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Toric Degenerations and Laurent
Polynomials Related to Givental’s
Landau–Ginzburg Models

Charles F. Doran and Andrew Harder

Abstract. For an appropriate class of Fano complete intersections in toric varieties, we prove that
there is a concrete relationship between degenerations to speciûc toric subvarieties and expressions
for Givental’s Landau–Ginzburg models as Laurent polynomials. As a result, we show that Fano va-
rieties presented as complete intersections in partial �ag manifolds admit degenerations to Goren-
stein toric weak Fano varieties, and their Givental Landau–Ginzburg models can be expressed as
corresponding Laurent polynomials.

We also use this to show that all of the Laurent polynomials obtained by Coates, Kasprzyk and
Prince by the so-called Przyjalkowski method correspond to toric degenerations of the correspond-
ing Fano variety. We discuss applications to geometric transitions of Calabi–Yau varieties.

1 Introduction

Mirror symmetry for Fano varieties predicts that the mirror of a Fano variety X is
given by a quasi-projective variety X∨ equipped with a regular function w∶X∨ → A1

(with appropriate choices of symplectic and complex structure on both X and X∨) that
satisûes certain conditions. In particular, homological mirror symmetry implies that
there is a relationship between the bounded derived category of X and the Fukaya–
Seidel category of (X∨ ,w), or conversely, the Fukaya category of X is related to the
derived category of singularities of (X∨ ,w) (see, for instance, [18, 19] for details). _e
pair (X∨ ,w) can be viewed as a family of varieties overA1. From amore classical point
of view,mirror symmetry predicts that the periods of this family at inûnity should be
related to the Gromov–Witten invariants of X [10].

In the particular casewhere X is a smooth n-dimensional toric Fano variety, there
should be some copy of (C×)n contained in X∨ so that on this torus, w is expressed
as a Laurent polynomial w∶ (C×)n → C with Newton polytope equal to the polytope
whose face fan from which X itself is constructed.
A folklore conjecture (stated explicitly in [13, Problem44] and [22,Optimistic pic-

ture 38]) says that for each birationalmap ϕ∶ (C×)n ⇢ X∨ so that theNewtonpolytope
of ϕ∗w is ∆, there is a degeneration of the Fano variety X to X∆ . It is expected that

Received by the editors March 2, 2015; revised September 21, 2015.
Published electronically April 18, 2016.
C.Doran was supported theNational Sciences and Engineering Research Council, the Paciûc Insti-

tute for Mathematical Sciences, and theMcCalla professorship at the University of Alberta. A. Harder
was supported by a National Sciences and Engineering Research Council Doctoral Post-Graduate
Scholarship.

AMS subject classiûcation: 14M25, 14J32, 14J33, 14J45.
Keywords: Fano varieties, Landau-Ginzburg models, Calabi-Yau varieties, toric varieties.

784

https://doi.org/10.4153/CJM-2015-049-2 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-2015-049-2


Degenerations and Landau-Ginzburg Models 785

X∨ is covered (away from a subset of codimension 2) by tori (C×)n corresponding to
toric varieties to which X degenerates, and these charts are related by a generalized
type of cluster mutation. Our main result (_eorem 2.20) is very much in the spirit
of this suggestion.
For X a complete intersection in a toric variety, Givental [14] provided a method

of computing the Landau–Ginzburg model of X. _is Landau–Ginzburg model is
presented as complete intersection in (C×)n thatwe call X∨ equippedwith a function
w. We call the pair (X∨ ,w) obtained by Givental’s method the Givental Landau–
Ginzburg model of X.

In Section 2, we introduce certain types of embedded toric degenerations of Fano
complete intersections in toric varieties that we call amenable toric degenerations,
and prove that they correspond to Laurent polynomial models of Givental’s Landau–
Ginzburg models.

_eorem 1.1 (_eorem 2.20) Let X be a complete intersection Fano variety in a toric
variety Y . Let X ↝ XΣ be an amenable toric degeneration of X; then the Givental
Landau–Ginzburg model of X can be expressed as a Laurent polynomial with Newton
polytope equal to the convex hull of the primitive ray generators of Σ.

In the case where X is a smooth complete intersection in a weighted projective
space, Przyjalkowski showed that there is a birational map ϕ ∶ (C×)m ⇢ X∨ to the
Givental Landau–Ginzburg model of X so that ϕ∗w is a Laurent polynomial. In [17],
Ilten, Lewis, and Przyjalkowski have shown that there is a toric variety X∆ expressed
as a binomial complete intersection in the ambient weighted projective space so that
the complete intersection X admits a �at degeneration to X∆ .

_eorem 2.20 generalizes both the method of Przyjalkowski in [22], and its sub-
sequent generalization by Coates, Kasprzyk, and Prince in [8]. _eorem 2.20 shows
that there are toric degenerations corresponding to all of the Laurent polynomials as-
sociated with Fano fourfolds obtained in [8], and that the Laurent polynomials are
the toric polytopes of the associated degenerations.

Using the toric degeneration techniques of [6, 15], Przyjalkowski and Shramov
have deûned Givental Landau–Ginzburg models associated with complete intersec-
tionFano varieties in partial �ag varieties. _eyhave shown that theGivental Landau–
Ginzburg models of complete intersections in Grassmannians Gr(2, n) can be ex-
pressed as Laurent polynomials. We provide an alternate approach to this question
using_eorem 2.20. _is provides toric degenerations formost complete intersection
Fano varieties in partial �ag manifolds, and shows that we can express their Givental
Landau–Ginzburg models as Laurent polynomials.

_eorem 1.2 (_eorem 3.4) Many Fano complete intersections in partial �ag mani-
folds admit degenerations to toric weak Fano varieties X∆ with at worst Gorenstein sin-
gularities and the corresponding Givental Landau–Ginzburg models may be expressed
as Laurent polynomials with Newton polytope ∆.

Of course, the word “many” will be explained in detail in Section 3, but as an ex-
ample, this theorem encompasses all complete intersections in Grassmannians.
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1.1 Organization

_is paper is organized as follows. In Section 2, we recall facts about toric varieties
and use them to prove _eorem 2.20. In Section 3, we apply the results of Section 2
to exhibit toric degenerations of complete intersections Fano varieties in partial �ag
manifolds and show that their Givental Landau–Ginzburg models admit presenta-
tions as Laurent polynomials. In Section 4, we comment on further applications to
the Przyjalkowski method of [8] and how ourmethod seems to relate to the construc-
tion of toric geometric transitions as studied byMavlyutov [21] and Fredrickson [12].

2 General Results

Herewe describe the relationship between degenerations of complete intersections in
toric Fano varieties with nef anticanonical divisor and their Landau–Ginzburg mod-
els. We will begin with a rapid recollection of some facts about toric varieties. A
general reference for all of these facts is [9].

2.1 Toric Facts and Notation

_roughout, wewill use the convention that M denotes a lattice of rank n, and N will
beHom(M ,Z). We denote the natural bilinear pairing between N and M by

⟨ ⋅ , ⋅ ⟩∶N ×M Ð→ Z.

_e symbol Σ will denote a complete fan in M ⊗Z R, and XΣ or YΣ will be used to
denote the toric variety associated with the fan Σ. We will let ∆ be a convex polytope
inM⊗ZRwith all vertices of ∆ at points inM,which contains the origin in its interior.

We will let Σ∆ be the fan over the faces of the polytope ∆, and we will also denote
the toric variety XΣ∆ by X∆ . If ∆ is an integral convex polytope, then we will let ∆[n]
be the set of dimension n strata of ∆. In particular, denote by ∆[0] the vertices of ∆.
We will abuse notation slightly and let Σ[1] be the set of primitive ray generators of
the fan Σ. Similarly, if C is a cone in Σ, then C[1] will denote the set of primitive ray
generators of C.

_ere is a bijection between primitive ray generators of Σ and the torus invariant
Weil divisors on XΣ .

If XΣ is a toric variety, then XΣ has a Cox homogeneous coordinate ring that is
graded by GΣ = Hom(An−1(XΣ),C×). _ere is a short exact sequence

0Ð→ N
gÐ→ ZΣ[1] Ð→ An−1(XΣ)Ð→ 0,

where themap g assigns to a point u ∈ N the vector (⟨u, ρ⟩)ρ∈Σ[1] . Elements of ZΣ[1]

are in bijection with torus invariant Weil divisors, and the map g assigns to a torus
invariant Weil divisor on XΣ its class in the Chow group An−1(XΣ). Applying the
functor Hom( ⋅ ,C×) to the above short exact sequence, we get a sequence

1Ð→ GΣ Ð→ (C×)Σ[1] Ð→ TM Ð→ 1,
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where TM = M ⊗Z C×. Let xρ be a standard basis of rational functions on (C×)Σ[1].
_ere is a partial compactiûcation of (C×)Σ[1], which wemay call VΣ ,

(C×)Σ[1] ⊆ VΣ ⊆ CΣ[1] .

so that there is an induced action of GΣ on VΣ and linearizing line bundle so that the
categorical quotient VΣ//GΣ is the toric variety XΣ . Since we have assumed that Σ
is complete, the homogeneous coordinate ring of XΣ is C[{xρ}ρ∈Σ[1]] equipped with
the grading given by the action of GΣ . A subvariety of XΣ is a complete intersection
in XΣ if it corresponds to a quotient of a complete intersection in VΣ .

_e sublocus of XΣ corresponding to Dρ = {xρ = 0} is exactly the torus invariant
divisors associated with the ray generator ρ. Despite being given by the vanishing of
a function in the homogeneous coordinate ring, these divisors need not be Cartier.
A torus invariant divisor D = ∑ρ∈Σ[1] aρDρ is Cartier if and only if there is some
piecewise linear function φ on M ⊗Z R that is linear on the cones of Σ, which takes
integral values on M. If ϕ is upper convex, then the divisor D is nef.

_e canonical divisor of a toric variety XΣ is the divisor KXΣ = −∑ρ∈Σ[1] Dρ . A
toric variety XΣ is calledQ-Gorenstein if its canonical divisor isQ-Cartier, andGoren-
stein if its canonical divisor is Cartier. In the future, we will be concerned solely with
Q-Gorenstein toric varieties.
A nef partition of Σ will be a partition of Σ[1] into sets E1 , . . . , Ek+1 so that there

exist integral upper convex piecewise linear functions φ1 , . . . , φk+1 so that φ i(E j) =
δ i j ._ismeans that for eachmaximal coneC in the fan Σ, there is some vector uC ∈ N
so that

φ i(v) = max{⟨uC , v⟩} C∈Σ .

A Q-nef partition will be a partition of Σ[1] exactly as above, except we no longer
require that the functions φ i be integral, but only that they take rational values on
u ∈ M. _is is equivalent to the fact that each φ i is determined by a vectoruC ∈ N⊗ZQ
for each maximal cone C of Σ.

_e divisors determined by a Q-nef partition are Q-Cartier. Note that the exis-
tence of aQ-nef partition implies that XΣ is Q-Gorenstein, and the existence of a nef
partition implies that XΣ is Gorenstein.

