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Abstract We categorify the commutation of Nakajima’s Heisenberg operators P11 and their infinitely
many counterparts in the quantum toroidal algebra Uy, q,(gl1) acting on the Grothendieck groups
of Hilbert schemes from [10, 24, 26, 32]. By combining our result with [26], one obtains a geometric
categorical Ug,, ¢, (gl1) action on the derived category of Hilbert schemes. Our main technical tool is a
detailed geometric study of certain nested Hilbert schemes of triples and quadruples, through the lens
of the minimal model program, by showing that these nested Hilbert schemes are either canonical or
semidivisorial log terminal singularities.
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1. Introduction

1.1. The description of our result
The quantum toroidal algebra Uy, 4, (gl;) (Definition 1.3) is an affinisation of the quantum
Heisenberg algebra which has been realised in several contexts:

e the elliptic Hall algebra in [2, 30],
e the double shuffle algebra in [8, 9, 23],
e the trace of the deformed Khovanov Heisenberg category in [4](when ¢; = g2).

Given a smooth quasiprojective surface S over k= C, let
o0
M= ] s
n=0

be the Hilbert schemes of points on S. Schiffmann-Vasserot [32], Feigin-Tsymbaliuk [10]
and Negut [26] constructed the Uy, 4,(gl;) action on the Grothendieck group of M. It
generalises the action of

e the Heisenberg algebra (Nakajima [22] and Grojnowski [11])
e the W algebra (Li-Qin-Wang [21])

on the cohomology of Hilbert schemes.
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The main result of this paper is a weak categorification of the above quantum toroidal
algebra action. First let us state our results precisely. Given a nonnegative integer n, let
Stnt1] be the nested Hilbert scheme

St — (T, Ty1,z) € S SO ST, € T, T [Tt = ki),

which is a closed subscheme of S x SI"+1] x §. There is a tautological line bundle £ on
Slnt1] - guch that its fibre at each closed point is Z./Z,+1. We abuse the notation to
denote 7 as the universal ideal sheaf on M x S. We will write 51,55 for two copies of S, in
order to emphasise the factors of S x S. Let A : MxS—MxMxS;xSs be the diagonal
embedding and ¢ : M XM X S1 X So— MxMxSsxS7 be the involution map which changes
the order of two copies of S. We denote D°(X) to be the (bounded) derived categories of
coherent sheaves on a given scheme X. We prove that

Theorem 1.1 (Theorem 5.1, see Section 1.8 for the notations). Consider the Fourier-
Mukai kernels ey, fr, : D*(M) — D*(M x S) induced from:

er = LFOginnin € DP(SM x Sl 5 6)
fre =L Og1nnsn[1] € DU (S 5 51 5 8.
(1) For every two integers m and r, there exists natural transformations
frém—r = txm_rfr if m>0

Ll fr = frem—r ifm<0, (1.1)
,fre—r = L*erf—r@oA[l}

where A is the diagonal of M x M xS x S.

(2) When m # 0, the cone of the natural transformations in (1.1) has a filtration with
associated graded object

m—1
@ RA.(h ) if m>0

k=0
0 )
@ RA.h,,) ifm<O0
k=m+1 ’
where h;’k,h;’k € D*(M x S) are complexes of wedge and symmetric product of

universal sheaves on M x S.

It is natural to expect that Theorem 1.1 should be compatible with the computation
in [24], which we show in Theorem 3.2.

The nontriviality of the extension is a feature of the derived category statement, which
is not visible at the level of Grothendieck groups. Proposition 6.3 provides a precise
extension formula.

1.2. The weak categorification of an algebra action

Categorification can take place in a very general setting. Roughly speaking, it lifts a
certain quantity to a chain complex whose Betti number is the quantity. Here we follow
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the notation of Savage [29] for the naive, weak and strong categorifications of algebra and
representations.

Let A be a commutative ring and B = ({b;}s,er,{¢c;j};jcs) be a unitial associative
A-algebra, where {b;},cs is the generating set and {c;},;cs is a set of relations which
generate all the relations in B. Let M be a B-module. The action of each b; defines an endo-
morphism bZM of M and each c; defines a relation in the endomorphism ring of M which

M

we denote as cj”. For a triangulated category M, we denote Ky (M) as the Grothendieck

group of M. For any F' € M, we denote [F] € Ky(M) as the class generated by F.
Definition 1.2 (Weak categorification). A weak categorification of (B,{b;},{c;},M) is a
quadruple (Ma¢7 {Fi}i617{Ei}jEJ)7 where
(1) M is a triangulated category with an isomorphism ¢ : Ko(M) — M;
(2) for eachi€ I, F;: M — M is an triangulated endofunctor of M, such that [F;] = bM
under the isomorphism ¢;

el e?
(3) for each j € J, E; ={E] =+ E} — E?}, where E},E?,E? are endofunctors of M
which are generated by Fj, e} and e? are natural transformations, such that for
e (K e (K
each element K € M, Ej(K) L) E(K) L> E?(K) is an exact triangle in M
and the relation ¢}’ = {[E}] —[E?] 4 [E}] = 0} under the isomorphism ¢.
Now we recall an integral version of the quantum toroidal algebra Uy, 4, (gl;)-

Definition 1.3 ([26]). Given two formal parameters g1 and g2, let ¢= q1q2. Let K=Z[q1 +
¢2,4,¢""]. The quantum toroidal algebra Uy, 4,(gl1) is the K-algebra with generators:

{Ey, Fi, H Y ez, 1en

modulo the following relations:

(2 = win) (= = wa2) (= ) B(=) Blw) = (12)
= (2= = )z wg) E(w)E(2)
(s = war) (= wa) (= Y B() B (w) = (13)
= (2= e ) (- wg) B () ()
HEkJrhEk,l],Ek] =0 VkeZ (14)
together with the opposite relations for F(z) instead of E(z), as well as:
z t(2)—H (w
(B F@)] =3(2) 1 - a1 —ae) (I, (1)
where
+
E(z) = % F(z)= % HE(z)= ) % (1.6)
kEZ kEZ leNu{0}
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where

5()= 32" € Q{{z}}

nez
We will set Hy” =q and H, = 1.

The weak categorification of relations (1.2), (1.3), (1.4) was obtained in the main
theorem of [26]. Hence, we still need to categorify (1.5) to obtain a weak categorification
of the quantum toroidal algebra action, which is the purpose of Theorem 1.1.

