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CONVOLUTION OPERATORS WITH TRIGONOMETRIC
SPLINE KERNELS

by T. N. T. GOODMAN and S. L. LEE
(Received 1st December 1986)

1. Introduction

The Bernstein polynomials are algebraic polynomial approximation operators which
possess shape preserving properties. These polynomial operators have been extended to
spline approximation operators, the Bernstein—Schoenberg spline approximation
operators, which are also shape preserving like the Bernstein polynomials [8].

The trigonometric counterpart of the Bernstein polynomials are the de la Vallée
Poussin means. These are trigonometric polynomial approximation operators of the
convolution type which are shape preserving [7]. Our objective is to study the
properties of a class of convolution operators with trigonometric spline kernels, which
are reminiscent of those of the de la Vallée Poussin means.

2. Trigonometric B-splines

Let k be a positive integer, h=2n/k and z,=e™", v=0, 1,...,k—1, be the kth roots
of unity. Define on the unit circle U, the function

1 zearc(zg,z,)
M. (2)= 2.1
ol?) {0 otherwise, 1)
and for n=0,1,...,k—1, define M, recursively by convolution, viz.
Mn=M0*Mn—l, (22)
where the convolution * of two functions f and g on U is defined by
f*g: =£f(26' Yg(¢) d¢
(see [6]).
If we denote the Fourier coefficients of a function f by f.veZ, ie.
/()
fi=55dz, (2.3)
vz
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then
(f*e)=Ff8v-1.
Now,
. 2mifk v=0
(MO)V = "
1 =inyv
¢ v#0.
v
Hence
1.n (1—eUvh
Al (f)
j=0 v—J]

(Mo)y=(Mo)Mo)y_1...(Mo)y_p=1

v=1J

The notation IT' means that the factor corresponding to j=vis 1.
A straightforward computation gives

(Mn)v — inei(n +1)(4n— v)/ztv’

where

il o ¢ , 0Zv<n
k jI;Io (v—1

t,=<
2" nsin(v— j)h/2 .
— ————————  otherwise.
n jl=-[o v—17

Hence, we can write

M"(eix) = ineinx/Z Z tvei(v—n/Z)(x—(n+ 1)h/2).
v

Since
t,=t,_,, VEZ,
it follows that the function

T;I(x)=ztvei(v—n/2)(x—(n+ l)h/2)’ x€ [0’ 27!)
v
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- [ (——-— , otherwise.

(2.4)

(2.5)

(2.6)

Q.7

(2.8

2.9)

(2.10)
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is a real function supported on the interval (0,(n+ 1)h). It is called the trigonometric B-

spline of degree n with uniform knots at vh, v=0,1,...,n+ 1. From (2.9) and (2.10), T,(x)

is symmetrical about (n+1)h/2 and we record the following relation from (2.8) and
(2.10)

T(x)=(=i)e”™M(e*),  xe[0,2n], (2.11)

and define T, to be 2zn-periodic.
For the case where n=2m is an even integer, we define

K, (x):= T (x+(n+ D)h/2)/t,,, xeR. (2.12)
Then

K. (x)=Y(R),e",  xeR,

where

(Iem)v = tv+m/tm

(mY*(sin (m—v)h/2...sin h/2)(sin (m+v)h/2...sin h/2)
(m—v)!(m+v)\(sinh/2...sin mh/2)* o

k(m!)?sin (Jv| ~ m)h/2 sin ([v| — m+ 1)h/2. .. sin (|v| + m)h/2
a(|v|—m)...(|v|+ m)(sin b/2...sin mh/2)?

, |v|>m. (2.13)

Observe that (K,),=0 if and only if |v =pk—m, pk—m+1,....pk+m, p=1,2,.... In
particular, if k=2m+ 1, then (K,,),=0V|v|2m+1, and

(m!)?