2.2 Amenable Collections of Vectors

We begin by letting X be a complete intersection in a toric variety YΣ of the following
type.

Deûnition 2.1 Wewill say that X is a quasi-Fano complete intersection in YΣ if there
are divisors Z1 , . . . , Zk deûned by homogeneous equations f i in the homogeneous
coordinate ring of YΣ so that ( f1 , . . . , fk) forms a regular sequence in C[{xρ}ρ∈Σ[1]],
and there is aQ-nef partition E1 , . . . , Ek+1 so that Z i ∼ ∑ρ∈E i Dρ .

We now deûne the central object of study in this paper. Fix aQ-nef partition of Σ
as E1 , . . . , Ek+1 and let X be a corresponding quasi-Fano complete intersection.
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Deûnition 2.2 An amenable collection of vectors subordinate to a Q-nef partition
E1 , . . . , Ek+1 is a collection V = {v1 , . . . , vk} of vectors satisfying the following three
conditions:
(i) For each i, we have ⟨v i , ρ⟩ = −1 for every ρ ∈ E i .
(ii) For each j so that k + 1 ≥ j ≥ i + 1, we have ⟨v i , ρ⟩ ≥ 0 for every ρ ∈ E j .
(iii) For each j so that 0 ≤ j ≤ i − 1, we have ⟨v i , ρ⟩ = 0 for every ρ ∈ E j .

Note that this deûnition depends very strongly upon the order of E1 , . . . , Ek . Now
let us show that an amenable collection of vectors can be extended to a basis of N .

Proposition 2.3 An amenable set of vectors v i spans a saturated subspace of N. In
particular, there is a basis of N containing v1 , . . . , vk .

Proof First of all, it is clear that k ≤ rank(M), or else X would be empty. Now for
each E i , choose some ρ i ∈ E i . We then have amap

η∶ spanZ(v1 , . . . , vk)Ð→ Zk

determined by
η(v) = (⟨v , ρ1⟩, . . . , ⟨v , ρk⟩) ,

which, when expressed in terms of the basis v1 , . . . , vk , is upper diagonal with
(−1) in each diagonal position and thus η is an isomorphism. If spanZ(v1 , . . . , vk)
were not saturated, then there would be some v ∈ spanQ(v1 , . . . , vk) ∩ N not in
spanZ(v1 , . . . , vk). But then η(v) could not lie in Zk , which is absurd, since v ∈ N
and ρ i are elements of M and by deûnition ⟨v , ρ i⟩ ∈ Z.

_us, the embedding spanZ(v1 , . . . , vk) ↪ N is primitive, and there is a comple-
mentary set of vectors vk+1 , . . . , vn so that v1 , . . . , vn spans N over Z.

Now we will proceed to show that amenable collections of vectors lead naturally
to a speciûc class of complete intersection toric subvarieties of YΣ .

2.3 Toric Degenerations

Now let us deûne a toric variety associated with an amenable collection of vectors
subordinate to aQ-nef partition of a fan Σ.

Deûnition 2.4 Let V be an amenable collection of vectors subordinate to a Q-nef
partition of a fan Σ. Let MV be the subspace of M ⊗Z R composed of elements that
satisfy ⟨v i , u⟩ = 0 for each v i ∈ V . Deûne the fan ΣV to be the fan in MV whose cones
are obtained by intersecting the cones of Σ with MV .

We now look at the subvariety of YΣ determined by the equations

(2.1) ∏
ρ∈E i

xρ − ∏
ρ∉E i

x⟨v i ,ρ⟩ρ = 0

in its homogeneous coordinate ring for 1 ≤ i ≤ k. Note that if X is a quasi-Fano com-
plete intersection in YΣ determined by a Q-nef partition E1 , . . . , Ek , then the variety
determined by the equations above is a degeneration of X in the sense that we can
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deform the equations deûning X to the equations above. To see this, recall that the
integral linear function that sends ρ ∈ MR to ⟨v i , ρ⟩ ∈ R corresponds to aWeil divisor

∑
ρ∈Σ[1]

⟨v i , ρ⟩Dρ = − ∑
ρ∈E i

Dρ + ∑
ρ∉E i

⟨v i , ρ⟩Dρ

which is linearly equivalent to 0 (see e.g., [9, Chpt. 4, Prop. 1.2]. _us ∏ρ∉E i x
⟨v i ,ρ⟩
ρ

is a section of the line bundle OYΣ(E i) associated with E i , and any global section of
OYΣ(E i) can be deformed to equation (2.1). Our goal is to show that the subvariety of
YΣ that is determined by equation (2.1) is actually a complete intersection.
Following [11], we introduce the following deûnition.

Deûnition 2.5 An integral squarematrix is calledmixed if each row contains both
positive and negative entries. A k×m matrix is calledmixed dominating if there is no
square submatrix that is mixed.

Mavlyutov [21, Corollary 8.3] packages [11, Corollaries 2.4 and 2.10] into the fol-
lowing convenient form. If l is an integral vector in a lattice expressed in terms of a
ûxed basis, as l = (t1 , . . . , tn), then we deûnemonomials x(l−) and x(l+) to be

x(l+) = ∏
t i>0

x t i
i , x(l−) = ∏

t i<0
x t i
i .

Proposition 2.6 Let L = ⊕k
i=1 Zl i be a saturated sublattice of Zm so that L ∩ Nm =

{0}. Assume that the matrix with rows l1 , . . . , lk is mixed dominating; then the set of
polynomials (x(l i)+ − x(l i)−) for i = 1, . . . , k forms a regular sequence inC[x1 , . . . , xm]

Proposition 2.7 If X is a Fano complete intersection in a toric variety YΣ , and V is
an amenable collection of vectors associated with X, then V determines a degeneration
of X to a complete intersection toric variety in the homogenous coordinate ring of YΣ cut
out by equations

∏
ρ∈E i

xρ − ∏
ρ∉E i

x⟨v i ,ρ⟩ρ = 0.

Proof _e deûnition is clear, but what needs to be shown is that the subvariety of
YΣ determined by these equations is a complete intersection. _is is equivalent to
the fact that the equations given in the statement of the proposition form a regular
sequence. To check this, we prove that the conditions of Proposition 2.7 hold. _e
relevantmatrix is thematrixwith rows (⟨v i , ρ⟩)ρ∈Σ[1] .Call thismatrix T . Ifwe choose
some ρ j ∈ E j for each 1 ≤ i ≤ k, then the maximal submatrix (⟨v i , ρ j⟩) is upper
triangularwith (−1)s on the diagonal. _us, the rows of T form a saturated sublattice
of Zm .

Now let us choose any square submatrix of T , or in other words, choose a set U
of ℓ vertices of Σ[1] and a set V of ℓ vectors v i . _en we must show that the matrix
S = (⟨v i , ρ⟩)v i∈V ,ρ∈U has a row without both positive and negative entries. If the row
(⟨v i , ρ⟩)ρ∈Σ[1] contains negative entries for V0 = {v i1 , . . . , v im} ⊆ V , then, in particu-
lar, for each v i j there is some ρ ∈ U contained in E i j . If V0 = V , then it follows that
for each ρ is contained in a distinct E i1 , . . . , E im . If i1 is the smallest such integer and
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ρ1 is the corresponding element of U , then ⟨v i , ρ⟩ ≤ 0 for all v i ∈ V , since ⟨v i , E j⟩ = 0
for all j < i. _us, the corresponding row contains no positive entries.
Finally, if L∩Nm is nonzero then there is some v i so that ⟨v i , ρ⟩ ≥ 0 for all vertices

ρ of Σ[1]. If there were such a v i , then all points ρ of Σ[1] would be contained in the
positive half-space determined by v i , contradicting the fact that Σ is a complete fan
with each cone strictly convex.

_us applying Proposition 2.7, the equations in the proposition above determine
a complete intersection in the homogeneous coordinate ring of YΣ .

Proposition 2.8 _e subvariety of XΣV of YΣ corresponds to the complete intersection
in the coordinate ring of YΣ cut out by equations

∏
ρ∈E i

xρ − ∏
ρ∉E i

x⟨v i ,ρ⟩ρ = 0.

for 1 ≤ i ≤ k.

Proof We recall that there is an exact sequence

0Ð→ N
gÐ→ ZΣ[1] Ð→ An−1(XΣ)Ð→ 0.

Here g is themap which sends a point v ∈ N to the point

(⟨v , ρ⟩)ρ∈Σ[1] ∈ ZΣ[1]

Applying the functor Hom(−,C×) to this exact sequence, we obtain a dual exact se-
quence

0Ð→ GΣ Ð→ (C×)Σ[1] g∗Ð→ M ⊗Z C× Ð→ 0,
where GΣ = Hom(An−1(XΣ),C×). For an appropriate choice of basis (xρ)ρ∈Σ[1], the
induced action of GΣ on (C×)Σ[1] ⊆ VΣ determines the GΣ-action on the homoge-
neous coordinate ring of XΣ .

_e equations by which we have deûned XΣ can be written on the torus (C×)Σ[1]

as
∏

ρ∈Σ[1]
x⟨v i ,ρ⟩ρ = 1

for 1 ≤ i ≤ k. But this corresponds exactly to the pullback of the locus ⟨v i , ⋅ ⟩ = 0 in
M, which is simply the subspace MV . _us, in the homogeneous coordinate ring of
YΣ , the toric subvariety XΣV is cut out by the equations given in the proposition.

_us, the amenable collection V determines a degeneration of a quasi-Fano com-
plete intersection in YΣ to a toric variety XΣV , where ΣV is the fan obtained by inter-
secting Σ with the subspace of M orthogonal to elements of V .

Deûnition 2.9 A toric degeneration X ↝ XΣ of a quasi-Fano complete intersection
determined by an amenable collection of vectors subordinate to a Q-nef partition
E1 , . . . , Ek+1 is called an amenable toric degeneration of X subordinate to the Q-nef
partition E1 , . . . , Ek+1.

Nowwe deûne a polytope depending upon the amenable collection of vectors V =
{v1 , . . . , vk}.
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Deûnition 2.10 Let V be an amenable collection of vectors subordinate to a Q-
nef partition E1 , . . . , Ek+1 equippedwith rational convex Σ-piecewise linear functions
φ1 , . . . , φk+1. _en we deûne ∆V to be the polytope deûned by ρ ∈ M ⊗R satisfying
equations

⟨v i , ρ⟩ = 0 for 1 ≤ i ≤ k, φk+1(ρ) ≤ 1.

_is polyhedron is convex. We will refer to the subspace of M ⊗Z R satisfying
⟨v i , ρ⟩ = 0 for 1 ≤ i ≤ k for V = {v1 , . . . , vk} an amenable collection of vectors as MV .

It is ûrst of all, important to show that ∆V is precisely the polytope whose vertices
are the generating rays of the fan MV ∩ Σ∆ .