1.3. Outline of the proof

Let us first review the categorification of the commutation of e, and e; for different k¥ and
I in [26]. Consider the moduli spaces 39,3% which parameterise diagrams

Ty s T, 4 Ty (1.7)

Ty 2 T <2 Ty, (1.8)

respectively, of ideal sheaves, where each successive inclusion is colength 1 and supported
at the point indicated on the diagrams. Then ere; and eje; are the derived pushfoward
of line bundles on 32 and 3} to Sln=1l 5 §ln+1l % § x S| respectively. In order to compare
exe; and ejeg, [26] introduced the quadruple moduli space ) which parameterises the
diagram

n

InJrl

/ X‘

Infl (19)
of ideal sheaves, where each successive inclusion is colength 1 and supported at the point
indicated on the diagrams. ) is smooth and induces resolutions of 35 and 3). Proposition
2.30 of [26] proved that 32 and 3} are rational singularities, based on the fact that any
fibre of the resolution has dimension < 1. Thus, exe; and ejex could be compared through
line bundles on ).

Now in order to compare fre,,—, and e,;,_,f,, we introduce the triple moduli spaces
34,3 which parameterise diagrams

7,
I/

v

Lot (1.10)

>
e

n
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Tn1 (1.11)

Then fr.e,_ and e, _,.f. are the derived pushforward of line bundles on 3,3,
respectively. The quadruple moduli space 2) still induces resolutions of 3_, but 3, have
two irreducible components. One irreducible component is S+ denoted by Wy, and
the other irreducible component is denoted by Wy in Section 6. ) induces a resolution
of Wo.

In order to compare f.e,,—, and e,,_,f, through line bundles on %), one must prove
that 3_ and Wy are rational singularities. The approach in [26] did not work here, as the
fibre could have pretty large dimensions. Instead, we study the singularity structure of
34 and 3_ through the viewpoint of the minimal model program (MMP) [17, 18]. We
prove that

Proposition 1.4 (Propositions 4.6 and 4.13). The pair (3+,0) is semi-dlt. Z_ and Wy
are canonical singularities.

We prove Proposition 1.4 by explicitly computing the discrepancy (see Section 6
for the definitions of semi-dlt, canonical singularities and the discrepancy). Canonical
singularities are always rational singularities by Theorem B.7.

Remark 1.5. One should notice the elliptic Hall algebra of [2] contains more relations
than Definition 1.3, which we would investigate in the future. The main obstacle of
generalising our result to the elliptic Hall algebra is that for the action of other
operators, the corresponding nested moduli space is not Cohen-Macaulay, and, hence, the
enhancement in derived algebraic geometry has to be considered. It is also the obstacle of
generalising our result to the quantum toroidal algebra action on the Grothendieck group
of higher rank stable sheaves [26], as 34 is no longer equidimensional in this situation.

1.4. Categorical Heisenberg actions

Khovanov [16] defined the Heisenberg category through graphical calculus. Cautis-Licata
[5] constructed a categorical Heisenberg action on the derived category of Hilbert schemes
of points of the minimal resolution of the type ADE singularities. Krug [20] constructed
the weak categorical Heisenberg action on the derived category of Hilbert schemes of
points on smooth surfaces. Our categorification is different from those above, as it
is given in terms of explicit correspondences and independent of the derived McKay
correspondence.

Although the higher Nakajima operators were categorified by the objects e(, ... ) of
[26], the relations between them (as well as the morphisms between them in Khovanov’s
Heisenberg category) are still unclear to us.
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1.5. Double categorified Hall algebra

The study of Cohomological Hall algebra was initiated by Kontsevich-Soibelman [19]
and Schiffmann-Vasserot [31]. Kapranov-Vasserot [15] and the author [37] constructed
the K-theoretic Hall algebra on surfaces, which was categorified by Porta-Sala [27]. It
also categorified the positive half of Uq(g'].ll) when S = A2. The relation between the
categorified Hall algebra of minimal resolution of type A singularities and quivers was
studied by Diaconescu-Porta-Sala [6]. On the other hand, the Drinfeld double of the
categorified Hall algebra is still mysterious. As an attempt to understand the action of
the ‘double Categorified Hall algebra’; it is natural to expect that our approach could
be generalised to categorifications in other settings, like those of Toda [36] and Rapcak-
Soibelman-Yang-Zhao [28].

1.6. Other related work

Recently, Addington-Takahashi [35] studied certain sequences of moduli spaces of sheaves
on K3 surfaces and showed that these sequences can be given the structure of a geometric
categorical sly action in the sense of [3]. It would be interesting to explore the interactions
between their action and ours.

Another related work is Jiang-Leung’s projectivisation formula [14]. Through this
formula, they obtained a semiorthogonal decomposition of the derived category of the
nested Hilbert schemes.

1.7. The organisation of the paper

The proof of the main theorem is in Section 5 and the extension formula is in Section 6.
The other sections are organised as follows:

Section 2: we review the action of Uy, 4, (gl;) on the Grothendieck group of Hilbert
schemes [10, 24, 26, 32];

Section 3: we define h} , € D’(M x S) and prove the third part of Theorem 1.1;

Section 4: we study the éingularity structures of 3_ and 3 through the singularity
theory of the minimal model program.

1.8. Notations

In this paper, we will always work over k= C.

1.8.1. Derived categories and the Grothendieck groups. For any scheme X,
we denote Dgcon(X) as the derived category of quasicoherent sheaves on X. We denote
D"(X) as the full subcategory of Dcon(X) which consists of elements, such that all the
cohomologies are coherent sheaves on X. We denote D’(X) as the full subcategory of
D¥(X), such that the cohomologies are bounded. We denote K (X):= Kq(D?(X)).

1.8.2. Fourier-Mukai transforms associated to a surface. We will write 571,55
for two copies of S, in order to emphasise the factors of S x S and write My, M5 and
M3 for three copies of M, in order to emphasise the factors of M x M x M. We define
elements P in DY(M; x My x S) to be the Fourier-Mukai kernels associated to S. Given
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P € DMy x My x Sp) and Q € DY(My x Mz x Sy), we define the composition QP €
Db(./\/ll X Mg X Sl X SQ) by
QP :=Rm3, (L, P @ L73sQ),

where 715,723 and w13 are the projections from Mj x Mg x M3 x S1 X Sy to M1 x Mg x
S1, Mo x M3 x Sy and M1 x M3 x S7 xSy, respectively.

1.8.3. Complexes. In this paper, we adapt the cohomological degree for complexes,
that is the degree of a complex is always increasing. For any complex

{--—=>C_1—>Cy—0},

we will assume that Cy has cohomological degree 0 unless explicitly pointing out the
cohomological degree. Given a two term complex of locally free sheaves U :={W 2 Vi,
we denote the symmetric product and the wedge product complexes:

SEU):={NW-. 5 s WSV = SR (V)
AFU) = {S*W — .. 5 AL (V)W = AF(V)}
and S*(U) = AF(U) =0 when k < 0. At the level of Grothendieck groups, we have

k k
O] =D (L STWIATV] [SHO)] =) (-1 N W][SF V.