(Km)v=(m—_v)m, ~m<vs<m,
so that
K =on)ie 5 — e e (2.14)
vaZm(m—=v)I(m+v)!
are the de la Vallée Poussin kernels and
V( f;x):=—217 _j o (x—0)f(O)d;,  xe[0,2n) (2.15)

are the de la Vallée Poussin means for a 2n-periodic integrable function f It is well-
known that V,(f;) converges uniformly to f if f is continuous. Furthermore the
transform (2.15) is cyclic variation diminishing (see [6]). In particular, the kernel w,(z) is
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convex preserving, in the sense that if y(t)=(f1(t), f2(8)), t€[0,2n], where f; are 2n-
periodic functions, is a convex curve in R?, then

I"(x):=2—1n- _j o (x—0f(H)dt  xe[0,2r] (2.16)

is also a convex curve in R2,
Our objective is to study the shape preserving and approximation properties of the
convolution operators

B,,,(f;x):=§j K (x—0f()dt, xe[—mx]. @.17)

From the above discussions on the Fourier coefficients (K,), we see that the transform
(2.17) cannot be cyclic variation diminishing because the condition |(K,),|2|(K.),+1);
v=0,1,... is not satisfied (see [5]).

In Section 3 we study the general convolution kernel and give sufficient conditions for
it to be “convex preserving”. In Section 4, we show that the curve (T, (x), T,(x)),
xe[0,2n] is a positively convex curve, and deduce that the kernel T, maps convex
curves onto locally convex curves.

Section 5 deals with the approximation properties of the operator B, (f;x). We show
that for any continuous 2rn-periodic function f, B,(f;x) converges uniformly to f(x) as
m—co. We also give an asymptotic estimate for B,(f;x)— f(x) when f is twice
differentiable.

3. Convexity preserving convolution kernels

Let K be a piecewise smooth, real 2m-periodic function and y()=(fi(t), fx(t)),
te[0,2n], where f,(t) (i=1,2) are also piecewise smooth and 2n-periodic, be a closed
curve in R2. We shall henceforward assume that all curves are piecewise smooth. Then

()= | K(x—gynd,  xe[0,2n] 3.1)
(1]

is also a closed curve in R2. The kernel K is said to be convex preserving if ' is convex
whenever y is. By convexity of y we mean that it does not intersect any straight line
more than twice. We also need the concept of local convexity. The curve I'(x) =(g,(x),
2:(x)), xe[0,2n] is locally convex if the Wronksian

g1(x) g2(x)

W(g1.8%):= 20 i) =0 Vxe[0,2n]. (3.2)

As usual, anticlockwise direction is taken as the positive orientation.

Theorem 3.1. A necessary and sufficient condition for the convolution transform (3.1) to
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map a positively convex curve onto a positively locally convex curve is that the kernel
(K'(x), K(x)), 0<x<2n be positively convex.

The necessity of the condition in Theorem 3.1 was proved in [7] by I. J. Schoenberg
who attributed it to Loewner. The converse was recently established by Goodman and
Lee [3].

4. Shape preserving trigonometric B-spline kernel

We shall consider convolution kernels T,,n=1,2,..., which are the trigonometric B-
splines defined in Section 2. If y(1), te [0, 2n] is a closed curve, we define

)= | Tx—y0d,  xe[0,2x]. 4.1)
0

Our main result in this section is
Theorem 4.1. For n=1,2,..., the curve z,(x)=(TJx), T(x)), xe€[0,2n] is positively
convex.

Since z,(x)=(T(x), T,(x)), xe[0,2n] is positively convex, in view of Theorem 3.1, we
have the following

Corollary. The convolution transform (4.1) maps a positively convex curve onto a
positively locally convex curve.

Remark. Theorem 4.1 is also true for real polynomial B-splines, the proof of which
is much simpler.

We shall show that the curve z,(x) is positively locally convex by establishing
inequality (4.12) by induction on n. That z,(x) is positively convex then follows easily
from the symmetric, bell-shaped nature of T,(x) proved in Lemma 7. The inductive step
in the derivation of (4.12) requires a series of technical lemmas.

Lemma 1. Forn=1,2,...
nT(x)=2sin$xT,_,(x) +2sin¥(n+ Dh—x)T,_,(x—h) 4.2)

T.(x)=cos4xT,_ (x) —cos¥(n+ )h—x)T,_ ,(x—h). 4.3

The relations (4.2) and (4.3) are special cases of the recurrence relations for
trigonometric B-splines and their derivatives (see [2], [9]). They can also be obtained
directly and simultaneously by differentiating the convolution formula (2.4) via the
relation (2.11).

Lemma. Forn=1,2,...

