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k+2 
1- Introduction. The p - integral of James [2] is 

strong enough to integrate a trigonometric ser ies of the form 

1 1 
(1.1) — a + . S (a cos nx + b sin nx) = "T a + Z a (x) 

2 o , n n 2 o . n 
n=l n=l 

which is summable (C, k) in [0,2TT ] , provided an extra condition 
holds involving the conjugate ser ies 

00 00 

(1.2) 2 (a sin nx - b cos nx) = 2 b (x) . 
n n n 

n=l n=l 
Considering ser ies with coefficients o(n) , Taylor [5] constructed 
an integral (the AP-integral) which successfully integrates ser ies 
of the form (1. 1) which are Abel summable provided an extra con
dition holds involving the Abel means of the conjugate ser ies (1.2). 
In part icular , James1 resul t is ([3], Theorem 6.2) : 

THEOREM A. Suppose that the ser ies (1.1) is summable 
(C, k) to a finite function f(x) for all X€ [0, 2TT] - E , where E 

k-1 k 
is at most countable, and let f(x) = 0 , x e E . Jf_ A (x) = o(n ) 

k-1 k n 

for x e E and B (x) = o(n ) for xe [0, 2TT] , then f(x) , 
n k+2 

f(x) cos px , f(x) sin px , p = 1, 2, . . . , are each P - integrable 
and the coefficients of (1.1) are given in modified Fourier form 

*- The resul ts in this paper were obtained while the author was a 
fellow of the Summer Research Institute (Kingston) of the 
Canadian Mathematical Congress, 1965, 
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k+2 
using the P - integral, while Taylor fs resul t ([5], Theorem 
11) may be stated as follows: 

THEOREM B. Suppose that 

00 

n f ( r , x ) = a /2 + S a (x) r 
o n 

n=l 

and a = o(n) , b = o(n) . Le t l i m sup f(r , x) , l i m inf f(r , x) 
n n 

r-*-l- r-*-l-

be f ini te excep t a t po in t s of an e n u m e r a b l e s e t E ; and le t 
f(x) = l i m f ( r , x ) e x i s t and be f ini te p . p . At po in ts of E le t 

r - * l -

l im (1-r) f ( r , x ) = 0 . 
r - * l -

Suppose f u r t h e r tha t 
00 

l i m [ (1-r) 2 b j x ) rn ] 
r - M - n=l n 

for a l l x . Then f(x) , f(x) cos px , f(x) s in px , p = 1, 2, . . . 
a r e ( A P ) - i n t e g r a b l e and the given s e r i e s i s the ( A P ) - F o u r i e r 
s e r i e s of f(x) . 

In h i s def in i t ion of m a j o r and m i n o r func t ions , J a m e s [2] 

used the g e n e r a l i z e d s y m m e t r i c d e r i v a t i v e D F(x) and the 
concep t of n - c o n v e x i t y . The proof of T h e o r e m A involves the 
c o n s t r u c t i o n of m a j o r and m i n o r funct ions f r o m the s u m funct ion 
F(x) of the s e r i e s obta ined by i n t eg ra t i ng (1 .1 ) f o r m a l l y k + 2 

k+2-2 r 
t i m e s ; and the fac t that no d e r i v a t i v e D E(x) , 
1 < r <_ ( k + l ) / 2 , h a s an o r d i n a r y d i scon t inu i ty is u s e d . To ob ta in 
h i s i n t e g r a l , T a y l o r [5] used known p r o p e r t i e s of Abel s u m m a b l e 
t r i g o n o m e t r i c s e r i e s wi th coeff ic ients o(n) and c o n s t r u c t e d 
"upper - 1 1 and " l o w e r - a p p r o x i m a t i n g p a i r s 1 1 f r o m the s u m funct ion 
G(x) of the s e r i e s obta ined by i n t e g r a t i n g (1 .1 ) f o r m a l l y t w i c e . 
His t heo ry is s ta ted in t e r m s of o r d i n a r y convexi ty , cont inui ty 
and a p p r o x i m a t e cont inui ty of G(x) . 

It i s the p u r p o s e of th is p a p e r to u s e the me thod of Tay lo r 
and p r o p e r t i e s of (C, k) s u m m a b l e s e r i e s with coeff ic ients 
o(n) to c o n s t r u c t an i n t e g r a l which wi l l s u c c e s s f u l l y i n t e g r a t e 
such s e r i e s . This i n t e g r a l i s l e s s g e n e r a l than T a y l o r ' s but 
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the conditions that must be imposed in Theorem 3.1 are very-
similar to the conditions that James imposed and reveal to some 
extent the connection between Theorems A and B . 