=0 =0

We define det(U) := 5::((1/‘1//)) and UV as the two term complex

(VY2 wyy

Given complexes {C;|i € Z} with morphisms d; : C; — Cj41, such that d;od; 11 =0, we
will write

{ _>Ci+1 _>C’L_>}
for the total complex of the double complex C,. Given a complex C, and an integer £,
we denote the complex C,[k], such that the degree n term is Cj, .
2. The quantum toroidal algebra Uy, g, (g'll) and the K-theory of Hilbert

scheme of points on surfaces

In this section, we will review the action of Uy, 4, (g.].ll) on the K-theory on Hilbert scheme
of points on surfaces from [10, 24, 26, 32]. The main theorem will be formulated in
Theorem 2.6.

2.1. Hilbert and nested Hilbert schemes

Given an integer n > 0 and a smooth quasiprojective surface S over k = C, let

Sl .= {7,, € ©|0/Z, is dimension 0 and length n}
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be the Hilbert scheme of n points on S. There is a universal ideal sheaf on S x S, which
we still denote as Z,,. Let Z,, C S x S be the closed scheme of S x S with the ideal
sheaf 7,,. We define the Hilbert schemes of points on S as

M= I_I Slnl,
n=0
Proposition 2.1 (Proposition 2.11 of [26]). There exists a resolution of I,, by
0—W, >V, =T, =0, (2.1)

where W, and V,, are locally free coherent sheaves with the same determinant. Let w,
and vy, be the rank of W,, and V,,, respectively. Then v, —w, = 1.

Definition 2.2. The nested Hilbert scheme S" 1l is defined to be
St = (T, Toq1,7) € S x ST X S|T, ) € 1 T Ty = Ko}

with natural projection maps

S[n,n+1]
5 -
Slnl S Gln+1]
I’I’L7In+17

/ lﬂn \ (2.3)

+1
and let
o= (ph ) Slrntl] _, glnl o g

We abuse the notation to denote Z,, and Z,, 1 as the universal sheaf on S [n:n+1] % S Then
Zn+1 CZ, and the pushforward of Z,, /7,11 to S [:n+1] §g g line bundle, which we denote
as L. The fibre of L at each closed point (Z,,+1 CZ,) is Zp/Zpn41-

2.2. The quantum toroidal algebra action on the K-theory of Hilbert schemes

Definition 2.3 (Definitions 4.10 and 4.11 of [26]). Let Ag:S — S xS be the diagonal
embedding. For any group homomorphisms z,y : K(M) — K(M x S), we define:

2ylas = {K(M) % K(M x §) 205 K(Mx §x §) 72555 k(M x $)}
[.’E,y]:{K( ) (MXSQ>%K(MX51X52)}
yXIdSl

—{K(M) S K(M x S;) K(Mx S; xS)}.
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We define
[T,Y]red = 2
for a group homomorphism z : K(M) - K(M x S) if
[,9] = Asu(2)-

The definition is unambiguous, since Ag, : K(S) — K (S x S) is injective, and so z is
unique.

Definition 2.4. Let wg be the canonical line bundle of S. We define h{ := [wg], hy =1,
and when m >0

m—1 7
B = (1—ws) Y |wg’] Y [S™ T, AT, (2.4)
7=0 1:0
—1 J
h, = (1—ws) Wiy (1) ATIYS'TY] (2.5)
j= 0 i=0

as elements in K (S x S). Here, we abuse the notation to denote
T, = {W, > V,}
in the short exact sequence (2.1).

Remark 2.5. Definition 2.4 is equivalent to the definition of A in [24]. We will prove
it in Appendix A.

Theorem 2.6 (Theorem 1.2 of [24]). Let T*S be the cotangent bundle of S and wg be
the canonical bundle of S. The morphism:

a+taq—[T"S] ¢=qq — [ws]
induces a homomorphism:
K — K(9).

We regard S™"*t1 as a closed subscheme of S xSMtUxS and S™xS as a closed
subscheme of SMxSM xS through the diagonal embedding and consider the following
element:

€= [L'Ogpnnsn] € K(SM x s+ g,
fi ==L Ogpnnsn] € K(SIPT 5 S % 8),
hE = [hEOgrm 5] € K(S x S % 9).

All the elements &;, f; and hf could be regarded as operators K(M) — K(M x S) through
the K-theoretic correspondences. Then there exists a unique K-homomorphism

P :Ugy,q (!ﬂl) — Hom(K pm, Kmxs),
such that
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(1)
O(E;)=¢&;, ®(F)=fi, ®HT)=h
(2) For all T,y € Uqhqg (gll), we have
D(zy) = 2(2)2(y)|as

[(I)(l')aq)(y)]‘red = Q)(O_q[ll;(yl]_(h) :

The right-hand side is well defined due to the fact that all commutators in Ug, 4, (g.].ll)
are multiples of (1 —q1)(1 —q2)(see Theorem 2.4 of [25]).

3. Nested Hilbert schemes and hi}k

In this section, we consider the nested Hilbert scheme S[*~1mn+1] by the Cartesian
diagram:

S[n—l,n,n+1] an N S[n,n-i-l]

l l@:mn) (3.1)

(p;7177.rn—1)
fPnrmns

Stn=t.n Sl x 5
which consists of

{(Zp—1, T Tpy1,x) € SO S 5 S s Q17 /T, = ke T [Tyt = i}

Like the definition of the line bundle £ in Definition 2.2, we can also define two line bundles
L1,L5 on S=Lmnt1 whose fibres are Z,, /Ty 41,Zn—1/Zn, respectively. We denote

In S[n—l,n,n—i—l] N S[n,n+1]
as the projection morphism.