Lemma 2.11 Let C be a sub-cone of Σ so that C ∩ MV is nonempty; then there is a
vertex of C that is contained in Ek+1.

Proof Let p be an element of (C ∩ MV) ∩ M and choose a set of vectors U =
{u1 , . . . , um} contained in generating set of the 1-dimensional strata of C so that p
is a strictly positive rational linear combination of a set of vectors in U . Let j be
the largest integer so that E j ∩ U ≠ ∅ and j ≠ k + 1. If no such integer exists,
then U ⊆ Ek+1, and we are done. If not, we have that ⟨v j , u⟩ = 0 or (−1) for all
u ∈ U ∖ Ek+1, since ⟨v j , E i⟩ = 0 for i < j. If p′ = ∑u i∈U∖Ek+1

a iu i for positive
numbers a i , then ⟨v j , p′⟩ = −∑u i∈E j a i < 0, since E j ∩ U is nonempty. _us, since
p = p′ +∑u i∈U∩Ek+1

a iu i and ⟨v j , p⟩ = 0, wemust have U ∩ Ek+1 nonempty.

_e following proposition holds in the case where E1 , . . . , Ek+1 is anyQ-nef parti-
tion of ∆ and V is amenable collection of vectors subordinate to this nef partition.

Proposition 2.12 Let C be aminimal sub-cone of Σ so that C ∩MV is 1-dimensional;
then there is some point ρ in (C ∩MV) ∩M so that φk+1(ρ) = 1.

Proof By Lemma 2.11, we deduce that the set C[1] of primitive integral ray genera-
tors of C must contain an element of Ek+1. Wemust show that there is some p ∈ Ek+1
and u1 , . . . , um ∈ C[1]∖ (C[1]∩Ek+1) so that ρ = (p+∑m

i=1 n iu i) ∈ MV , n i > 0. _en
since u i ∈ Σ[1] ∖ Ek+1 and φk+1 is linear on C, wemust have φk+1(ρ) = 1.

Let us take p in Ek+1 ∩ C[1]. _en assume that ⟨v j , p⟩ = n j > 0. If there is no
u ∈ C[1] so that u ∈ E j , then ⟨v j , u⟩ ≥ 0 for all u ∈ C[1]. _e subset ⟨v j , u⟩ = 0
contains C ∩ MV by deûnition and must be a sub-stratum of C, since C is a convex
rational cone. By minimality of C, we must then have ⟨v j , u⟩ = 0 for all u ∈ C[1]. In
particular, n j = 0 for all j so that E j ∩ C[1] = ∅.

Now we will ûx u j ∈ E j for each E j so that E j ∩ C[1] ≠ ∅. We know that ⟨v j , u j⟩ =
−1. Take the largest j so that E j ∩ C[1] ≠ ∅. _en ⟨v j , p + n ju j⟩ = 0. Now we have
that p + n ju j is orthogonal to v j , and since it is a positive sum of elements in C[1], it
is contained in C. Let j′ be the next smallest integer so that E j′ ∩ C[1] ≠ ∅. _en let
⟨v j′ , p + n ju j⟩ = s j′ . _is is a non-negative integer, since p and u j are not contained
in E j′ . We now have ⟨v j′ , p+n ju j + s j′u j′⟩ = 0 and ⟨v j , p+n ju j + s j′u j′⟩ = s j′⟨v j , u j′⟩,
which is zero by the condition that ⟨v j , ∆ i⟩ = 0 for i < j.

We may now sequentially add positive multiples of each uℓ for Eℓ ∩ C[1] ≠ ∅ in
the same way until the resulting sum ρ is orthogonal to v1 , . . . , vk . _us, we obtain
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ρ ∈ C that lies in MV and satisûes φk+1(ρ) = 1 by arguments presented in the ûrst two
paragraphs of this proof.

We can make an even stronger claim if wemake further assumptions on the divi-
sors associated with E i .

Recall thatwe have been assuming that theWeil divisorsD i = ∑ρ∈E i Dρ areQ-Car-
tier, or in other words, there are rational convex Σ-linear functions φ i and for ρ ∈ D j ,
φ i(ρ) = δ i j . We canmake stronger statements about the relationship between the fan
ΣV and the polytope ∆V .

Proposition 2.13 _e point ρ in the proof of Proposition 2.12 is a primitive lattice
point under either of the following two conditions:
(i) the divisor Dk+1 is Cartier, or
(ii) all divisors D i for 1 ≤ i ≤ k are Cartier.

Proof For (i), If Dk+1 is Cartier, then the function φk+1 is integral, and thus if
φk+1(ρ) = 1 implies that ρ is a primitive lattice point.

In (ii), assume that there is some r so that ρ/r is still in M. Recall that ρ = p +
∑k

i=1 n iu i for some u i ∈ E i . _us, φ i(ρ/r) = n i/r is an integer, since φ i is integral and
ρ/r is in M. Hence, ρ/r −∑k

i=1(n i/r)u i = p/r is in M. Since p ∈ Σ[1] are assumed to
be primitive, r = 1.

Finally, this gives us the following corollary.

Corollary 2.14 Under either of the conditions of Proposition 2.13, the polytope ∆′ in
MV obtained as the convex hull of the rays generating ΣV = MV ∩ Σ is equal to ∆V .

Proof By Proposition 2.12, each generating ray of ∆′ lies inside of ∆V , thus the con-
vex hull of the generating rays of ΣV is contained inside of ∆V . If ρ is a vertex of ∆V ,
then let C in Σ be the unique cone containing ρ on its interior, C0. If CV = C ∩MV ,
then ρ is in C0

V , the interior of CV . Since φk+1 is linear on C0
V , we must have some

substratum of ∆V containing ρ on which φk+1 is a linear function, but since ρ is a
vertex of ∆V , the only such substratum is spanned by ρ itself. _us, C ∩ MV is the
ray generated by ρ and ρ is in ΣV [1]. _erefore, all vertices ρ of ∆V are in ΣV [1], and
hence are primitive, so we can conclude that ∆′ ⊆ ∆V .

It iswell known (see e.g., [3, Remark 1.3]) that if all facets of an integral polytope ∆
are of integral height 1 from the origin, then ∆ is re�exive. _us,we have the following
theorem.

_eorem 2.15 Let X be a quasi-Fano complete intersection in a toric variety YΣ , and
let E1 , . . . , Ek+1 be a Q-nef partition of Σ[1] so that Ek+1 corresponds to a nef Cartier
divisor. If X ↝ XΣV is deûned by an amenable collection of vectors V subordinate to
this nef partition, then XΣV is a weak Fano partial crepant resolution of a Gorenstein
Fano toric variety X∆V .

Proof _e polytope over the ray generators of ΣV is ∆V by Corollary 2.14, which is
re�exive by [3, Remark 1.3]. It follows that the fan ΣV is a reûnement of the fan over
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faces of ∆V obtained without adding rays that are not generated by points in ∆V . By
[9, Lemma 11.4.10], it follows that XΣV is a projective crepant partial toric resolution
of X∆V whose anticanonical model is X∆V , thus is weak Fano.

2.4 Laurent Polynomials

In [14], Givental constructs themirror of a quasi-Fano complete intersection variety
X in the following way. Assume that we have a smooth toric variety YΣ associated
with a fan Σ with ray generators Σ[1] and a nef partition E1 , . . . , Ek+1. _en, as in
Section 2.1, we have an exact sequence

0Ð→ N
gÐ→ ZΣ[1] hÐ→ Pic(YΣ)Ð→ 0.

Ifwe choose a facet σ of Σ, then the ray generators of σ generateM as a lattice, sinceYΣ
is smooth. We can label the elements of Σ[1] as u1 , . . . , un and the rest of the elements
of Σ[1] as un+1 , . . . , ud . Let v1 , . . . , vn be a basis of N , which is dual to u1 , . . . , un .

_en if we express themap g as amatrix in terms of the basis v1 , . . . , vn of N ,

g = (Idn G)
for an n × (d − n) matrix G whose columns express the coordinates of un+1 , . . . , ud
in terms of u1 , . . . , un . Furthermore, h is given by

h = ( −G
Id(d−n)

) .

We let y1 , . . . , yd be coordinates on (C×)d , and we deûne the complete intersection
d

∏
j=1

yh j,ℓ
ρ = qℓ for 1 ≤ ℓ ≤ d − n

∑
u j∈E i

y j = 1 for i ≠ k + 1(2.2)

with parameters qℓ ∈ C×. _is complete intersection is equipped with the superpo-
tential

(2.3) w = ∑
u j∈Ek+1

y j .

_is is the Landau–Ginzburg model of X as deûned by Givental [14] or by Hori and
Vafa [16]. We can simplify this expression further given the form of h that we have
deduced above. _e relations

n

∏
j=1

yh j,ℓ
j = qℓ

can be rewritten as

(2.4) yℓ =
qℓ

∏n
j=1 y

h j,ℓ
i

for n + 1 ≤ ℓ ≤ d ,

where h i ,ℓ are coordinates for u i in terms of the basis Σ[1] ofM. _us,we can express
the Landau–Ginzburg model of X as a complete intersection in the torus (C×)n with
coordinates {y i}n

i=1 by substituting equation (2.4) into equations (2.2) and (2.3).
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We are mainly interested in the case where YΣ is not necessarily a smooth toric
variety, so we will give a diòerent description of this construction based on the dis-
cussion above, but which does not require any smoothness properties from YΣ .

Let X be a quasi-Fano complete intersection in the toric variety YΣ obtained from
a Q-nef partition E1 , . . . , Ek+1. Let us take the usual Laurent polynomial ring in n
variables, C[x±1 , . . . , x±n ] and let xρ be the map Hom(N ⊗ C× ,C×) associated with
ρ ∈ M, which assigns to q⊗ p ∈ M ⊗C× the value p⟨q ,ρ⟩. In particular, if u1 , . . . , un is
a basis for N , then wemay represent it as a Laurent monomial

xρ =
n

∏
i=1

x⟨u i ,ρ⟩
i .

_e Givental Landau–Ginzburg model associated with a nef partition E1 , . . . , Ek+1 of
Σ[1] is given by the complete intersection X∨ in (C×)n written as

(2.5) ∑
ρ∈E i

aρxρ = 1

for 1 ≤ i ≤ k equipped with the superpotential

w = ∑
ρ∈Ek+1

aρxρ .

Here aρ are constants in C×. To be completely correct, the constants aρ should be
chosen to correspond to complexiûed classes in the nef cone of XΣ . In other words,
there should be some integral Σ-piecewise linear function φ and a complex constant
t so that aρ = tφ(ρ) (see [2] or [4] for details).

_e goal of this section is to show that the existence of an amenable collection of
vectors subordinate to the Q-nef partition E1 , . . . , Ek+1 implies that X∨ is birational
to (C×)n−k and that under this birational map, the superpotential w pulls back to a
Laurent polynomial. In Section 2.5 we will determine the relationship between the
Laurent polynomial w and the polytope ∆V .