(n—=1DTy(x)=2sinixT,_(x)+2sini{(n+ Dh—x)T,_ ,(x—h). 4.9)
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T(x) +% T(x)=cos4xT,_ (x)—cosi((n+ 1)h—x)T,_,(x —h). (4.5)

(n—2)T¥(x) ——g T(x)=2sin4xT2 (x) +2sin((n+ Dh—x)TZ ,(x—h). (4.6)

2n—1
4

T3 (x) + ( ) T (x)=cos$xT ,(x) +cos((n+ Dh—x)T® ,(x—h). 4.7

(n—3)T¥(x)— (-3’—’7—1> Ti(x)=2sin4xTX (x) +2sind((n+ Dh—x) T ,(x—h). (4.8)

Proof of (4.4). Differentiating (4.2) gives
nTi(x)=cos4xT,_(x) +cosi((n+ 1)h—x)T,_ (x—h)
+2sindxT,_ (x)+2sind(n+ )h—x)T,_(x—h)
=T(x)+2sinixT,_ l(x).-f—2 sind(n+ Dh—x)T, _,(x—h),
and (4.4) follows. The other formulas are obtained in a similar manner. Od0
Lemma 3. Ifz,_ (x)=(T,_,(x), T,_,(x)) is paositively convex, then
(n— DT, (x)*~ nT?.(X)<T5.2 (x) +§ 7?.(x)> 20, 0=x=2m (4.9)
Proof. From (4.2), (4.3), (4.4) and (4.5),
(n— DTN~ nTn(x)(T‘:’(x) +5 n(x))
=sinxT,_ ((x)T, - (x)—sin((n+ Dh—x)T,_ (x—m)T,_,(x—h)
—2sin$xcos3((n+ Dh—x)T,_ (x—=h)T,_ ,(x)
+2cosixsind(n+ 1D)h~x)T,_(x—h)T,_(x)
—sinxT, . ()T, - y(x)+sin{(n+ Dh—x)T,_ ,(x—hW)T,_,(x—h)
+2sindx cos(n+ Dh—x)T,_ (x) T, _ (x—h)
—2cos4xsind((n+ Dh—x)T,_,(x—=h)T,_(x)
=sini(n+ DhT,_(x—h)T,_,(x)—sint(n+ 1DhT,_(X)T,_ ,(x—h)

=sing(n+ DT, - ((x— W) T, (x) = T\- () T, - (x—h)) 20
because of the convexity of (T, _,(x), T, - ,(x)). O
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Lemma 4. Ifz,_(x)=(T,-,(x), T,_ (x)) is positively convex, then
(T (x)Tx)—(2n—1)T(x)*) <0 0<xZ2n (4.10)

Proof. nT,(x)T¥(x)—(2n—1)T.(x)?

=nT(x)T2(x)—(n~DT(x)* +n’T(x)* — (n Th{x)? +’;—2 T..(X)z)

2
=- {(n — )Ty —nT(x)G T+ T:“(x))} _(nr;(x)z o Tn(x)2>
and the result follows by Lemma 3. d
The following lemma is geometrically obvious.
Lemma 5. Ifz,_,(x)=(T,-,(x), T,_,(x)) is positively convex, then
TR (x) Ty y(x2) — T2 4 (x2) Th - 1(x,) 20, (4.11)

Jor all 0<x,<x,<2n for which the angle from the tangent (T® ,(x,), T,_,(x,) to
(T (x,), Ty - ((x3)) in the positive direction, does not exceed 180°.

Lemma 6. For n=1,2,...,cos3(n+ )h+4(n—3)gi(n—1)cosih.

Proof. Forn=1,2,...,
n—3\(h 2<n(n+2) (h)2
= M) ==
n=3\ ., h _(n=3\/h\?
- ()= ()
e
“\4n 4

Ssininhsini(n+2)h

= (?) (1 —cosih)<cosih—cosi(n+ 1)h

= cos¥n+ Dh+4i(n—3)<4n—1)cosih. O

Lemma 7. The function T,(x) is strictly increasing for 0Sx<(n+1)h/2 and strictly
decreasing for (n+ 1)h/2<x<(n+1)h.
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Proof. The function P (x)=T(x+(n+1)h/2) is the central trigonometric B-spline
supported on the interval (—(n+1)h/2,(n+ 1)h/2) with knots at
(v—(n+1)/2)h,v=0,1,...n+ 1.Itis C"~?, and its restriction on each interval (v —(n + 1)/2)h,
(v+1—(n+1)/2)h) is a polynomial in sin*4xcos" *ix, k=0,...,n (see [2]). By the trans-
formation t=tanix, —n<x<mn, we have

sin*4x cos" ¥ 4x = tan*4x cos" 4x = t*/(1 4 t3)"/?
(see [2]) and P,(x)=M,(t)/[(1+t>)"?, teR, where M,(t) is a real polynomial spline of
degree n with knots at ¢,=2 arctan(v—(n+1)/2)h, v=0,1,...,n+1, and supported at
{to,t,+1).- Hence M (t) is a positive multiple of a polynomial B-spline of degree n.