Example 3.1. Let Ag:S — S xS be the diagonal embedding and Za . be the ideal sheaf
of the diagonal. Then

S = Biag(Sx S) =Psxs(Zag) S =Bias(Sx8)/Zs,
where the Zz action on Bla,(Sx.S) is induced by the Zy action
i:SxS—=S5xS ilxy) = (y,x).
By [33], the projection morphism
(py,m2) : S = S 8 (T),Ty,2) — (Tp,x)

is a closed embedding with image Z5. By (3.1), S11:2:3] i the preimage of Z,.
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For two integers k,m, such that m > k > 0, we define h;k € Db(SI" x 8) by

R(progn)« (LT FLE1] k>0
hE = (P 0 gn)« (L1 D[ k> (3.2)
BT\ R (£7)[2) k=0
and if m <k <0, we define h, ; € DP(SM x S) by
o [Rlpacg) e L] k<0 53
™E T Rppa (L7 1) [1] k=0. '
The purpose of this section is to prove that
Theorem 3.2. At the level of Grothendieck groups,
k
(Ao 1) = [ws*1Y (=1 [S™ L) N'T]
i=0
o] = (D) W] Y (1) ALY ][ST]
i=0
and at the level of Grothendieck groups
m—1
(1= lws]) 3 [hy, ) = ki, m>0
=0 (3.4)
(A=lwsl) > [l =h"rm m <0.
k=m+1

3.1. Projectivisation and A categorical projection lemma
Definition 3.3. Let

U:={W3Vv}

be a two term complex of locally free sheaves over a scheme X, such that W has rank w
and V has rank v. Let Z C Px (V) be the closed subscheme, such that O is the cokernel
of the composition of morphisms

* “(8) taut
P W@Opx(v)(*l) p—) P V®OPX(V)(*1) aut, O]P’X(V)v

where p: Px (V) — X is the projection morphism. We define Z to be the projectivisation
of U over X, denoted by

Z =Px(U)
if Oy is resolved by the Koszul complex:
0— /\wp*(W) ®O]P’X(V)(_w) —> p*W®O]P’X(V)(_1) — OIF’X(V) =0z —0.

When Z is a projectivisation of U over X, we have a categorical projection lemma for
Rp. (Oz(k)):
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Lemma 3.4 (Categorical projection lemma). If Z is the projectivisation of U over X in
Definition 3.3, then the tensor contraction

det(U) LAYV =R WY = AV (V) AR (W) = AR (W) (3.5)
induces a morphism of complexes
det(U) "L AY==F (UV)[k] — S*(U) (3.6)
and Rp.(Oz(k)) is quasi-isomorphic to its cone.
Proof. Oz(k) is quasi-isomorphic to the complex
{2 NP WRO0p, (1) (—j+k) = = p"WROpy vy (k—1) = Op (v) (k) — 0}.
Consider the following two complexes
Fo={-- = A" W@ Opy vy (—0—1) = A" W @ Op (v (—0) o+ k — 1]
Fy={N"T W R Opy vy (—v+1) - = p W R Op (1) (k— 1) = Op (v ()}

Then the morphism A*+p*W @ Op vy (—v) = AFT*"Lp*W @ Op  (vy(—v + 1) induces a
morphism of Fy — F; with the cone quasi-isomorphic to Oz (k).
By Exercise I11.8.4 of Hartshorne [12],

S/(V) j=0
Rp.(Opv) (1)) =40 —v<j<0 (3.7)
detV=1@S=I7"VV[1—v] j< —u,

and thus,
Rp. Fo 2 det(U) "L AY=""F(UY)[~k], Rp.F; =S*U).
Hence, Rp,(Oz(k)) is quasi-isomorphic to the cone
det(U) "L AY==F (UV)[k] — Sk (U). O
3.2. Nested Hilbert schemes as projectivisation
Recall the short exact sequence (2.1):
0—=W, 2V, > 7, —0.

Nested Hilbert schemes can be realised as projectivisations, as in the following Proposi-
tions:

Proposition 3.5 (Proposition 2.2 and Lemma 3.1 of [7]). The nested Hilbert scheme
St s the blow up of Z, in SI™ x S and

S[n,n—H] = Py XS(IH)
is smooth of dimension 2n+2. Moreover, S™"+ is the projectivisation of

Wy = Vi,
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over S x S. The tautological line bundle L is the restriction of Ops[”]xs(vn)(l) to
S[n,nJrl].

Corollary 3.6. The line bundle L is the exceptional divisor of St as the blow up
of Z,, that is we have the short exact sequence:
0— L — Oginntn — p, 'Oz, — 0. (3.8)
Proof. It is obvious from Proposition 7.13 of [12]. O
Let V,, be the kernel of the surjective morphism
PV = Oginnsn (1) = L.

Then V,, is also locally free. The morphism p¥ (W,,) — p(V;,) factors through V,, and
induces a morphsim

V, ®@ws—pi(W))Quws.

Proposition 3.7 (Proposition 4.15 of [25]). The scheme S~ +1 s smooth of
dimension 2n+ 1. Moreover, it is the projectivisation of

V. ®ws = pr(WY) @ws
over S For the two tautological line bundles L1, Lo, L1 = ¢ (Ogn.nsn (1)) and Lo

is the restriction of O[ps[nyn+1] (o (W) @ws) (—1) in Glnn+1]

3.3. The derived pushforward of line bundles on S»—1mn+1]

In this subsection, we still abuse the notation to denote
Zp :={W, =V, }, ) ={Vv,, = W)}

Lemma 3.8. We have the following formula for the derived pushforward Rp,. L7 :

, SI(T, >0
Rp,.(£) = ) e (3.9)
AT 4] <0,
Proof. By Proposition 3.5, S[»"*+1] is the projectivisation of
W, =% V.
Thus, (3.9) follows from Lemma 3.4. O
Lemma 3.9. We have the following formula for Rqn.L5:
{ﬁ — OS['rL,'rL+1]} k=0
R (L5) = wgb @ {Lpt (AT, )L — - — Lpi(T,) @ LF — L1 12k k>0
w* @ { = L7 Lp,(STF L] - L (STMI)} k<0,
(3.10)

where Lp?, : DY(SI" x §) — Db(Sn+1) js the derived pullback morphism.
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Proof. By Proposition 3.7, S[*=1mn+1 ig the projectivisation of
V. ®uws = (W) ®ws

over S"" 1 We notice that p’(W,Y) ®ws and V., ®@ws have the same rank and

det(p,(Wn) ©ws) _ det(p,(Wn)) _ _ det(p;, (V)

det(Vy)@ws  det(Vy)  det(pr(Va)L—t £
By Lemma 3.4, we have
¢ When k£ =0,
R« (Ogim—1,nnt1) ={L = Oginnin }, (3.11)

e When k£ > 0, we have
Rgn. LE = Lows @ {SH(piW,) = V@ S Hpi W) -+ — AR(V,) M1 — k).
By the resolution of A¥(V,):
0= AV = AF(V) = APV @ L — - = £F =0,
we have
R (L) = wg® @ {Lp:(AFT)L — - — Lpi(T,) @ £F — LMY [1 - 2k).
e When k£ <0, we have
R (L8) =w5" @ { = Vo @S5 pa ) — S~ (pa W)}
By the resolution of /\k(WV):

0 L% oo 5 AL UYL 5 AR (VYY) = AFTLY) =0,

we have
Ran(L5) =wg" @ {- = L7 Lp, (ST L)1 = Ly (S7'T))} (3.12)
O
By Lemmas 3.8 and 3.9, we have
Corollary 3.10. We have the following formula for R(p, oqn)*[&"flfkﬁé:
R(pn 0 gn)- (L 7MLE) = (3.13)
{WEk®{Am(IX) == ARSI ) Him — K] m<k<-—1
wgt @ {AF(Z,)S™H(Z,) = - = T, @ S™ NT,) — S™(Za)}1—-2k] 1<k <m.