2. Definition and Notation. All functions considered will 
be real-valued or extended real-valued. As in the previous 
section, the notation of Hardy ([l], Section 5.4) will be adopted. 
For example, if 

n 
A (x) = A (x) = a /2 + 2 (a cos r x + b sin rx) 

n n o r r 
r= l 

(2.1) = a /2 + 2 a (x) , 
0 A r 

r = l 

n n 
B (x) = B (x) = S (b cos r x - a sin rx) = 2 b (x) 

n n r r . r 
r= l r= l 

then the Cesàro means of order k , k = 1, 2, . . . , of ser ies 
(1.1) are defined by 

n 

where Ak(x) = S Ak~* (x) and E k = (n+k)!/n!k! . n r n 
r = 0 

Series (1.1) is said to be summable (C, k) to A at x if 

A N X ) / E ^ 
n n 

(1 . 2) where 

k k 
A (x) / E -*• A as n-*- oo . Similar statements hold for ser ies 

n n 

k k-1 
B (x) = S B (x). 

n A r 

r=l 

DEFINITION 2 .1 . Let F(x) be a Lebesgue integrable 
function of period 2IT defined on [0, 2TT] with Four ier ser ies 

oo 

(2.2) a /2 + 2 (a cos nx + b sin nx) . 
o . n n 

n=l 
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Denote the Cesàro means of order k for series (2.2) at the 
k 

point x b j cr (F,n, x ) . Let 

2 
k 9 k 

H D F(x ) = lim inf {—- [cr (F,n, x)]} 
n-*oo 9x x = x 

o 
2 

k— 3 k 
H D F(x ) = lim sup { —y [ cr (F, n, x)]} 

n->oo 8x x - x 
o 

k k-
If H D F(x ) = H D F(x ) , the common value will be called 
— — o o ' ' ' ~ ' 
the kth Cesàrô derivative of F(x) at the point x = x and will 
be denoted by HkD F(x ) . If 
. , _ ^ . 0 — 

F(x) = f Cx2 + $ (x) 

where C is a finite constant and <| (x) is integrable and 2TT -
k k k 

periodic, then H D F(x) , H D F(x) , H D F(x) are defined as 

C + H D <| (x) , and so on. 

It is clear that if the series 

°° 2 
(2.3) - 2 n (a cos nx +b sin nx ) 

n o n o 
n=l 

k 
is summable (C, k) to f(x ) , then H D F(x ) exists and equals 

f(x ) . More generally, it is known ([8], p. 80 and 353) that if 
o 

series (2.2) is summable (C, k) to F(x) then 

(2 .4 ) 

2 k 
D F(x) < lim sup f(r,x)< lim sup cr (x) , 

r -*l- n-*oo 

— 2 k 
D F(x) :> lim inf f(r, x) :> lim inf cr (x) , 

r-*-l- n-*oo 

2 —2 
where D F(x) , D F(x) .denote the lower and upper Riemann 
derivatives of order two, and the Abel and Cesàro means ate 
for series (2.3). 
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DEFINITION 2 . 2 . A function F(x) which i s Lebesgue 
k 

i n t e g r a b l e and 2-nr - pe r iod i c wil l be said to be H - continuous 
at the point x if 

« Q — 
l im o- (F , n, x ) = F ( x ) . 

o o 
n~*-oo 

k 
3* The H - i n t e g r a l . The p r o c e d u r e in this sec t ion 

wi l l be to give a g e n e r a l definit ion of an i n t e g r a l and then to show 
tha t this defini t ion i s equiva lent to a second defini t ion. It wi l l 
then be shown tha t the i n t e g r a l i s f inite va lued . 

L e t g(x) be defined in [0, 2TT] and, by 2TT - pe r iod ic i ty , 
for a l l r e a l x . 

DEFINITION 3 . 1 . The r e a l n u m b e r M and the r e a l -
k 

valued function F(x) wil l be called an H - upper approx imat ing 
p a i r [M, F(x) ] for g(x) if 

2 
(i) § (x) = F(x) - Mx /4TT ijs 2TT - p e r i o d i c ; 

(ii) § (x) i s Lebesgue in t eg rab l e and H - continuous 
for a l l x ; 

(iii) $ (x) i s a p p r o x i m a t e l y continuous and has the p r o p e r t y 
ee e . g . [5]); 

(iv) F(-2ir) = F(2TT) = 0 ; 

except poss ib ly on a countable se t E ; 

R* ( see e . g . [5]); 

• (v) H k D F(x) > g (x) 

H k D F (x) > - oo 

2 
1 8 k 

(vi) l im — — T er ( S , n , x ) = 0 , x c E . 
n tL 

n-^otf 9x 

k 
An H - lower app rox ima t ing pa i r [m, f (x) ] i s defined s i m i l a r l y . 