If —(n+1)h/2<x,<x,<0, then t,:=tanix, <t,:=tan4x, <0, which implies that
M, (t,)<M,(t,), and (1+13)"?>(1+13)"2. It follows that P,(x) is strictly increasing for
—(n+1)h/2<x 0. Lemma 7 follows by symmetry. ]

Proof of Theorem 4.1. The proof will be by induction on n. The convexity of z,(x)

=(Ty(x), Ty(x)) and z,(x)=(T5(x), T,(x)) may be verified directly. Suppose z,(x) is
positively convex for i=1,2,...,n—1. We shall first show that

Wy (x):=[T(x)]? — T x)TP(x)>0 VOSx<(n+1)h (4.12)

By symmetry we need only to show that W,(x)=0 for 0<x <(n+ 1)h/2.

Differentiating equation (4.4), we obtain
(n—1)T(x)=cos4xT;,_ (x)—cos((n+ 1Dh—x)T,_(x—h)
+2sin4xT? (x) +2sind((n+ Dh—x) T2 ,(x — h),
0<x<2nm (4.13)
From (4.4), (4.5), (4.7) and (4.13), we have
(n =)W, (x) +Hn— D(nT,(x) T(x) - (2n — D[ T(x)]?)
=(cosixT,_(x)+cos4((n+1)h—x)T,_,(x—h))?
+2sind(n+ DU(TE (x—h) T, _,(x)— T® (x) T, _ ,(x — h)),

0<x<2n (4.14)

The second term on the left of equation (4.14) is non positive by Lemma 4. The second
term on the right of (4.14) is non negative for 0<x <nh/2 by Lemma 5 and Lemma 7.
Hence W,(x)=0 for 0<x <nh/2. In order to complete the proof of (4.12), it remains to
show that the inequality is also true for nh/2< x <(n+ 1)h/2. To this end, let

D, (x):=T2 (x=W)T,_ ()~ T2,(x)T,-(x—h).
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Writing
D,- 1(x)={(’r‘fll<x—h)+1§—‘ T, l(x—h))T;-lm

—(T‘f.’l(XHnT_l T"_,(x))T;-l(x—h)}

-1 -1
—{"T T s(x =BT ()= T"_l(x)r;-l(x—h)},

and then substituting (4.3) and (4.5) for the first expression on the right and (4.2) and

(4.3) for the second, with n replaced by n— 1, we obtain

A, 1(x) B,_(x) C,-1(x)
(n=2)D,_1(x)= | T_a(x—=2h) T,_5(x—h) T,_x)|, (4.15)
Toalx—=2h) T, ,(x—h) T,_5x)

where
A,_(x):=(n—2)cos$xcosd(x —h)+sinixsini(x—h)

B, _(x):=sindxsin{((n+ 1)h—x)—(n—2)cosixcos$((n+ 1)h—x)
C,_(x):=(n—2)cos 3 (nh—x)cos3((n+ 1)h—x) +sind (nh—x)sini((n+ Dh—x).
A straightforward computation yields
A,_(x)=%(n—-3)cosi(x—1h)+3(n—1)cosih,
B,_(x)=%(n—1)cost(n+ DHh+4(n—3)cos (3(n+ 1)h—x),

and
C,_1(x)=4(n—=3)cos($(2n+ 1)h—x) +4(n— 1) cos 4h.