Remark 3.11. When m =k < 0, same as the computation in the Grothendieck group,
the complex

{(AHE@) = = STHEY))
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is quasi-isomorphic to 0, and thus, we have
R(pnoqn)L1 L5 =0. (3.14)

Proof of Theorem 3.2. It follows from Definition 2.4, Lemma 3.8 and
Corollary 3.10. O

4. The quadrulple/triple moduli spaces and the minimal model program

In this section, we introduce the triple moduli spaces 31,3_ and the quadruple moduli
space %) which parameterise diagrams:

n

n+1/ (4.1)
e

\ (4.2)
/

/ \ (4.3)

”“\ /

respectively, of ideal sheaves, where each successive inclusion is colength 1 and supported
at the point indicated on the diagrams. We consider line bundles L,Ls,L£],L5 over
triple/quadruple moduli spaces with fibre Z,,y1/Zs,Zn/Zn—1,Zn+1/Z), L), /T—1, TESPEC-
tively.

We consider the Cartesian diagram:

@ 3+ (In—l;Inyz-;mIn—i-hzyy) (I I I n+1,L,Y )

0
ia\) l‘” la’ \ lm (4.4)
3_ L} Sn] X S X SxS (In—hImeIu%y) L (I’nvz;mx7y>

(3.1) is the restriction of (4.4) to the diagonal A : S x § — S x Sl x §x S,
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Example 4.1. When n = 1, then Zy = Og, and thus, 9 = S»? = Bix (S x S). The
scheme 3_ =5 xS and «_ is the projection morphism of the blow up. The scheme 3
is induced by the Cartesian diagram

3, — 5 Bla(SxS)

l l (4.5)

Blag(SxS) —— Blag (S x8)/Zs,
and has two irreducible components, such that each one is isomorphic to BIa(S x S).
The main purpose of this section is to compute Ra.Og and Ra_,. Oy explicitly.

Proposition 4.2. We have the formula
ROé,*OQJ = 037, Ra+*02) = OWO; (46)
where Wy will be defined in Section 4.5.

Proposition 4.2 follows from Proposition 4.7 and Corollary 4.14, which will be proved
later in this section. This section would rely on the singularity theory of the minimal
model program, which is summarised in Appendix B.

4.1. The geometry of 9

Theorem 4.3 (Propositions 2.28 and 5.28 of [26]). The scheme ) is smooth of dimension
2n+2. The closed embedding:

AQJ : S[n71$n’n+1] — QJ (In—hInaIn—‘rhz) — (In—hInvIn;In—‘rlvx?I)

18 a reqular closed subscheme of codimension 1. If we abuse the notation to denote
Sltn=Lnnt] gy Ay, then the morphism of coherent sheaves over ) x S:

In/In+1 — Infl/InJrl — Infl/I;p I»:L/Inle — Infl/InJrl — Infl/In
induce short exact sequences

0— Ly =Ly = Ly0a, =0
0— L] = Lo — L20a,, —0.

Moreover, £L1L5 " = L1Ly" = O(—Ag). The normal bundle Nyjagy = LML,
Remark 4.4. From now on, we will abuse the notation to denote S"—177+1] By Ay.

Lemma 4.5 (Claim 3.8 of [24]). Let U be the complement of Ay in Q). Then ay and o
in (4.4) are isomorphisms when restricting to U.

4.2. The geometry of 3_

Proposition 4.6. The scheme 3_ is an irreducible 2n+ 2 dimensional locally complete
intersection scheme.
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Proof. First we notice that
3_ _ S[nfl,n] X gin—1] S[nfl,n]

has the expected dimension also equal to 2n+2. Thus, 3_ is a locally complete intersection
scheme and, thus, is Cohen-Macaulay.

We recall the Serre’s criterion [34, Tag 033P] for the normality of a variety: to prove that
a variety is normal, we only need to show that it satisfies the Serre’s condition S2 (which
is always satisfied if the variety is Cohen-Macaulay), and R1 (i.e. the singular locus has
at least codimension 1). By Lemma 4.5, o~ (U) 26~ (U) is a 2n + 2-dimensional smooth
open subscheme and the complement is the 2n-dimensional closed subscheme S~ by
(4.4). Hence, 3_ satisfies R1 and is normal. O

Proposition 4.7. Let K3 and Ky be the canonical divisors of 3_ and ), respectively.
Then

ol K3 = Ky+0(Ay)
and 3_ is a canonical singularity. Moreover, we have the formula

Ra_*(Og)) = 037.

Proof. The complement of §~1(U) in 9 is Ay = Sln=Lnn+1] “and, thus, there exists
a € Q, such that

a* K3 = Ky +a0(Ay).

Given two closed points z,y € S, let Z, and Z, be the ideal sheaf of closed point z,y.
We consider

Vo= {(In—lvxvy) € S[n] X S X S|(In_1,93) §é Zp—1 and (In—lvy) ¢ Zn—l}
and regard V5 as an open subvariety of 3_ through the embedding
(Infhx/y) — (Inflylnfl 01'171”,1 me)

Let Vi := a~'(V5). We denote 9); the quadruple moduli space  when n = 1. By
Example 4.1, 91 = Bla, (S x S) and we have the Cartesian diagram:

Vi—— 2

[

Vo —— Sx S

while the right vertical arrow of the above diagram is the projection morphism of the
blow up. Thus, by Lemma B.2, a =1 and 3_ is a canonical singularity and, hence, a
rational singularity by Theorem B.7. O
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4.3. The geometry of 3,

The geometry of 3 is more complicated, as it is no longer irreducible. We define Wy as
a closed subscheme of 3, by

WO = {(In7:z’-r/u-’z’-n+17x7y) S 3+|(I7/’L’y) € Zn and (In,l') € Zn}
Wy is the closure of 87" (U) in 3;. We define Wy := Sn+1l,

Proposition 4.8. The scheme 34 is a locally complete intersection scheme (and hence,
Cohen-Macaulay) of dimension 2n+ 2, with two irreducible components Wy and Wi.
W()ﬂWl :p:LlZn.