DEFINITION 3 . 2 . The function g(x) wi l l be said to be 

H - i n t e g r a b l e over [0, 2TT] if 

inf M = sup m = I , 
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w h e r e the bounds a r e t aken ove r the c l a s s of a l l a p p r o x i m a t i n g 
p a i r s . The nota t ion wil l be 

k 2 lT 

H - / g(x) dx = I , 

LEMMA 3 . 1 . Given e > Q and x € [0, 2-rrl , t h e r e e x i s t s 

k — ° 
an H - upper app rox ima t ing p a i r [M, F(x) ] for the function 
J(x) f 0 such tha t 

(i) F(x) i s cont inuous for a l l x ; 

(ii) H k D F ( x ) > 0 , for a l l x ; 

(iii) HkD F(x ) = + oo , — o 

~ "^7 {** (G ,n ,x ) } > L > 0 , 
n _ 2 } x=x 

ox o 

for a l l suff icient ly l a r g e n , w h e r e 

G(x) = F(x) - M X 2 / 4 T T ; 

(iv) 0< M < € , | F ( x ) | < € , -2TT < x < 2TT . 

2 2 
P roof . Le t C = 2[ 2 ( 1 / n ) + ir + l ] . Cons ide r the 

n = l 

s e r i e s 

00 

(3 .1 ) e / C [-=• + S cos n ( x - x )] 
L Â o 

n=l 
a n d 

oo cos n ( x - x ) 
( 3 . 2 ) - € / C [ S - ] + X , 

n=l n 

and denote the s u m of (3 .2) by G(x) , w h e r e X i s chosen so 
2 

tha t G(-2TT) = G(2TT) = (-TT e)/C » Then G(x) i s cont inuous for 

a l l x , H k D G(x) > - - ~ for a l l x , and H k D G(x ) = + oo . 
b \ j O 
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Considering the series Ha where a = 1 , n = 0 ,1 ,2 , . . . , it 
n n 

is clear that 

k r+k. 1 _ k 
An = 2

n
 ( k > > k ! = r ' 

r=0 r=l 

and the expression on the extreme right hand side reduces to a 
polynomial in n of degree k + 1 , whose leading coefficient is 
l/(k+l)t . This shows that 

1 d ç k € 
n~2 { a ( G 'n 'X ) }x=x >Z 

OX O 

Let the function F be defined by 

F(x) = G(x) + Mx2 / 4TT , 

where M = eir/C . Then the pair [M, F(x)] satisfy the conditions 
of the lemma. 

LEMMA 3.2. Suppose [M, F(x)] is an upper approximating 
pair for f(x) on [0, 2TT] and let € > 0 . Then there exists an 
upper approximating pair [M , F (x)] such that 

0 < M - M < € , J F (x) - F(x) J < € , -2TT < x < 2TT , 

and 

HkD F (x) > - oo , HkD F (x) > f(x) , 

for all x . 

Proof. Let E be the set of points where either 

HkD F(x) = - oo, or HkD F(x) < f(x) . 

Then E is countable and for x eE 

! k+1 
1 n . n k ^ 

ë (n+k)k 
+ c 

o 
C(k+1) 

> 0 
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1 o r k ,_ ,, 
n — 2 *°" ( § ' n > x > } = ° • 

n->oo dx 

Le t the po in t s of E in [0, 2TT] be e n u m e r a t e d 

X , X , , . . , X , . . » 

1 2 n 

and let { e .} be a s equence of pos i t i ve n u m b e r s such tha t 

00 

S € . < € . 

i= l ' 

L e t [M., F . (x) ] be the upper a p p r o x i m a t i n g p a i r s defined by 

L e m m a 3 . 1 , wi th € , x r e p l a c e d by € . , x. . Wri te 
o i l 

00 00 

(3 .3) G(x) = S F . ( x ) 5 N = S M. . 
• A 1 ' A 1 

1=1 1=1 

Then G(x) , a s the s u m of a un i fo rmly c o n v e r g e n t s e r i e s of 
cont inuous func t ions , i s cont inuous and the funct ion @ defined 
by 

© (x) = G(x) - (N/4TT) x 2 

i s p e r i o d i c and L e b e s g u e in tegrab l .e . M o r e o v e r , s ince 

$ • °° ~2 
{<r (G, n, x)} = 2 — r cr ( F . , n , x) 

dx i=l 8x 

and s ince the C e s à r o m e a n s of the s e r i e s of the f o r m 

1 
—• + 2 cos n (x . -x ) a r e n o n - n e g a t i v e , i t fol lows tha t 
2 i 

i 82 k 
- — 7 {cr ( @ , n, x)} > L > 0 
n dx 

k 
for x e E and suff icient ly l a r g e n = n(x) , and H D G(x) :> 0 
for a l l . x . Now let 

F (x) = F(x) + G(x) , M = M + N . 