Let v1 , . . . , vk be an amenable collection of vectors. _en by Proposition 2.3, we
can extend v1 , . . . , vk to a basis v1 , . . . , vn of N . Let us ûx such a basis once and for all.

Now we can rewrite equation (2.5) in terms of this basis as

(2.6) ∑
ρ∈E i

aρxρ = ∑
ρ∈E i

aρ(∏
j≥i

x⟨v i ,ρ⟩i ) = 1,

since ⟨v i , ρ⟩ = 0 for j < i. Note that each monomial in this expression can be written
as

∏
j≥i

x⟨v i ,ρ⟩i = ( 1
x i

)∏
j>i

x⟨v i ,ρ⟩i .

since ⟨v i , ρ⟩ = −1 for any ρ in E i . _erefore, we can rearrange equation (2.6) to get

(2.7) ∑
ρ∈E i

aρ(∏
j>i

x⟨v i ,ρ⟩i ) = x i .

By assumption,we have that ⟨v i , ρ⟩ ≥ 0 for ρ ∈ E j and k ≥ j > i, so x i+1 , . . . , xk appear
to non-negative degrees in equation (2.7). We now sequentially substitute these ex-
pressions into one another in order to get Laurent polynomial expressions for each of
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x1 , . . . , xk in terms of xk+1 , . . . , xn . First note that in the case i = k, equation (2.7) di-
rectly provides such a Laurent polynomial. Applying induction, we assume that each
of x i+1 , . . . , xk is given as a Laurent polynomial in xk+1 , . . . , xn ; then direct substitu-
tion into equation (2.7) expresses x i as a Laurent polynomial in terms of xk+1 , . . . , xn .
Note that the fact that the exponents of x i+1 , . . . , xk are positive in equation (2.7) is
used crucially at this step.

_e expressions thatwe obtain for each x i , 1 ≤ i ≤ k by this procedurewill be called
f i(xk+1 , . . . , xn). Now we have that, expressed as a function on (C×)n ,

w = ∑
ρ∈Ek+1

(
n

∏
i=1

x⟨v i ,ρ⟩i )

has x1 , . . . , xk appearing only to positive degrees, since v1 , . . . , vk satisfy ⟨v i , u⟩ ≥ 0
for each u ∈ Ek+1. Making substitutions x i = f i(xk+1 , . . . , xn) for each 1 ≤ i ≤ k into
w,we obtain a Laurent polynomial forw on the variables xk+1 , . . . , xn . We summarize
these computations as a theorem.

_eorem 2.16 Assume X is a quasi-Fano complete intersection in a toric variety YΣ .
_en for each amenable toric degeneration X ↝ XΣ′ there is a birational map

ϕV ∶ (C×)n−k ⇢ X∨

so that ϕ∗Vw is a Laurent polynomial.

Proof Let f i(xk+1 , . . . , xn) be the expressions for x i obtained by using the algorithm
described above. We deûne themap ϕV as

ϕV(xk+1 , . . . , xn) = ( f1(xk+1 , . . . , xn), . . . , fk(xk+1 , . . . , xn), xk+1 , . . . , xn) .

Of course, as amap from (C×)n−k to (C×)n , ϕV is undeûnedwhen f i(xk+1 , . . . , xn) =
0 for 1 ≤ i ≤ k, which is a Zariski closed subset of (C×)n−k . We have shown above
that the image of ϕV lies inside of X∨; thus, since dim(X∨) = n − k, themap ϕV is a
birational map from (C×)n−k to X∨.

_us the choice of an amenable set of vectors v1 , . . . , vk determines both a toric de-
generation of X and aLaurent polynomial expression for itsLandau–Ginzburgmodel.
In Section 2.5wewill examine the relationship between the Laurent polynomial ϕ∗Vw
and the polytope ∆V .

2.5 Comparing Polytopes

Now we will show that if E1 , . . . , Ek+1 is a (k + 1)-partite Q-nef partition of a fan Σ
andV is an amenable collection subordinate to thisQ-nef partition, then theNewton
polytope of φ∗Vw is precisely ∆V . Let ∆ϕ∗Vw be the Newton polytope of the Laurent
polynomial ϕ∗Vw.

Take any subset S ⊆ M; then if we choose v ∈ N , we get stratiûcation of S by the
values of ⟨v , ⋅ ⟩. We will deûne subsets of S

Sbv = { s ∈ S ∣ ⟨v , s⟩ = b} .
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If S is contained in a compact subset of M ⊗Z R, then let bvmax be themaximal value
so that Sbv is nonempty.

Proposition 2.17 Let E1 , . . . , Ek+1 be a Q-nef partition of a fan Σ, and let V =
{v1 , . . . , vk} be an amenable collection of vectors in N subordinate to E1 , . . . , Ek+1. _en
themonomials of φ∗Vw correspond to all possible sums of points p ∈ Ek+1 and u1 , . . . , uℓ

in ⋃k
i=1 E i (allowing for repetition in the set u1 , . . . , uℓ) so that

⟨v i , p +
ℓ

∑
i=1

u i⟩ = 0

for all 1 ≤ i ≤ k.

Proof Let i = 0. It is clear then that the points in M corresponding to monomials in
the Laurent polynomial

w = ∑
ρ∈Ek+1

aρxρ

are all points q in M obtained as sums of points p ∈ Ek+1 and u1 , . . . , um ∈ ⋃i
j=1 E j so

that

⟨v j , p +
ℓ

∑
i=1

u i⟩ = 0.

for all 1 ≤ j ≤ i. Now wemay apply induction.
Let us deûne

h i(x i+1 , . . . , xn) = ∑
ρ∈E i

aρ∏
j>i

x⟨v j ,ρ⟩
j .

Assume thatwe have sequentially substituted h1 , . . . , h i−1 intow to get a Laurent poly-
nomialw′ in the variables x i , . . . , xn , and that the resulting expression hasmonomials
that correspond to all points q in M that are all sums of points p in Ek+1 and u1 , . . . , uℓ

in E1 , . . . , E i−1 so that ⟨v j , p +∑ℓ
s=1 us⟩ = 0 for 1 ≤ j ≤ i − 1 (allowing for repetition

in u1 , . . . , uℓ). Now we show that substituting the expression h i(x i+1 , . . . , xn) into
w′ gives a polynomial whosemonomials correspond to all points p +∑r

j=1 u j so that
p ∈ Ek+1, u j ∈ ⋃i+1

s=1 Es and ⟨v j , p +∑r
s=1 us⟩ = 0 for all 1 ≤ j ≤ i (again, allowing for

repetition in the set u1 , . . . , ur).
Wemay let F be the set of integral points in M corresponding tomonomials ofw′.

_en we have

w′ =
bmax
v i

∑
b=0

xbi gb(x i+1 , . . . , xn),

where
gb(x i+1 , . . . , xn) = ∑

ρ∈Fbv i

aρ∏
j>i

x⟨v j ,ρ⟩
j .

Substituting into w′ the expression x i = h i(x i+1 , . . . , xn) gives us a Laurent polyno-
mial in x i+1 , . . . , xn whosemonomials correspond to points in the set

bv imax
⋃
b=0

(Fbv i + bE i).
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Each point in this set satisûes ⟨v i , Ebv i + bE i⟩ = 0 by the condition that ⟨v i , E i⟩ = −1.
Furthermore, ⟨v j , E i⟩ = 0 for j < i, and hence each set of points Fbv i+bE i is orthogonal
to v1 , . . . , v i and can be expressed as a sumof points p+∑s

j=1 u i for u1 , . . . , us ∈ ⋃i
j=1 E j

and p ∈ Ek+1.
Now assume that we have a point q = p + ∑s

j=1 u i for u1 , . . . , us ∈ ⋃i
j=1 E j and

p ∈ Ek+1 that is orthogonal to v j for 1 ≤ j ≤ i. _en let U = {u1 , . . . , us}⋂ E i , and let

q′ = p +
s

∑
i=1,u i∉U

u i = ρ − ∑
u i∈U

u i .

We see that q′ is orthogonal to v j for 1 ≤ j ≤ i − 1, since ⟨v j , u⟩ = 0 for u ∈ U and
1 ≤ j ≤ i − 1, thus q′ ∈ F. Note that we must have ⟨v i , q′⟩ = #U . _us, the point
q′ is in F#U

v i and hence q ∈ (F#U
v i + (#U)E i) (since ∑u i∈U u i is clearly an element

of (#U)). _us q corresponds to a monomial in w′ a�er making the substitution
x i = h i(x i+1 , . . . , xn). _is completes the proof a�er applying induction.

Proposition 2.18 Assume that MV intersects a cone C of Σ in a ray generated by an
integral vector ρ ∈ M; then there is some multiple of ρ in the polytope ∆ϕ∗Vw . In other
words, ∆V ⊆ ∆ϕ∗Vw

Proof _is follows from Propositions 2.17 and 2.12. According to Proposition 2.12,
there is an integral point in MV ∩ C so that φk+1(ρ) = 1. In the proof of Proposi-
tion 2.12, it is actually shown that this point is constructed as a sum of points p ∈ Ek+1

and u1 , . . . , uℓ ∈ ⋃k
i=1 E i (allowing for repetition in the set u1 , . . . , uℓ). According to

Proposition 2.17 this pointmust correspond to amonomial of the Laurent polynomial
ϕ∗Vw.

_eorem 2.19 Assume that V is an amenable collection of vectors subordinate to a
Q-nef partition E1 , . . . , Ek+1 of a fan Σ. _e polytope ∆ϕ∗Vw is equal to ∆V .

Proof We deduce that ∆V ⊆ ∆ϕ∗Vw from Proposition 2.18. _us it is suõcient to
show that ∆ϕ∗Vw is contained in ∆V , or in other words, each integral point ρ ∈ ∆ϕ∗Vw
satisûes φk+1(p) ≤ 1. However, this is reasonably easy to see. We have shown in
Proposition 2.17 that each point in ∆ϕ∗Vw is a sum of a single point p ∈ Ek+1 and a set
of points u1 , . . . , uℓ in Σ[1]∖Ek+1 (allowing for repetition in the set u1 , . . . , uℓ). Recall
thatwe have a set of vectorsw1 , . . . ,wv ∈ N for v the number ofmaximal dimensional
faces of Σ∆ so that

φk+1(ρ) = max{⟨w i , ρ⟩}vi=1 .
Now let us apply this to ρ = p +∑ℓ

i=1 u i . We obtain

max{⟨w i , p+
ℓ

∑
i=1

u i⟩}
v

i=1
≤ max{⟨w i , p⟩}

v
i=1+

ℓ

∑
i=1

(max{⟨w i , u i⟩}
v
i=1) = φk+1(p) = 1,

as required.