Proof. W is 2n+2 dimensional and the complement of Wy in 34 is 8, (U) = 0~(U),
which is also 2n+2 dimensional by Lemma 4.5. Thus, 34 is 2n+2 dimensional and

3+ _ S[n,nJrl] X gin+1] S[n,nJrl]

has expected dimension also equal to 2n+ 2. Hence, 3 is a locally complete intersection

scheme.
Any closed point of WyNWj corresponds to (Z,,Z,+1,x) € Stntll guch that & has
length > 1 in O/Z,, and, thus, is in p;; ' Z,. O

Example 4.9. When n = 2, by Example 3.1, Z, = S[t2, Thus, for any point
(Z4,T5,Z3,2,y) € Wy, there exists a unique ideal sheaf Z; with two short exact sequences

0=Zy =T = ky—0 0—=Zo =Ty = ky; — 0.

Thus, Wy = 92).
Won W, = SH23] by Example 3.1 and is smooth. So (3,,0) is a semi-snc pair.

Consider the closed subscheme Wy C p,; 1z,
Wy :={(Z,,Zpns1,x) € Wi| the length of k, in O/Z,, > 3.}.
Lemma 4.10. The schemes q,;'(W3) and Wy have dimension less or equal to 2n— 1.

Proof. The scheme

S[n—?,n—l,n,n-{-l] — S[n—27n—l,n] ]S[n—l,mn-i-l]

X Sln—1,n

has dimension 2n— 1 by (5.21) of [26]. The image of the projection morphism

S[n72,n727n7n+1] s S[n7n+1]

is Wy, and the image of the projecton morphism

S[n72,n72,n,n+1]_)S[nfl,n,nJrl]
is g, '(Ws). Hence, ¢, (W3) and W5 have dimension less or equal to 2n — 1. O

As the morphism a4 : ) — 34 factors through Wy, we will abuse the notation to denote
the morphism a4 : Y — Wy.
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Lemma 4.11. The morphism a4 Y — Wy is an isomorphism when restricting
to W() — WQ.

Proof. We denote 2> the quadruple moduli space when n = 2. Let
Vs i= {(Zn—2,(T1, T2, T, Is, ) € ST x V5| T, o + T3 = O}
and Vy := a4 V3. The morphism
(Zn—2,(11,15, 75, I3,2,y)) = (Zn_oNT1,Ln 2NTo, Ly 2NTH T, oNL3,x,y)
induces an open emebedding V3 C ). By Example 4.9,
V3 2V,
By Lemma 4.5, a4 is also an isomorphism when restricting to BII(U). Wy is the

complement of 8 (U) UV} in Wy. O

Let Wy be the normalisation of Wy and Wy N Wy, W, the preimage of WoNW; and Ws
in the normalisation. The morphism «a :9) — W, will factor through a7 : ) — W.

Lemma 4.12. The scheme W is a canonical singularity, and the pair (Wo,WoNW71)
is plt.

Proof. The codimension of W5 in Wy is 3, and @ is an isomorphism outside of Ws.
The preimage of WoNW; in ) is Ay, which is a smooth divisor of ). Hence, Wy is a
canonical singularity and the pair (Wo, WoNW7) is plt. O

Proposition 4.13. The pair (34+,0) is semi-dit, and Wy is normal.

Proof. Let
Vs = In72a<I2aIéaI3axay)) € S[n_l] X 3;|I’ﬂ*2 +13= O}’

where 35 = S12:3] X gl2] S12:3] {5 the triple moduli space when n = 2. Vs is an open subscheme
of 3;. The pair(V5,0) is a semi-snc by Example 4.9 and so is (V5UB; ' (U),0). Wy is the
complement of Vs UB;l(U) in 34, and

codimy,3+ = 3.

By Definition B.13, Wy N W; is the conductor subscheme of 3. By Example B.9,
WoN W is a canonical singularity. By the inversion of adjunction theorem Theorem B.4,
the pair (W1, WyN W) is plt and, thus, dlt.

By Lemma 4.12, (Wy,WoNW7) is also a plt pair and, thus, a dlt pair.

By Proposition B.17, (34,0) is a semi-dlt pair and W} is normal. O

Corollary 4.14. We have the formula

Ra+* (Ogj) = OWO .
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5. The Proof of Theorem 1.1

In this section, we prove Theorem 1.1. Given an integer n, we denote ¢ : S x S x Sy x
Sy — SIM x SISy x S) as the morphism which is identity on S x S but change the
order of two copies of S.

Theorem 5.1. Given two integers m and r and let
em—r =L " Ogtn,nt1] € Db(S["] x Sl S)
fr= L5 Ogpnnin[1] € DU(SIT xS x 9).
Then

(1) If m >0, then there are b, , € DP(SM x SMl x § x S) for 0 < k <m, such that
by » = Lx€m—r fr and b?mr = frem—r, with exact triangles

By, s RA(hyy, )[1] = b = U2 = RAL(, )

(2) If m <0, then there are c, . € Db(S x SI" % S x 8) for m <k <0, such that

= lsxCm—rfr and c?,w = frém—r, and ezxact triangles

Cm,r

an,r : RA*(h;n,k)[_” - 051_77} - cfn,,r — RA*(h;L,k)
(3) If m =0, then there is an explicit isomorphism fre_,. =e,f_. & OA[l].
Theorem 1.1 follows from Theorems 3.2 and 5.1. We will prove Theorem 5.1 later in

this section.

5.1. t.ep_fr and fre,,_, revisited

As 3_ and 34 are both Cohen-Macaulay of expected dimension, we have the following
formula:

Lelm—rfr = RA_(LITLELO5 1] € DP(SM x S % 5 % )
frem—r =RB1(LTTLY105,)[1] € DP(SM x S % § % §).
By Proposition 4.6, Ra_, Oy = O3_, and by Theorem 4.3
temr fr = ROL(LY" L5 O)]1]
= RO (L7 LTTIO((m—1)Ag)[1]. (5.1)

5.2. a¥ . and Ql’fnvr

m,r

We recall the short exact sequence
O%O@(—A@)%O@ _>0Asy — 0. (5.2)

Definition 5.2. For any integer r, we define

A = ROLY LT O(kAy)) (1]
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We define the exact triangles
Ar et = apy = RALR(pn0n) LT L)1) = ay ) [1] (5.3)

by applying the functor Rf,(—® L™ "L O(kAy))[1] to (5.2).

