weighted translation operator
Tl ∶= T−1,w l∗δ−1 given by

T−1,w l∗δ−1 f (i) = w l(i + 1) f (i + 1) ( f ∈ ℓp(Z))
is the bilateral weighted backward shi� on ℓp(Z). Let T∗

l be the dual of Tl for 1 ≤ l ≤
N . By Corollary 2.4, the operators T∗

1 , T∗
2 , . . . , T∗

N are densely disjoint hypercyclic if
there exists a strictly increasing sequence (nk)k∈N of positive integers such that

∣φ∗l ,nk
(i)∣ = ∣

nk

∏
j=1

((w l ∗ δ−1) ∗ δ1) ∗ δ j
−1(i)∣ = ∣

nk

∏
j=1

w l(i + j)∣ Ð→ 0 (1 ≤ l ≤ N)

and

∣φ̃∗1,nk
(i)∣−1 = ∣

nk−1
∏
j=0

((w1 ∗ δ−1) ∗ δ1) ∗ δ j
1(i)∣ = ∣

nk−1
∏
j=0

w1(i − j)∣ Ð→∞,

as k →∞ for all integer i, and the set {(ϕ∗2,nk
(i), ϕ∗3,nk

(i), . . . , ϕ∗N ,nk
(i)) ∶ k ∈ N} is

dense in RN−1 for all i ∈ Z, in which

ϕ∗l ,nk
(i) =

φ̃∗1,nk
(i)

φ̃∗l ,nk
(i) =

nk−1
∏
j=0

w l(i − j)
w1(i − j) (2 ≤ l ≤ N).
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