Note that this is actually a general description of the polytope ∆ϕ∗w without any
restrictions on the Q-nef partition. We summarize the results of this section as the
following theorem, which follows directly from _eorems 2.14 and 2.19.
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_eorem 2.20 Let X be a complete intersection in a toric variety YΣ so that there is
aQ-nef partition E1 , . . . , Ek+1 of Σ[1] so that X is a complete intersection ofQ-Cartier
divisors determined by E1 , . . . , Ek . If
(i) Ek+1 is a Cartier divisor or
(ii) E1 , . . . , Ek are Cartier divisors,
then an amenable collection of vectors V subordinate to thisQ-nef partition determines
an amenable degeneration X ↝ XΣV for some fan ΣV , and the corresponding Laurent
polynomial has Newton polytope equal to the convex hull of ΣV [1].

Amore robust geometric statement is available to us in the case where X is a Fano
variety corresponding to a nef partition in a toric variety. _is follows from _eo-
rems 2.20 and 2.15

_eorem 2.21 Assume X is a Fano toric complete interesction in a toric variety Y =
Y∆ cut out by the vanishing locus of sections s i ∈ H0(Y ,OY(E i)) for 1 ≤ i ≤ k, and
E1 , . . . , Ek+1 is a nef partition of ∆, and that V is an amenable collection of vectors
subordinate to this nef partition. _en V determines
(i) a degeneration of X to a toric variety X̃∆V which is a crepant partial resolution of

of X∆V and
(ii) a birational map ϕV ∶ (C×)n−k ⇢ X∨ so that ϕ∗Vw has Newton polytope equal to

∆V .

2.6 Mutations

Herewewill analyze the relationship between Laurent polynomials obtained from the
same nef partition and diòerent amenable collections. First we recall the following
deûnition.

Deûnition 2.22 Let f be a Laurent polynomial in n variables and let

ωn =
dx1 ∧ ⋅ ⋅ ⋅ ∧ dxn

(2πi)nx1 ⋅ ⋅ ⋅ xn
.

A mutation of f is a birational map ϕ∶ (C×)n ⇢ (C×)n so that ϕ∗ω = ω and so that
ϕ∗ f is again a Laurent polynomial.

_is deûnition is due to Galkin and Usnich [13] in the two dimensional case. _e
generalized form given above is due to Akhtar, Coates, Galkin, and Kasprzyk [1] and
Katzarkov and Przyjalkowski [20].
Assume, ûrst of all, that we have two diòerent amenable collections V and V ′,

which are subordinate to the same nef partition E1 , . . . , Ek+1 of a fan Σ. _en asso-
ciated with both V and V ′ are two maps. _e ûrst is ϕV ∶ (C×)n−k ⇢ X∨ , and the
second is ϕ−1

V = πV ∶ (C×)k Ð→ (C×)n−k , deûned by (x1 , . . . , xn) ↦ (xk+1 , . . . , xn).
so that ϕV is a birational section of πV . However, the map πV ⋅ ϕV ′ for a diòerent
amenable collection V ′ is simply a birational morphism of tori. If we let yk+1 , . . . , yn
and xk+1 , . . . , xn be coordinates on the torus (C×)n−k associated with V and V ′ re-
spectively, then for each k + 1 ≤ j ≤ n, there is a rational polynomial h j(xk+1 , . . . , xn)
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so that themap πV ⋅ ϕV ′ is written as

(xk+1 , . . . , xn)z→ (hk+1 , . . . , hn).
In particular, to determine this map, we have Laurent polynomials f i(xk+1 , . . . , xn)
for each 1 ≤ i ≤ k so that

ϕV ′(xk+1 , . . . , xn) = ( f1(xk+1 , . . . , xn), . . . , fk(xk+1 , . . . , xn), xk+1 , . . . , xn) .
_ere are bases B and B′ of N associated with both V and V ′ so that B = {v1 , . . . , vn}
and V = {v1 , . . . , vk} and so that B = {u1 , . . . , un} with V ′ = {u1 , . . . , un}. _ere is
an invertiblematrix Q with integral entries q i , j so that v i = ∑n

j=1 q i , ju j , and torus co-
ordinates x1 , . . . , xn and y1 , . . . , yn on (C×)n related by y i =∏n

j=1 x
q i , j
j . In particular,

we have

h i(xn−k+1 , . . . , xn) = (
k
∏
j=1
f j(xk+1 , . . . , xn)q i , j)(

n
∏

j=k+1
xq i , j

j ) .

_e map given by the polynomials h i(xn−k+1 , . . . , xn) for k + 1 ≤ i ≤ n then de-
termine explicitly the birational morphism above associated with a pair of amenable
collections subordinate to a ûxed nef partition. Now it is clear that the birational map
of tori ϕ−1

V ′ ⋅ϕV induces a birational map of tori that pulls back the Laurent polynomial
ϕ∗Vw to a Laurent polynomial. Our goal now is to show that this map preserves the
torus invariant holomorphic n form ωn−k deûned in Deûnition 2.22. First, we prove
a lemma.

Lemma 2.23 Let ϕ∶ (C×)n ⇢ X∨ ⊆ (C×)n be a birational map onto a complete
intersection in (C×)n cut out by Laurent polynomials

Fi = 1 − f i(x i+1 , . . . , xn)
x i

that have only non-negative exponents in x i+1 , . . . , xk if i ≠ k. _en the residue

ResX∨(
ωn

F1 ⋅ ⋅ ⋅ Fk
)

agrees with the form (2πi)kωn−k on the domain of deûnition of ϕ.

Proof We argue by induction. We make a birational change of variables on (C×)n

so that x1 = y1 + f1(yk+1 , . . . , yn) for each 1 ≤ i ≤ k and y i = x i for i ≠ 1. Note that

dx1 = d( y1 + f (y2 , . . . , yn)) = dy1 + ρ,
where ρ is some 1-form written as a linear combination of dy2 , . . . , dyn with Laurent
polynomial coeõcients. _us, under our change of variables,

dx1 ∧ ⋅ ⋅ ⋅ ∧ dxn = (dy1 + ρ) ∧ ⋅ ⋅ ⋅ ∧ dyn = dy1 ∧ ⋅ ⋅ ⋅ ∧ dyn .

Furthermore, under the correct choice of variables, we have

F1(x1 , . . . , xn) = 1 − f1(x2 , . . . , xn)
x1

.

_us,
ωn

F1 . . . , Fk
= dx1 ∧ ⋅ ⋅ ⋅ ∧ dxn

(x1 − f1(x2 , . . . , xk))F2 ⋅ ⋅ ⋅ Fkx2 ⋅ ⋅ ⋅ xn
.
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Changing variables to y1 , . . . , yn , we see that

ωn

F1 ⋅ ⋅ ⋅ Fk
= dy1 ∧ ⋅ ⋅ ⋅ ∧ dyn

F2 ⋅ ⋅ ⋅ Fk y1 y2 . . . , yn

whose residue along the locus y1 = 0 (which is precisely the image of our torus em-
bedding ϕ), is just (2πi)ωn−1/F2 ⋅ ⋅ ⋅ Fk , since F2 , . . . , Fk are independent of y1. _us,
locally around any point in X∨ where the birational map ϕ is well deûned and the
torus change of coordinates φ iswell deûned, it follows that the residue of ωn/F1 ⋅ ⋅ ⋅ F2
on X∨ agrees with (2πi)ωn−1/F2 ⋅ ⋅ ⋅ Fk . Repeating this argument for each 2 ≤ i ≤ k
shows that

ϕ∗VResX∨(
ωn

F1 ⋅ ⋅ ⋅ Fk
) = (2πi)kωn−k .

_eorem 2.24 Let V and V ′ be two amenable collections of vectors subordinate to a
nef partition E1 , . . . , Ek+1. _en the birational map of tori ϕ−1

V ⋅ ϕV ′ is amutation of the
Laurent polynomial ϕ∗V ′w.

Proof It is clear that this map is birational and takes ϕ∗V ′w to a Laurent polyno-
mial. To see that ϕ−1

V ⋅ ϕV ′ preserves the form ωn−k , we note that there is some open
subset U∨ of X∨ on which both ϕV and ϕV ′ induce isomorphisms from open sets
UV and UV ′ in (C×)n−k . In other words, we have isomorphisms ϕ○V ∶UV

∼Ð→ U∨ and
ϕ○V ′ ∶UV ′

∼Ð→ U∨ between open sets. From Lemma 2.23, we know that

(ϕ○V)∗ResU∨( ωn

F1 ⋅ ⋅ ⋅ Fk
) = (2π i)kωn−k ∣UV ,

(ϕ○V ′)∗ResU∨( ωn

F1 ⋅ ⋅ ⋅ Fk
) = (2π i)kωn−k ∣UV′ ;

therefore,wemusthave that onUV , (ϕV ⋅ϕ−1
V ′)∗(ωn−k ∣UV′ ) = ωn−k ∣V , and thus ϕV ⋅ϕ−1

V
is amutation.

Of course,_eorem 2.24 requires thatwe startwith two amenable collections sub-
ordinate to the same nef partition. It is possible to have distinct nef partitions corre-
sponding to the same quasi-Fano variety. It would be interesting to show that if we
have two such nef partitions and amenable collections subordinate to each, then there
is amutation between the corresponding Laurent polynomials.

3 Degenerations of Complete Intersections in Partial Flag Varieties

Now we discuss the question of constructing toric degenerations and Laurent poly-
nomial expressions for Landau–Ginzburg models of complete intersections in partial
�ag varieties. Recall that the partial �ag variety F(n1 , . . . , n l , n) is a smooth com-
plete Fano variety that parametrizes �ags in V ≅ Cn , V1 ⊆ ⋅ ⋅ ⋅ ⊆ Vl ⊆ V , where
dim(Vi) = n i . _e reader can consult [7] for general facts on partial �ag varieties.
According to [6,15], there are small toric degenerations of the complete �ag variety

F(n, n1 , . . . , n l) to Gorenstein Fano toric varieties P(n, n1 , . . . , n l) that admit small
resolutions of singularities. It is suggested in [23] that the Landau–Ginzburg models
of the complete �ag variety can be expressed as a Laurent polynomial whoseNewton

https://doi.org/10.4153/CJM-2015-049-2 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-2015-049-2


Degenerations and Landau-Ginzburg Models 801

polytope is the polytope ∆(n1 , . . . , n l , n) whose face fan determines the toric variety
P(n, n1 , . . . , n l).
For any Fano complete intersection X in F(n1 , . . . , n l , n), one obtains a degener-

ation of X to a nef Cartier complete intersection in the toric variety P(n, n1 , . . . , n l),
and hence conjectural expressions for the Landau–Ginzburg model of X can be
given in terms of the Givental Landau–Ginzburg model of complete intersections in
P(n, n1 , . . . , n l). In [23], Przyjalkowski and Shramov give a method of constructing
birational maps between tori and X∨ so that the superpotential pulls back to a Lau-
rent polynomial for complete intersections in Grassmannians Gr(2, n). Here we will
use_eorem 2.20 to show that most nef complete intersections X in P(n, n1 , . . . , n l)
admit an amenable toric degeneration,which express theGivental Landau–Ginzburg
model of X as a Laurent polynomial.