92 

https://doi.org/10.4153/CMB-1967-010-1 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1967-010-1


Then 

HkD F (x) > HkD F(x) + HkD G(x) 

> f(x) , x£ E 

But at points of E 

1 £ k 
n or ( $ 2 , n , x ) = 

O X 

- ~ ^ r crk ($ (n,x) +- ~ / ( © , n, x)> L > 0 
H p. « ICI ^ Ct j . 

for all sufficiently large n , This implies that 

HkD F (x) = + oo, X€E , 

and the proof is complete. 

LEMMA 3 .3 . If [M, F(x)] and [m, f(x)] are upper and 

lower H - approximating pairs for a function g(x) , then M >. m 
and [F(x) - f(x)] is convex for -2TT < x £ 2TT . 

Proof. In view of Lemma 3.2, it may be assumed that 
the exceptional set E in Definition 3. 1 is empty. Then for all x 

HkD [F(x) - f(x)] > HkD F(x) - HkD f(x) > 0 

and 

HkD [$(x) -0(x) ] = - £ T T {M-m} , 
2 

which, in the light of (2.4) implies that 

D 2 [§(x) - 0(x)]> - £ i r {M-m} 

and 

D2 [F(x) - f(x)] = \ Tr(M-m) + D2 [§(x) - 0(x)] > 0 
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- 2 
M o r e o v e r , D [F(x) - f(x)] > - oo for a l l x . Now s i n c e 

F(x) - f(x) is a p p r o x i m a t e l y cont inuous and has the p r o p e r t y R* 
it fol lows ([5], T h e o r e m l ] tha t F(x) - f(x) is convex . Bu t then 
F ( 0 ) < f ( 0 ) which i m p l i e s tha t M > m . 

The p r e c e d i n g sequence of l e m m a s shows tha t the 

H - i n t e g r a l i s a lways f ini te v a l u e d . 

THEOREM 3 . 1 . Suppose that s e r i e s (1 .1) is s u m m a b l e 
(C, k) to a funct ion f(x) , excep t p o s s i b l y on a countable s e t E , 

k- 1 
and suppose a = o(n) , b = o(n) . At po in t s of E let A (x) 
" k " n k - 1 n k n 

= o(n ) and le t B (x) = o(n ) for al l x . Then 
: n - : — : — 

J f(x) cos n x dx, n .> 0 , 

b = ~" H - / f (x) s in n x dx, n > 1 . 
n TT •> — 

o 

1 
a = — 

n IT 

,,k 
H 

oo A (x) 
n 
2 

Proof . The s e r i e s - S . -—r— i s a F o u r i e r s e r i e s 

1 n 
2 1 

of a funct ion G(x) c L (0, 2TT) s ince the coeff ic ients a r e o( —) . 
n 

By L e m m a 21 of [6], th is s e r i e s i s A b e l - s u m m a b l e for a l l x to 
a funct ion with the p r o p e r t y R . Since the coeff ic ients a r e 

1 
o( —) , the s e r i e s i s c o n v e r g e n t e v e r y w h e r e to G(x) . By L e m m a 
9 of [7], G(x) i s a p p r o x i m a t e l y con t inuous . Le t 

1 2 
F(x) = - a x + G(x) + T , 

4 o 

w h e r e T i s a f ini te cons t an t c h o s e n so tha t F ( - 2 T T ) = 0 = F(2TT) . 

Then the p a i r [ira. » §(x)] f o r m s both an uppe r and a lower H -

a p p r o x i m a t i n g p a i r for f(x) on [0, 2*rr] , (The condi t ion 

u A i A ( x ) 
AK- 1 . . . k, . .. n o / v v 

A (x ) = o(n ) i m p l i e s — = o(n) ) . We then have 
n o E k 

n 
tra = H k » fZlT f(x) dx . 