If nh/2< x<(n+ 1)h/2, then
A, - (x)21(n—3)cosinh+i(n—1)cosih, (4.16)

B,_(x)Si(n—1cosi(n+ Hh+4(n—3)

=4(n—3)cosi(n+ 1)h+cosi(n+ Dh+4(n-3), 4.17)
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and
C,—(x)25(n—3)cos3(n+ Dh+4(n—1)costh=:a,. (4.18)

It is easy to verify that o,>0 for n=3. Now, from (4.16) and (4.18), A4,_,(x)=«a, and
C,-1(x)=a, for nh/2<x=(n+1)h/2, and by Lemma 6 and (4.17), B, _ ,(x) £a,. It follows
from (4.15) and the inductive hypothesis that for nh/2<x<(n+ 1)h/2,

1 1 1
(n=2)D,_(x)2a, | T,-20x—=2h) T, ,(x—h) T, ,(x)| 20. (4.19)
T-aox=20) T, (x—h) T, xx)

We can conclude by (4.14) and (4.19) that W,(x)=0 for nh/2<x<(n+ 1)h/2. Thus the
relation (4.12) is established.

The inequality (4.12) means that the curve z(x)=(T,(x), T,(x)), 0<xZ(n+1h, is
positively locally convex. Also, z,(x) has no loops for 0<x<(n+ 1)h. For if z,(x,)=
z(x;) for some x.,x,€(0,(n+1)h), then T,(x,)=T,(x,) and T,(x,)=T(x,). The last -
equality implies x, =(n+ 1)h—Xx,, by symmetry, which means that T,(x,)= — T,(x,).
This is possible if and only if x, =0 and x,=(n+1)h or x,=x,=x,=(n+1)h/2, by

Lemma 7.
Since z,(x) is positively locally convex and has no loops for 0<x<(n+ 1)h, then it
must be positively convex. O

5. Approximation by trigonometric B-spline convolution operators

The trigonometric B-spline convolution operators B,(f;‘) defined by (2.17) are
bounded positive linear operators on the space of 2n-periodic continuous functions with
the supremum norm. The kernels K,, are even functions whose Fourier series represen-
tations may be expressed as

K (x)=1+ Y 2K,),cosvx, xeR, (5.1)
v=1

where (K,),, v=1,2,..., are given in (2.13). These operators fit into the rich theory of -
positive integral operators of convolution type (see [1], [4]). Here, we shall study only
the convergence behaviour of B,(f; ).

The kernel K,, in fact depends on two parameters m, the degree of the spline
functions, and h the size of the partition. Whenever we need to emphasize these
parameters we shall write K* =K,,, and similarly B =B,,

Theorem 5.1. For any continuous 2n-periodic function f,
Bi(f; )= f uniformly on [0,2n], (5.2)

if and only if m—co.
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Proof. From (2.13), the first Fourier coefficient of the kernel K is

msin (m+ 1)h/2

oy _msin(m+1)h/2
K"')"(m+ 1)sinmh/2’

(5.3)

Clearly (K"), -1 if and only if m—oo. The result follows by Korovkin’s Theorem

[4]. a

Remark. The operators B,(f;-) do not converge to f if the degree m is fixed and
the mesh size h—0. This is in contrast to the interpolating spline operators which
converge to the interpolated function as the mesh size tends to zero.

Corollary. For v=0,1,...,
(K%),»1 as m-oo. (5.4)
Suppose fP(x) exists. If we write f(t)=¢(e"), —n<t<mn, then we have
¢(€") = ¢(e|x) +¢/(e:x)(en _elx) +2_' ¢(2)(elx)(ell _exx)z

+ s(e™)(e'* — e'¥)?, (5.5)
where s is integrable and bounded, and

lim s(e") =0. (5.6)

1—=x
Applying the convolution operator to both sides of equation (5.5), with fixed x, gives
B.(f;x)=f(x)+ ¢'(e™)e™(Kh),— 1)
+1¢D(e™)e5(RE), —2KE), + 1) + R(x), (5.7

where the remainder term

Ro(x)= | s(e")(e"—e")2Kp(x—1)dt. (5.8)

-n

Since f'(x) = ¢'(e™)ie’™ and f¥(x)= — ¢'(e")e™* — $'?(e*)e'?*, we can express (5.7) as
B.(f;x)— f(x)=(1=(RE) ) fP(x) +3P(e™{(Kh), —HKM) 1 +3} + Rox).  (59)
Lemma 1. When m— oo and mh—a, (m+ 1)(1 —(K%),)—1 —4acot a.