3.1 The Structure of P(n1 , . . . , n l , n)
In order to construct the toric variety to which F(n1 , . . . , n l , n) degenerates, we be-
gin with an external combinatorial construction presented in [6]. We deûne a graph
Γ(n1 , . . . , n l , n). Let us take an n×n box in the Euclidean planewith lower le� corner
placed at the point (−1/2,−1/2). Let k l+1 = n − n l , let k i = n i − n i−1, and let k1 = n1.
Along the diagonal of this box moving from the bottom right corner to the top le�
corner, we place boxes of size k i × k i sequentially from 1 to l + 1. _e region below
these boxes is then divided equally into 1 × 1 boxes along grid lines, as shown in the
ûrst part of Figure 1.
From this grid, we construct a directed graph with black and white vertices. As-

sume that the centers of each of the 1 × 1 boxes beneath the diagonal are at integral
points in the (x , y) plane so that the center of the bottom le� box is at the origin. At
the center of each 1 × 1 box beneath the diagonal, we place black points. In each box
B on the diagonal, we insert a white point shi�ed by (1/2, 1/2) from the bottom le�
corner of B. See the second part of Figure 1 as an example.

We then draw arrows between each vertex u and any other vertex v that can be
obtained from u by a shi� of v by either (1, 0) or (0,−1) directed from le� to right or
from top to bottom, as in the third part of Figure 1. Let D be the set of black vertices,
and let S be the set of white vertices. In the language of [6], the elements of S are
called stars. Let E denote the set of edges of Γ(n1 , . . . , n l , n). We will denote the
vertex at a point (m, n) ∈ Z2

≥0 by vm ,n and an arrow between points vm1 ,n1 and vm2 ,n2

by (vm1 ,n1 → vm2 ,n2). We have functions

h∶ E Ð→ D ∪ S and t∶ E Ð→ D ∪ S

assigning to an arrow the vertex corresponding to its head and tail respectively.
_e polytope ∆(n1 , . . . , n l , n) is then constructed as a polytope in the lattice M =

ZD as the convex hull of points corresponding to edges E, which we construct as
follows. If d ∈ D, then let ed be the associated basis vector for M, and formally deûne
es to be the origin for s ∈ S. If α is an edge of Γ(n1 , . . . , n l , n), thenwith α,we associate
the point in M given by pα = eh(α) − et(α) .
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Figure 1: _e grid, nodes and graph of Γ(2, 5, 8)

Deûnition 3.1 _e polytope ∆(n1 , . . . , n l , n) is the convex hull of the points pα for
all α ∈ E.

We rapidly review properties of ∆(n1 , . . . , n l , n). _e toric variety P(n1 , . . . , n l , n)
is toric variety associated with the fan over faces of ∆(n1 , . . . , n l , n), and it has torus
invariant Weil divisors associated with each vertex v, which correspond directly to
the points pα for α ∈ E. We will refer to the divisor corresponding to the arrow α as
Dα .

Torus invariant Cartier divisors ∑α∈∆[0] nαDα correspond to piecewise linear
functions φ which are Σ-linear so that φ(qα) = nα for all qα . In [6, Lemma 3.2.2],
Cartier divisors that generate Pic(P(n1 , . . . , n l , n)) are given. We will now describe
these divisors.

Deûnition 3.2 A roof Ri for i ∈ {1, . . . , l} is a collection of edges that have either
no edges above or to the right, and that span a path between two sequential white
vertices of Γ(n1 , . . . , n l , n).
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Figure 2: Roof paths of Γ(2, 5, 8) connecting sequential white vertices.

Examples of roofs and the associated paths in Γ(n1 , . . . , n l , n) are shown in Fig-
ure 2. Associatedwith each roof is a set of divisors. Let α be an edge inRi and letU(α)
be the collection of edges either directly below α if α is a horizontal arrow, or directly
to the le� of α if α is a vertical arrow. If Dβ is theWeil divisor of P(n1 , . . . , n l , n) cor-
responding to the arrow β, then it is proved in [6, Lemma 3.2.2] that theWeil divisor

Hα = ∑
β∈U(α)

Dβ

is nef and Cartier, and that ifwe take two edges α and α′ in the same roofRi , then Hα
is linearly equivalent to Hα′ . We deûne Li to be the line bundle on P(n1 , . . . , n l , n)
associated with the divisor Hα for α any arrow in Ri . _ere is an embedding

ψ∶ P(n1 , . . . , n l , n)↪ PN1−1 × ⋅ ⋅ ⋅ × PN l−1 ,

where N i = ( n
n i
). _is map is comes from the product of themorphisms determined

by each Li (see [6,_eorem 3.2.13]). By work of Gonciulea and Lakshmibai [15], the
Plücker embedding

ϕ∶ F(n1 , . . . , n l , n)↪ PN1−1 × ⋅ ⋅ ⋅ × PN l−1

gives a �at degeneration to the image of ψ. _e divisors C i on F(n1 , . . . , n l , n) ob-
tained by pulling back PN1−1 ×⋅ ⋅ ⋅×h i ×⋅ ⋅ ⋅×PN l−1 where h i is a generic hyperplane in
PN i−1 along ϕ form the Schubert basis of the Picard group of F(n1 , . . . , nk , n), and the
ample cone is the interior of the cone generated overR≥0 by classesC i (see [7,Proposi-
tion 1.4.1]). Furthermore, the anticanonical bundle divisor of F(n1 , . . . , n l , n) is given
by

−KF =
l

∑
i=1

m iC i .

Herem i is the number of edges in the i-th roof of Γ(n, n1 , . . . , n l). We choosemulti-
degrees d i = (d(1)i , . . . , d(l)i ) for integers 1 ≤ i ≤ k so that∑k

i=1 d
( j)
i < m j . Let d denote

this set of multidegrees. _en let Zd i be the intersection of F(n1 , . . . , n l , n) with a
generic divisor ofmulti-degree d i in PN1−1 × ⋅ ⋅ ⋅ ×PN l−1 under the embedding ϕ. _e
complete intersection Xd in F(n1 , . . . , nk , n) of the divisors Zd i is Fano, since by the
adjunction formula, −KX = (∑l

i=1 n iC i)∣X for n i = m i−∑k
j=1 d

(i)
j > 1 is the restriction
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of a very ample divisor on F(n1 , . . . , n l , n). If we keep the divisors Zd i ûxed and let
F(n1 , . . . , n l , n) degenerate to P(n1 , . . . , n l , n), we obtain a natural degeneration of
Xd to a generic complete intersection X′

d
in P(n1 , . . . , n l , n) cut out by the vanishing

locus of a non-degenerate global section of

l
⊕
i=1

O(
k

∑
j=1

L
d(i)j
j ) .

We may now associate X′

d
with a nef partition of ∆(n1 , . . . , n l , n). For each d i ,

choose a set Ui , j of d( j)
i vectors α ∈ R j in such a way that the sets Ui , j have pairwise

empty intersection and so that no Ui , j contains an arrow α so that h(α) is a white
vertex.

It is possible to choose sets thisway, since∑k
i=1 d

( j)
i < m j . LetUi = ⋃l

j=1 Ui , j . _us,
we have divisors

H i = ∑
α∈Ui

Hα ,

which are nef Cartier divisors on P(n1 , . . . , n l , n) linearly equivalent to the divisors
Zd i restricted to P(n1 , . . . , n l , n) in PN1−1 × ⋅ ⋅ ⋅ ×PN l−1. Furthermore, H i correspond
to a nef partition of ∆(n1 , . . . , n l , n). Let Uk+1 = (⋃l

i=1 Ri) ∖ (⋃k
i=1 Ui). Note Uk+1

contains all arrows α with h(α) a white vertex. _en the sets

E i ∶= ⋃
α∈Ui

U(α)

deûne a nef partition of ∆(n1 , . . . , n l , n). We have the standard generating set of
regular functions on (C×)D written as xm ,n associated with black vertices vm ,n of
Γ(n1 , . . . , n l , n). _emonomial associated with an arrow α is

xα =
xh(α)

xt(α)
,

and we deûne the Givental Landau–Ginzburg mirror of Xd to be the complete inter-
section X∨

d

1 = ∑
α∈Ui

aαxα

for 1 ≤ i ≤ k equipped with superpotential

w = ∑
α∈Uk+1

aαxα .

Here the coeõcients aα should be chosen so that they satisfy the so-called box equa-
tions and roof equations of [6, Section 5.1].

3.2 Associated Amenable Collections

An element ℓ of N = Hom(M ,Z) is determined by the number that it assigns to each
generator ofM. Since we have associated with each black vertex of Γ(n1 , . . . , n l , n) a
generator ed , and we have formally set es to be the origin for s ∈ S a white vertex, an
element of N just assigns to each black vertex of Γ(n1 , . . . , n l , n) some integer, and
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assigns the value 0 uniformly to all white vertices. To the points in ∆(n1 , . . . , n l , n)
determined by edges α of Γ(n1 , . . . , n l , n), the linear operator ℓ assigns the number

ℓ(pα) = ℓ(eh(α)) − ℓ(et(α)).
_erefore, each ℓ ∈ N is simply a rule that assigns an integer to each black vertex of
Γ(n1 , . . . , n l , n) so that the resulting value associated with the arrows in each E j is
(−1), takes non-negative values elsewhere, and takes the value 0 on Ek for k < j. Our
task now is to choose carefully an amenable collection of vectors associated with a
given nef partition. We will ûrst describe this process for a single α in Ri . _ere are
two distinct cases to deal with:
(a) _e edge α is horizontal, and t(α) and h(α) are black vertices.
(b) _e edge α is vertical.

We treat these cases separately then combine them to produce the desired func-
tion. Let us take two white vertices of Γ(n1 , . . . , n l , n) located at points (m0 , n0)
and (m1 , n1) so that there is no white vertex (m2 , n2) with m0 ≤ m2 ≤ m1 and
n1 ≤ n2 ≤ n0, and let α be an edge in the roof between (m1 , n1) and (m2 , n2).

(a) Let α be a vertical arrow so that α = (vm ,n → vm ,n−1) for m0 ≤ m ≤ m1 − 1 and
n1 − 1 ≤ n ≤ n0. _en we deûne the function ℓα so that

ℓα(e(i , j)) =
⎧⎪⎪⎨⎪⎪⎩

−1 if i ≤ n1 − 1 and j ≤ m − 1,
0 otherwise.

We can check the value of ℓα on vertical arrows

ℓα(e(i , j)) − ℓα(e(i , j−1)) =
⎧⎪⎪⎨⎪⎪⎩

−1 if j = n,
0 otherwise,

and on horizontal arrows,

ℓα(e(i , j)) − ℓα(e(i+1, j)) =
⎧⎪⎪⎨⎪⎪⎩

1 if i = m1 − 1,
0 otherwise.

_us, ℓα takes value (−1) only on elements of U(α) and takes positive values only at
arrows (vn1−1, j → vn1 , j).