o J 

o 
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L e t t h e g i v e n s e r i e s b e m u l t i p l i e d b y c o s p x t o g i v e t h e 
t r i g o n o m e t r i c s e r i e s 

oo 

( 3 . 4 ) a + S a (x) 
o n 

n = l 

1 
w i t h c o n s t a n t t e r m a = °r a « L e t t h e f u n c t i o n s a s s o c i a t e d 

o Z p 
w i t h s e r i e s ( 3 . 4 ) and i t s c o n j u g a t e ( i . e . , t h e f u n c t i o n s c o r r e s -

k k 
p o n d i n g to A (x) and B (x) f o r s e r i e s ( 1 . 1 ) and ( 1 . 2 ) ) b e 

n n 
k k 

d e n o t e d b y U (x) and V (x) r e s p e c t i v e l y . B y T h e o r e m 2 . 1 
n n 

of [3] t h e p r o d u c t s e r i e s i s s u m m a b l e ( C , k) a t p o i n t s of [0 , 2TT] - E 
k - 1 k 

to f (x) c o s p x and f o r x € [0 , 2TT] , V (x) = o (n ) . I t f o l l o w s 
n 

f r o m e q u a t i o n 2 . 1 1 of [3] t h a t a t p o i n t s of E 

k - A k - A P k - 3 k - 2 
( 3 . 5 ) 2 (U - A k l ) = 2 c _ A k * + 0 ( n ) f 

n n J 0 n + p - r r 
r = n - p + 2 

w h e r e 

c 
n 

0 < n < p - 1 

P 5. n £. ^P - 2 . 

k 
S i n c e ( 3 . 5 ) i m p l i e s t h a t U " * (x) = o (n ) f o r x e E , t h e f i r s t 

n 
p a r t of t h e p r o o f m a y b e u s e d to p r o v e t h e s e c o n d p a r t . 

k 
4 . T h e R e l a t i o n s h i p B e t w e e n t h e H » i n t e g r a l and O t h e r 

I n t e g r a l s . T h a t t h e H - i n t e g r a l i s l e s s g e n e r a l t h a n t h e A P -
i n t e g r a l f o l l o w s f r o m L e m m a 3 . 2 and i n e q u a l i t i e s 2 . 4 . B u t i t 
i s n o t p o s s i b l e to s h o w t h a t t h e P e r r o n i n t e g r a l i s l e s s g e n e r a l 

t h a n t h e H - i n t e g r a l b y t h e o b v i o u s m e t h o d (Cf. [5 ] , p a g e 2 6 9 ) , 
s i n c e F a t o u ! s t h e o r e m ( [8 ] , p p . 9 9 - 1 0 0 ) i s n o t k n o w n to b e t r u e 
f o r C e s à r o m e a n s . T h e f o l l o w i n g t h e o r e m s h o w s t h a t u n d e r 
s u i t a b l e a d d i t i o n a l a s s u m p t i o n s a L e b e s g u e i n t e g r a b l e f u n c t i o n 

i s H - i n t e g r a b l e . 

T H E O R E M 4 . 1 . L e t f (x) b e f i n i t e - v a l u e d o n [ 0 , 2 T T ) 
and d e f i n e d b y p e r i o d i c i t y e l s e w h e r e . If f (x) i s L e b e s g u e 
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G(x) such tha t D G(x) = f(x) e v e r y w h e r e , then f(x) i£ H 
i n t e g r a b l e an [0, 2TT] and if t h e r e ex i s t s a cont inuous funct ion 
G(x) such tha t D G(x) = 

i n t e g r a b l e , k >_ 3 , and 

P roo f . If 

h - f* f(t)dt = HK - p* f(t)dt 

g(u) = / f(t)dt , 

and 

then 

h(x) = / g(u)du , 

D 2h(x) = D2G(x) = f(x) ([4], p . 37) . 

Le t the F o u r i e r s e r i e s of f(x) be 

1 
(4 .1) -r a 4- S (a cos nx + b s in nx) . 

2 o n n 

Then 

a x a s in nx - b cos nx 
(4 .2) C + - ~ + 2 ( — ) = g ( x ) , 

o Z n 

a x a cos nx + b s m nx 
(4 .3) C + C x + - 7 — - 2 — 9

 n - h(x) , 
1 o 4 2 

n 

w h e r e the s e r i e s on the left hand s ide in both (4 .2 ) and (4 .3) 
a r e un i fo rmly c o n v e r g e n t . Then D h(x) = f(x) i m p l i e s that 

s e r i e s (4 .1) i s s u m m a b l e (C, 3) to f(x) , i . e . H D h(x) = f(x) 

([9], p . 6 0 ) . Now defining 

F(x) 5 h(x) - C - C x 
1 o 

and 
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2 
a x 

§(x) = F(x) - ~ - , 

i t i s c l e a r tha t [ira , F(x)] f o r m both an upper and lower 

approx ima t ing p a i r and the t h e o r e m is p r o v e d . 
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