Proof. A straightforward computation gives
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(m+1)(—(KR"%), =m+1—~mcosth—mcotimhsinih
=1+2msin?th—mcotimhsinih

and the result follows on taking limit as m~ o0 and mh—a. |

Lemma 2. When m— o0 and mh—a,

(m+ 1){(RE), ~4K"), + 3} —0. (5.10)

Proof. Writing
(m+1D){(R%), —4(Rh), + 3} =(m+1)((RE),-(KE),) + 3(m+ D)1 —(K}),  (5.11)

we see that the second term on the right of (5.11) converges to 3 —3a cotix, by Lemma 1.
A similar computation as in Lemma 1 shows that as m—co and mh—a, (m+ 1)((K%),—
(K"))—3cotia—3, and we obtain (5.10). O

Theorem 5.2. If f*® (x) exists, then

(m+ D{B,(f;x)— f(x)}>(1 —3acotia) fH(x) as m—oo and mh—oa. (5.12)

Proof. Observe that from (5.9) and Lemmas 1 and 2, the theorem willl be proved, if
we show that

(m+ 1R, (x)-»0 as m—-oo and mh-a. (5.13)

For ¢>0, choose §>0 such that |s(e®~")|<¢ whenever |f| <. Then from (5.8), we can
write

(m+ DR =(m-+1) | s el — 2K (1) dt

=1,+1, (5.14)
where
L=mtD) st e~ K (0 dr (5.15)
and
L=(m+1) | s )(e*""—e™)?K,(t)dt. (5.16)
ss|tlsn
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Now

[l Stm+De | le™" 1K, (1) dt
lt]<é

<(m+ e | 21 —cos K () dt (5.17)

=2¢(m+ 1)(1—(K,),)
<4¢ for sufficiently large m,
by Lemma 1. If |s(¢")| S M, teR,

[L|Sm+0)M | 4sin?4K,(0)dt
ssltlsn

M n
Lmt1) | 4% sin? &K, (1) dt

= 2
-n

m+ DMn? =

< 52 | 4sin*4tK (1) dt (5.18)
2 g
=(_m_j~2L6)21\£t_ § (3+cos2t—4cost)K,(t)dt

= Mn?*(m+ 1){(K:), - 4K"), +3}/25?

which tends to zero as m— oo and mh—a. Combining (5.14)—(5.18), we obtain (5.13). O

Recall that when k=2m+1, B,(f; )=V,(f; ), the de la Vallée Poussin means of
f, defined by (2.15). In this case mh=m2n/2m+1)-n, as m—oo, and with a=mn,
4o cotia=0. Theorem 5.2 then reduces to the following result of Natanson.

Corollary (L. P. Natanson). If f®(x) exists, then

lim (m+ D{V,(f;x)— f(x)} = f(x). (5.19)

m=

6. Kernels which are linear combinations of translates of B-splines

Let ajf,k= 1,2,...,j=0,1,...,k—1 be a triangular array of numbers and K*(x) be the
normalised central trigonometric B-splines defined by (2.12), where h=2n/k. Define

St(x)= Z aKi(x—jh), xe[—n,n] (6.1

j=0
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and S% is 2n-periodic. The function S% is a trigonometric spline of degree m with knots
at (v—(n+1)/2)h, ve Z (For detail see [2]). The convolution operator

Qi fix)i=— _[ Stx—0f(odt, xel[—-nn] (6.2)
is similar to the summation process for the Fourier serles of 2n-periodic functions. We
can write

k-1
Quf;x)= ) df I Ku(x—t— jh) f(t)dt (6.3)

j=0

Then

k-1
550 |17]l ';0 l&ff  Vxe[0,2x], (6.4)

where || || is the supremum norm. Hence for any m and h, Q/(f; ) is a bounded linear
operator on the space C([ —n,n]) of 2n-periodic continuous functions.

Theorem 6.1. Suppose that Y %24 |a¥|, k=1,2,..., is bounded. Then for f e C([—n =]),

Q(f;, )— f uniformly on [—n,n] as m— oo if and only if (6.5)
k=1 )
Y dw>1 as k=2n/h—co, (6.6)
j=0

where w=e¢ ",

Proof. Substituting f(t)=e,(t):=exp(ivt), veZ in (6.3), we have

Q' (e,; x) =e(x)(K"), Z adiw"l. (6.7

It follows from (5.4) that
Q" (e,; )—e, uniformly on [—=n =#], as m— o (6.8)
if and only if (6.6) holds. The result then follows. O
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