(b) Now let us take some vector α ∈ Ri so that α = (vm ,n0−1 → vm+1,n0−1) for
m0 ≤ m ≤ m1 − 2. Deûne ℓα on the basis e(i , j) so that

ℓα(e(i , j)) =
⎧⎪⎪⎨⎪⎪⎩

−1 if m + 1 ≤ i ≤ m1 − 1 and j ≤ n0 − 1,
0 otherwise.

_us,

ℓα(e(i , j)) − ℓα(e(i+1, j)) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

−1 if i = m,
1 if i = m1 − 1,
0 otherwise,

and for any vertical arrow,

ℓα(e(i , j)) − ℓα(e(i1, j)) = 0.
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Figure 3: Functions ℓα i associatedwith a horizontal and vertical arrows α1 , α2 ∈R1 respectively.
Vertices and arrows that have not been assigned numbers correspond to vertices and arrows to
which ℓα assigns the number 0.

Examples of ℓα for both vertical and horizontal arrows α are shown in Figure 3.
_us, we have chosen ℓα ∈ N for each α ∈ Ri so that h(α) is not a white vertex, in
such a way that ℓα takes value (−1) only at arrows in U(α) and takes positive values
only at horizontal arrows (vm0−1, j → vm0 , j). _us, for any arrows α1 ∈ Ri and α2 ∈ R j
for which h(α i) is not a white vertex, we have ℓα1(α) = 0 for all α ∈ U(α2) and
ℓα2(α) = 0 for all α ∈ U(α1).

Now let us choose some (k + 1)-partite nef partition of ∆(n1 , . . . , n l , n) given by
multidegrees d i = (d(i)1 , . . . , d(i)r ) so that∑k

i=1 d
(i)
j < m i . _en, as in Section 3.1, we

may choose disjoint collections U j of vectors in the union of all roofs⋃r
i=1 R j so that

U j ∩ Ri is of size d( j)
i and so that for all U j there is no α ∈ U j for which h(α) is a
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white vertex. Deûne

ℓU j = ∑
α∈U j

ℓα .

and let E1 , . . . , Ek+1 be the nef partition described in Section 3.1 associated with the
sets Ui .

Proposition 3.3 If we have a (k + 1)-partite nef partition as described in the preced-
ing paragraph, then the collection of vectors V = {ℓU1 , . . . , ℓUk} forms an amenable
collection of vectors subordinate to the chosen (k + 1)-partite nef partition.

Proof It is enough to show that ℓUi (β) = 0 for any β ∈ U(α) for α ∈ U j and j ≠ i.
However, this follows easily from the fact that each ℓα takes the value (−1) at β ∈
U(α), positive values on arrows in U(δ) with h(δ) a white vertex and 0 otherwise.
_us, ℓU j takes values (−1) only at arrows β ∈ U(α) for α ∈ U j and positive values on
arrows inU(δ)with h(δ) awhite vertex and 0 otherwise. Wehave thatU(α)∩U(δ) =
∅ if α ≠ δ, thus since Ui contains no arrow δ with h(δ) a white vertex, ℓUi (β) = 0 if
α ∈ U(α) and α ∈ U j with j ≠ i.

_erefore, following _eorem 2.20, we have the following theorem.

_eorem 3.4 Let X′

d
be a Fano complete intersection in P(n1 , . . . , n l , n) determined

by a set ofmulti-degrees d. _en X′

d
admits a degeneration to a weak Fano toric variety

XΣ with atworstGorenstein singularities. Furthermore, theGivental Landau–Ginzburg
model of X′

d
admits a torus map ϕd so that the pullback of the superpotential w along

ϕd is a Laurent polynomial with Newton polytope ∆ so that X∆ = XΣ .

Example 3.5 We concludewith a non-trivial example of ourmethod atwork. Let us
take the partial �ag manifold F(1, 2, 5), and we will compute the Laurent polynomial
associated with a Fano hypersurface in this Flag manifold. First, we have variables
x0,1 , x0,0 , x1,1 , x1,0 , x2,1 , x2,0 and x3,0, and we choose the nef partition of ∆(1, 2, 5)
associated with the roof-paths of length 3 and 1 in each block (in other words the
multi-degree d is just (3, 1)). _is nef partition corresponds to the following Givental
Landau–Ginzburg model,

1 = x0,1 +
x0,0
x0,1

+ x1,0

x1,1
+ x2,0

x2,1
+ x3,0 +

x1,1

x0,1
+ x2,1

x1,1
+ x1,0

x0,0
+ x2,0

x1,0

equipped with potential

w = 1
x2,1

+ 1
x3,0

+ x3,0

x2,0
.

_emethod described in Proposition 3.3 produces an amenable collection with only
one element, which is given by

v = −e∗
(0,1) − 2e∗

(0,0) − 2e∗
(1,1) − 3e∗

(1,0) − 4e∗
(2,0) − e∗(3,0) − 3e∗

(2,1) ,
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which may be completed to a basis if we let v2 = e∗(0,0), v3 = e∗(1,1), v4 = e∗
(1,0), v5 =

e∗
(2,0), v6 = e∗(3,0), and v7 = e∗(2,1). _en in terms of this basis, the Givental Landau–

Ginzburg model looks like

1 = 1
y1
+ y2

y1
+ y4

y1 y3
+ y5
y1 y7

+ y6

y1
+ y3

y1
+ y7

y1 y3
+ y4

y1 y2
+ y5
y1 y4

with potential

w = y3
1

y7
+ y1

y6
+ y3

1 y6

y5
.

Eliminating y1 from the ûrst equation, we obtain

y1 = 1 + y2 +
y4

y3
+ y5
y7
+ y6 + y3 +

y7

y3
+ y4

y2
+ y5
y4
,

and thus

w =( 1 + y2 +
y4

y3
+ y5
y7
+ y6 + y3 +

y7

y3
+ y4

y2
+ y5
y4

)

× ( 1
y6

+ ( 1 + y2 +
y4

y3
+ y5
y7
+ y6 + y3 +

y7

y3
+ y4

y2
+ y5
y4

)
2
( y6

y5
+ 1
y7

))

4 Further Applications

Recently, Coates, Kasprzyk, and Prince [8] have given a reasonably general method
of turning aGivental Landau–Ginzburg model into a Laurent polynomial under spe-
ciûc conditions. We will show that all of their Laurent polynomials are cases of_e-
orem 2.16, and that all of the Laurent polynomials of Coates, Kasprzyk, and Prince
come from toric degenerations. We will also comment on the extent to which we re-
cover results of Ilten Lewis and Przyjalkowski [17], andmention how our results relate
to geometric transitions of toric complete intersection Calabi–Yau varieties.

4.1 The Przyjalkowski Method

Herewe recall thePrzyjalkowskimethod asdescribed byCoates,Kasprzyk, andPrince
in [8] and show that their construction can be recast in terms of amenable toric de-
generations. We will conclude that if the Przyjalkowski method is applied when Y∆
is a Fano toric variety, then results of Section 2.5 imply that all of the Laurent poly-
nomials obtained in [8] correspond to amenable toric degenerations of the complete
intersection X.

We begin with a smooth toric Fano variety Y∆ obtained from a re�exive polytope
∆ ⊆ M ⊗Z R with M a lattice of rank m. _en we have an exact sequence

(4.1) 0Ð→ Hom(M ,Z)→ ZN (m i j)ÐÐÐ→ Pic(Y∆)Ð→ 0,

where the vertices of ∆ are given an ordering and identiûed with elements of the set
{1, . . . ,N} and where Pic(Y∆) is the Cartier divisor class group of Y∆ . We make the
following choices. Let E be a a subset of {1, . . . ,N} corresponding to a set of torus
invariant divisors that generate Pic(Y∆) and let S1 , . . . , Sk be disjoint sets subsets of
{1, . . . ,N} whose corresponding divisors may be expressed as non-negative linear
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combinations in elements of divisors corresponding to elements of E. Assume that
each S i is disjoint from E. Torus invariant divisors of Y∆ correspond to vertices of
∆. _e method of Hori–Vafa [16] for producing Landau–Ginzburg models for X is
then applied. _is construction was described in Section 2.4, but we repeat it here
using the notation of [8]. Take variables x i for 1 ≤ i ≤ N , which can be thought of as
coordinates on the torus (C×)N , and impose relations

qℓ =
m
∏
j=1

xmℓ j
j

for each ℓ ∈ E and qℓ a variable in C×, and equip the associated toric subvariety of
(C×)N with the superpotential

w =
N

∑
i=1

x i

By assumption, we have that elements of E form a basis of Pic(Y∆). _erefore, the
matrix (m i j) can be written as the identity matrix when restricted to the subspace
of ZN spanned by elements in E. Since the sequence in equation (4.1) is exact, the
elements {e1 , . . . , en} of E are part of a basis {e1 , . . . , en , un+1 , . . . , uN} of ZN . In this
basis, we have

qℓ =
m
∏
j=1

xmℓ j
j = xℓ

N
∏

j=1, i≠ℓ
xmℓ j

j ,

and thus we obtain the relations

xℓ =
qℓ

∏N
j=1, j≠ℓ x

mℓ j
j

.

_e superpotential for Y∆ then becomes

(4.2) w =∑
ℓ∈E

( qℓ
∏N

j=1, j≠ℓ x
mℓ j
j

) +∑
i∉E

x i .

_emonomials inw correspond to the vertices of ∆, andwe have eliminated variables
corresponding to elements of E. Since E has cardinality equal to rank(Pic(Y∆)), the
superpotential w is expressed in terms of n variables. All values m i j involved in the
expression above are non-negative if j ∈ S i for some 1 ≤ i ≤ k, since we have chosen
S1 , . . . , Sk to be non-negative linear combinations in Pic(Y∆) of elements in E.

_e Givental Landau–Ginzburg model of X is then given by the subspace X∨ of
(C×)N cut out by equations

1 = ∑
j∈S i

x j for 1 ≤ i ≤ k.

Equipped with the superpotential obtained by restricting w to X∨. _is agrees with
the notion of Givental Landau–Ginzburg model presented in Section 2 up to a trans-
lation by the constant k.
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At this point, the authors of [8] choose an element s i ∈ S i for each 1 ≤ i ≤ k and
then make the variable substitutions for each ℓ ∈ S i

xℓ =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

yℓ
1 +∑ j∈S i , j≠s i y j

if ℓ ≠ s i ,

1
1 +∑ j∈S i , j≠s i y j

if ℓ = s i .

_ese expressions for xℓ in terms of y j then parameterize the hypersurfaces deûned
by the equations

1 = ∑
j∈S i

x j .

Since all m i j in equation (4.2) are non-negative for j ∈ ⋃k
i=1 S i , substitution turns w

into a Laurent polynomial expressed in terms of n− k variables, yℓ for ℓ ∈ ⋃k
i=1 S i and

x j for j ∈ {1, . . . ,N} ∖ (⋃k
i=1 S i ∪ E).