By (5.1), tsem—rfr = a7 . Moreover, when m < 0, by (3.14), R(p, 0qn)LTILT =0

-1
and tuepm—r fr Sap " Eap .

5.3. B and ¢
By Example B.9, Ray.0a, = Ow,nw,. Taking the Ray. functor to the short exact
sequence (5.2), we have the short exact sequence

0= Ra;.0(-Ay) = Ow, = Ow,nw, — 0.
Recalling the short exact sequence in Corollary 3.6:
0— £®OW1 — OW1 — OWle — 0.

We have the following commutative diagram:

0 —_— £®OW1 (93+ OWO 0
0—— £®OW1 OW1 Owomwl — 0
0 0
where all rows and columns are short exact sequences. Thus, we have short exact
sequences:
0 — Ra;.O(-Ay) = 03, = Ow, =0 (5.4)
0 — L1O0ginn+1) — O3, — Ow, — 0. (5.5)

Taking the functor RA . (—® L™ "L H[1] to (5.4) and (5.5), respectively, we get the
exact triangles
e ant, = frem—r = RAL(Rpp L7 H[1] = a;)! (1] (5.6)

m,r m,r

Bl RAL(Rpn L7)[1] = frem—r — af), . — RAL(Rpn. L7)[2)]. (5.7)
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5.4. Bk and QlfnJ.

m,r

Definition 5.3. When m > 0, we define b¥ . € D*(S[" x SI"l x § x §) and natural
transforms By, bk — bEFL by

r —r k=0
o Sl (5.8)
’ afnjrl 1<k<m
BO k=0
=8 o (5.9)
’ Ak . 1<k<m-—1
We have b), . = frem—p and b = tuem_p fr.
When m < 0, we define c&, , € D*(SI" x SI"l x §x §) and €, :ck-l — ck | by
rem—r k=0
kLI (5.10)
' a’fnyr m<k<—-1
e, k=0
¢k =<5 Tmr (5.11)
Tk, mal<k< oL

_ .0 _ .m
We have frem—r=cp, . and teep—r fr =cpp .

Proof of Theorem 5.1. When m > 0, we only need to prove that the cone of ‘Bfmr is
RA*(h;JC) and the cone of €F, | is RA.(h,, ;). It follows from (5.3), (5.6) and (5.7).
When m =0,

e—rfr = Rﬁ-ﬁ-*(Ra-i-* (‘C/l_rﬁi_lo(_AQJ)))'
We have the short exact sequence:
0— L7 L7105, — L7 L7H(Ow, & Ow,) = L7 Owyaw, — 0, (5.12)
and

RB-‘-*(EilOWoﬁWl) = {R5+*(OW1 - ﬁilowl)}
=RA.{Ogmi g — Ogmiyg} by Lemma 3.8
=0.

By (5.4) and (5.12), we have isomorphisms
fre—r ZRALLYTTLTHOw, )] @ Oa[l]
e-rfr ZRBLLYTLTH (Owy)[1].
6. Extension classes between hi’k

When m > 0, the composition of %’fmr and %’fj} in Theorem 5.1 induces an extension of

RA*h?_};L,k—l and RA*h:rn,k, that is an extension class of

Hom(RA*h;’k,RA*h;’k% [1]).
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Similarly, when m < 0, there is also an extension class of

Hom(RAh,, . RAR, ;. [1])

m, k>’

which relies on m, k,r. The purpose of this section is to study the above extension classes.
First we recall the Hochschild-Kostant-Rosenberg theorem (short for HKR theorem). Let
f:X =Y be aregular embedding of smooth varieties. On X, we have the following short
exact sequence

Ly x

0= Ny, x ——=TY|x > T"X 0.

Let g: T*Y — Ny

v/X be a splitting of the above short exact sequence, that is gory,x = id.

Theorem 6.1 (HKR isomorphism, Theorem 1.4 and Section 1.11 of [1], see Theorem C.10
for the precise formulation). The splitting g induces a canonical isomorphism

v iRHomx (FRU(EPNNY x),G)=RHomy (Rf.FRf.G)

-
Ny x ‘
j=0

which is functorial respect to F,G € D(X).

Remark 6.2. The isomorphism TJ}\;’VG depends on the choice of the splitting g. For a
X/Y

different choice of g, the difference of the isomorphism TJI\;’VG is represented by a transition
X/Y

matrix in Proposition 3.7 of [13].

Now we consider the diagonal embedding A : SxS — SM xS xSxS. Then
T*(SM xS % Sx.8)|a = T*(SMxS)@®T*(S[M % S), where the conormal bundle is

T (S % 8)2{ (2, — z) € T* (S x §)oT* (S x §)}.
We take the split
(T*A) L T (S % $)aT* (S < §) — T* (8" % 9) (6.1)

which maps (a,b) to (3(a—b),%(b—a)) and, hence, induce isomorphisms

Hom(RA.R,  RALY 1 [1]) = €D Homgpu (b, @ NT* (S x ), nf | [1—4)),
Jj=0

Hom(RA.h,,  RA, 1 [1]) =D Homguxs(hy,, @ NT* (S x )by [1—5]).

=0

In this section, we will be explicitly computing the above extension classes and prove
that
Proposition 6.3. The extension class in Hom(RAh RA*hfn’k_l[l]) is

m,k?

(g;,k,'r”gj:rrz,k’o’()? . )

https://doi.org/10.1017/51474748022000585 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748022000585

920 Y. Zhao

and the extension class in Hom(RAh,,  RAR, 4 [1]) is

m, k>’

(S;I,k,’r’ ;L,]wovov e )7
where Sj_n,k,w {S’;L,kﬂq, 5:;,k and ﬁ;w will be defined in Definition 6.7. The classes ﬁ;;k

and $), . only depend on m,k but not r.

Proposition 6.3 will be proved later in this section.