4.2 Associated Amenable Collections

Now we rephrase Przyjalkowski’s method in terms of our discussion in Section 2.
Since the monomials of w correspond to vertices of ∆, the conditions on S1 , . . . , Sk
and E restrict ∆ so that wemay choosem vertices of ∆ that correspond to a spanning
set {e1 , . . . , en} of M. _en the remaining vertices of ∆, and S1 , . . . , Sk correspond
to subsets of this spanning set. Furthermore, the insistence on positivity of elements
of S1 , . . . , Sk in terms of elements of E means that every vertex of E must be a sum
−∑n

j=1 m i , je j so that m i , j is positive for j corresponding to an element of ⋃k
i=1 S i .

_us, e1 , . . . , en must actually span amaximal facet of ∆.
In other words, we have an n-dimensional polytope ∆ with simplicial face with

vertices {e1 , . . . , en} a generating set for M so that Y∆ is a smooth Fano toric variety.
We have now chosen a partition of ∆[0] so that E1 , . . . , Ek correspond to the vertices
towhich elements of S1 , . . . , Sk correspond and are thus composed of disjoint subsets
of {e1 , . . . , en}. _e set Ek+1 is simply the complement ∆[0] ∖⋃k

i=1 E i . Furthermore,
we have chosen E i so that elements of u ∈ Ek+1 are written as u = −∑n

j=1 m i , je j and
m i , j ≤ 0 if e j ∈ E i for 1 ≤ i ≤ k.

Proposition 4.1 _e sets E1 , . . . , Ek and Ek+1 form a nef partition of ∆.

Proof By deûnition, this is a partition of vertices of ∆. It remains to show the ex-
istence of convex Σ∆-piecewise linear functions compatible with this partition, but
this follows from the assumption that Y∆ is a smooth Fano toric variety, hence all
irreducible and reduced torus invariant Weil divisors in Y∆ are nef and Cartier.

_e problem is then to show that there are v i in the lattice N = Hom(M ,Z) so that
themethod of Section 2 recovers the Laurent polynomial of [8].

Proposition 4.2 Let E1 , . . . , Ek+1 be a nef partition chosen as above. _en there is
an amenable collection of vectors V subordinate to this nef partition of ∆ so that the
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resulting Laurent polynomial is the same as the Laurent polynomial obtained by the
Przyjalkowski method.

Proof Let e∗1 , . . . , e∗m be the basis of N dual to e1 , . . . , ed ,

v i = − ∑
e j∈E i

e∗j .

_is choice of v i then satisûes ⟨v i , e j⟩ = −1 if e j ∈ E i ,⟨v i , e j⟩ = 0 if e j ∈ E j for j ≠ i , k+1,
and ⟨v i , ρ⟩ ≥ 0 for ρ ∈ Ek+1. _us, v1 , . . . , vk forms an amenable set of vectors. To see
that this amenable collection of vectors recovers the Laurent polynomial coming from
the Przyjalkowski method,wemust choose vectors vk+1 , . . . , vn ∈ N so that v1 , . . . , vn
form a basis of N . Here we use the choice of s i ∈ S i . Each s i corresponds to some
vertex of ∆ represented by a basis vector ofM that we can assume is given by e i up to
re-ordering of the basis of M. It is then easy to check that

{v1 , . . . , vk} ∪ {vk+1 = e∗k+1 , . . . , vn = e∗n}

form a basis for the lattice N . In terms of this basis, we have

1 = ∑
ρ∈E i

(
k+1
∏
j=1

x⟨v j ,ρ⟩
i ) = 1

x i
+ ∑
e j∈E i , j≠i

x j

x i
,

and thus we have a torus map

ϕV ∶ (C×)n−k ⇢ X∨

parametrizing X∨ given by variable assignment

x i =
⎧⎪⎪⎨⎪⎪⎩

1 +∑e j∈E i , j≠i y j if 1 ≤ i ≤ k,
y i otherwise.

_is is expressed in torus coordinates that are dual to the basis v1 , . . . , vn . _is is, of
course diòerent from the map used in the Przyjalkowski method, but only because
we have changed to a basis dual to v1 , . . . , vn and not the basis e∗1 , . . . , e∗n . Changing
basis so that we return to the standard basis with which we began, wemust make the
following toric change of variables on (C×)n

x j =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

z j
z i

if e j ∈ E i for 1 ≤ i ≤ k,
1
z j

if 1 ≤ j ≤ k,
z j otherwise.

In these coordinates, ϕ is written as

z j =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

y j

1 +∑e j∈E i , j≠i y j
if e j ∈ E i for 1 ≤ i ≤ k,

1
1 +∑e j∈E i , j≠i y j

if 1 ≤ j ≤ k,

y j otherwise

which is precisely the embedding given by the Przyjalkowski method.
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Of course, as a corollary to this, _eorem 2.20 allows us to conclude that the
Przyjalkowskimethod produces toric degenerations of the complete intersectionwith
which we began.

_eorem 4.3 Let Y∆ be a smooth toric Fano manifold and let X be a Fano complete
intersection in Y . If the Givental Landau–Ginzburg model of X becomes a Laurent
polynomial with Newton polytope ∆′ by the Przyjalkowski method, then X degenerates
to the toric variety X∆′ .

4.3 Relation to [17]

Perhaps it now should be mentioned how this work relates to work of Przjalkow-
ski [22] and Ilten, Lewis, and Przyjalkowski [17]. In their situation, they begin
with a smooth complete intersection Fano variety X in a weighted projective space
WP(w0 , . . . ,wn). By [22, Remark 8], we can assume that w0 = 1, and hence the
polytope ∆ deûning WP(1, . . . ,wn), has vertices given by the points e1 , . . . , en and
−∑n

i=1 w i e i for {e1 , . . . , en} a basis of M. _en the Przyjalkowski method can be
applied, essentially verbatim, letting S1 , . . . , Sk correspond to subsets of the vertices
{e1 , . . . , en} and E = {−∑n

i=1 w i e i}.
_en the amenable collection constructed in the proof of Proposition 4.2 is given

by

v i = −∑
j∈S i

e∗j

and produces a Laurent polynomial associated to theGivental Landau–Ginzburgmo-
del identical to those constructed by Przyjalkowski in [22], up to a toric change of
basis. Proof of this is essentially identical to the proof of Proposition 4.2. Since Przy-
jalkowski assumes that the divisors ofWP(1,w1 , . . . ,wn) that cut out X are Cartier,
we have that X is associated with aQ-nef partition E1 , . . . , Ek+1, where E1 , . . . , Ek are
Cartier. _is allows us to apply _eorem 2.20 to show the following proposition.

Proposition 4.4 _ere is a degeneration of each smooth, Fano, weighted, projective,
complete intersection to a toric variety XΣ so that the convex hull of the ray generators
of Σ is a polytope equal to the Newton polytope of the Laurent polynomial associated
with X in [22].

_is is a weaker version of the theorem proved in [17].

_eorem 4.5 ([17,_eorem 2.2]) Let ∆ f be theNewton polytope of the Laurent poly-
nomial associated with a smooth, Fano, weighted, projective, complete intersection X in
[22]. _en there is a degeneration of X to P̃(∆ f ), as deûned in [17, Section 1.1].

_e diòerence between these two statements is that Proposition 4.4 shows that X
degenerates to a toric variety which is possibly a toric blow-up of the variety towhich
_eorem 4.5 shows that X degenerates.
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4.4 Geometric Transitions of Calabi–Yau Varieties

Readers interested in compact Calabi–Yau varieties should note that we can reinter-
pret the work in Section 2 as a general description of geometric transitions of toric
complete intersection Calabi–Yau varieties.

We note that there is a reinterpretation of the map ϕV ∶ (C×)n−k ⇢ (C×)n as a
section of the toricmorphism πV ∶ (C×)n → (C×)n−k given by

(x1 , . . . , xn)z→ (xk+1 , . . . , xn),

which sends the subscheme of X∨ cut out by the equations w − λ for some complex
value λ to the subscheme of (C×)n−k cut out by the vanishing locus of ϕ∗Vw − λ in
(C×)n−k . _us, we obtain a birational map between the ûbers of w, and ûbers of the
Laurent polynomial ϕ∗Vw that can be compactiûed to anticanonical hypersurfaces in
X(∆ϕ∗V w)

○ .
Note that if E1 , . . . , Ek+1 is a nef partition of a Fano toric variety determined by a

re�exive polytope ∆, then E1 , . . . , Ek+1 determine a Calabi–Yau complete intersection
Z in Y∆ ,which is precisely an anticanonical hypersurface in the complete intersection
quasi-Fano variety X determined by E1 , . . . , Ek . According toBatyrev andBorisov [5],
there is a re�exive polytope ∇ determined by E1 , . . . , Ek+1 and a dual (k + 1)-partite
nef partition of Y∇ that determines a complete intersection Calabi–Yau variety Z∨,
which is called the Batyrev–Borisov mirror dual of Z.

It is well known [14] that the ûbers of the Givental Landau–Ginzburg model of
X can be compactiûed to complete intersections in Y∇, and that these compactiûed
ûbers are the Batyrev–Borisov mirror dual to anticanonical hypersurfaces Z in X.

Now if we degenerate the homogeneous equations in the coordinate ring of Y∆
deûning X to equations deûning some toric variety X∆V , thenwe obtain simultaneous
degenerations of anticanonical hypersurfaces Z in X to anticanonical hypersurfaces
Z′ of X∆V . In general, anticanonical hypersurfaces of X∆V are more singular than
anticanonical hypersurfaces of X.
Classically, mirror symmetry predicts that there is a contraction of Z∨ → (Z′)∨

that is mirror dual to the degeneration Z ↝ Z′, where Z′ and (Z′)∨ aremirror dual.
Since Z′ is a toric hypersurface, the contracted variety (Z′)∨ should be a hypersurface
in the toric variety X(∆V)○ .

We deduce the following theorem.

_eorem 4.6 Let Z be an anticanonical hypersurface in a quasi-Fano complete in-
tersection X in a toric Fano variety Y∆ determined by a nef partition E1 , . . . , Ek+1 and
so that E1 , . . . , Ek determines the quasi-Fano variety X. Assume there is an amenable
collection of vectors subordinate to the nef partition E1 , . . . , Ek+1 that determines an
amenable degeneration X ↝ XΣV where the convex hull of the ray generators of ΣV is
a re�exive polytope ∆V . _en Z degenerates to a hypersurface in X∆V , and there is a
mirror birational map from Z∨ to an anticanonical hypersurface in X(∆V)○

Note that this is just a birational map, not necessarily a birational contraction. In
the work of Fredrickson [12], it is shown that an associated birational contraction ex-
ists in several cases once one performs appropriate partial resolutions of singularities
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on both Z∨ and (Z′)∨. In [21], Mavlyutov showed that any toric variety X∆ with a
ûxed Minkowski decomposition of ∆○ can be embedded in a Fano toric variety Y
determined by the Cayley cone associated with the given Minkowski decomposition,
and that anticanonical hypersurfaces in X∆ can be deformed to nondegenerate nef
complete intersections in Y . He then showed that a mirror contraction exists if the
degeneration of X to X∆ is obtained in this way.
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