6.1. A morphism s: £ 'Ly — (pn0g,)*T(SM x )
By restricting 6 : 2) — S x Sl x S x S to the diagonal of S x SI"l x §'x S, we get the
Cartesian diagram:

S[n—l,n,n—i—l] Ay 9

ipnoqn lg (6.2)

Snlxg —A 4 gy g« §x 8

and the normal bundle of S x § in SI" x SI"l x § x S is T(S!"] x S). Thus, the diagram
(6.2) induces a morphism of short exact sequences:

0 0
TSn—Lnntll s\ () 6¢,) Tgmys
T@|S[n—1,n,n+1} E— (pnoqn)*TS[n]xS[n]xSxS A (6.3)

L7y ——————— (Pnoqn) Tsmixs

S

0

where Ny /a,, %Eflﬁg. The purpose of this subsection is to construct a split A : £1_1£2 —
T |gn-1.7n+1 which is compatible with the splitting of tangent bundle (or cotangent
bundle) in (6.1) and give an explicit formulation of s’ in Proposition 6.6. First we recall
the description of the tangent space of S"~1L7+1 and 9) in Proposition 5.28 of [26]:
we consider a closed point ¢t € S[*~1m7+1 corresponds to two short exact sequences of
coherent sheaves on §:

05 Tn Ty 2k =0 0Ty It g Inilop .

Let V be the vector space of pairs {(wo,w1) € Ext'(Z,,_1,Z,_1) ® Ext'(Z,,Z,,)}, such
that wg,w; map to the same element of Ext!(Z,,Z,_1). By the proof of Proposition 5.28
of [26], elements in V are in 1-1 correspondence with the commutative diagrams of short
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exact sequences:

and, thus, induce a morphism dp : V — Ext! (ky,k,). Let V' be the vector space of pairs
{(w},we) € Ext'(Z,,T,,) ® Ext' (Zp11,Z0s1)},

such that w/,ws map to the same element of Ext!(Z,,Z,.1). Then elements in V' are in
1-1 correspondence with the commutative diagrams of short exact sequences:

0 ky
|
0

and, thus, also induces a morphism dp% : V' — Ext! (ky,k,).
Consider the natural morphism:

CI

SR

0

51 : Hom(Z,,k,) ® Ext! (ky,T,) — Ext*(T,,1,)
9 Hom(Z,,k,) ® Ext (ky,L,) — BEat* (ky k),

and the short exact sequences

Hom(Tn,ky) 22 BtV (T,,7,) — Eot' (T, Ts)

) 51(r1®—)

Ext'(ky, T, ExtY(T,,T,) — Ext' (Z,41,1,).
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For any element v € Hom(Z,,k;), (§1(u®7rs2),0) € V. Moreover, by diagram chasing (we
left it to interested readers)

dps(31(u®19),0) = 52(u®7s). (6.4)
Similarly, for any element v € Ext'(k,,Z,), (0,51(r; ®v)) € V' and
dp%(0,81(r1 ®v)) = 52(r; @v). (6.5)

Lemma 6.4 (Proposition 5.28 of [26]). The tangent space T,) is the space of
(woawlvwllvw%u,v) mn

Ext*(T,_1,Z,_1) ® Ext'(T,,1,)) ® Ext' (T,,,1,,) ® Ext" (T 41,0 41) © Bt (ky,kz)
@® BEat' (ky k),

such that

wo,w]) are in V.

Qo
—

wi,ws) are in V.

= dp? (w,ws) = u,

= dp2s(w1,U/2) =v.

The tangent space T,SI"=1m" 1] consists of subspace of TpY), such that wy = wy and

Uu="u.

Corollary 6.5. The morphism Ay : T3 — T : (wo,wr,w],wa,u,v) — (0,w] —wy,w) —
wy,0,u—v,v —u) induces a splitting \: LT Lo — TY|gim—1.n.n+1 which is compatible with
(6.1). Moreover, under the splitting \, £1L5"|; is

{(w,v) € Extl(In,In)@Extl(k‘x,kI)KO,w) eV,(w,0) € V’,dp}g(o,w) = dp%(w,O) =u}.

Proof. If (wp,wy,w],we,u,v) is in the tangent space, then so is

(2wp, w1 + Wi, w1 +wi,2wa,u+v,u+v)
2
Hence, the tangent space T;%) decomposes into a direct sum of two subspaces: the subspace

wy = w}, which is T, S =17+ "and the subspace N, which consists of elements (w,u) €
ExtY(Z,,T,) ® Ext!(ky,k.), such that

!/ !/
and (0,w] — w1, wy —w},0,u—v,v—u).

(1) wy maps to 0 in ExtY(Z,,Z,-1) and Ext*(Z,41,Z,),
(2) dpk(w,0) = dp?(0,w1) = u.

We define the morphism A; just to be the projection to N, and it induces a splitting
N LT Lo = T gin-timnial- 0

Now we give an explicit description of s’. We first construct two canonical morphisms:

S1: Ll_lﬁg — (pn oqn)*TS[”] So: L'l_lﬁg = (pnogn)*(TS). (6.6)
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Let m: Sln=bnntll o gy §ln=1nnt1l he the projection morphism and I' be the graph
of the projection map to S. Then there exists short exact sequences:

0>Zpi1 Ly 7 L1R0r—0 07, —>Z, 1 —>7L®0r =0
which induce two global sections:
r L7 = Homg (Z,,0r), ro: Ly — Exth(Or,T,).

Let proj,, : S[™ x § — S[" be the projection map and T',, be the graph of the projection
map from S x S — S. Then

(pno Qn)*TS[n] = (pno qn)*é’xtérojn (Zn,ZIn)
= ExtE(T,,T,)
(pn © Qn)*TS = gxt}r(OFvoF)

by the flat base change theorem. With the composition of the following two natural
homomorphisms:

Ext: (O, I,) @ Homy (L, Or) — ExtL (T, T,) = (P 0 gn)* TS
Homr (Lo, 0r) @ Extr (Or,In) = Etr (Or,Or) = (pn0an) TS,

we get the two canonical morphisms in (6.6)
$1: L7 Ly — (pnogn) TS sy : LT Ly — (progn)*(T'S).
Let
s=(s1,82) : LT Lo = (pn o qn)*T(SM x 9).
Proposition 6.6. The morphism s’ in (6.3) coincides with s in (6.6).

Proof. A closed point ¢ on S"~Lm7+1 corresponds to two short exact sequences of
coherent sheaves on S:

0Ty Ty 2k =0 0= Tppy Init gm0,
which induces r; € Hom(Z,,k,) and 7y € Ext!(k,,Z,). The image of s is (8:(r ®

r9),82(r1 ®r2)), and we only need to prove that it is also the image of N in the proof of
Corollary 6.5. It follows from the fact that

dpé(él(rl ®7“2),0) = dp%(O,él(rl ®7’2)) = §2(7“1 ®7"2)

by (6.4), (6.5). O
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6.2. The definition of an’k r,f_)fn &
We recall the Cartesian diagram (6.2)

S[n—l,n,n+l] Ay 9

J/pn ogn J/Q

Sl 5§ —B— Sl x Sl % §'x S.
Consider the dual of s
sV (pnogn) T (S x 8) = £1£5"
and the splitting AV in Corollary 6.5. We define
T R(pn o) L7 T LE @ T (S x 8) = Riproga) L7 F LT (6.7)

as R(pnogn )« (sV QLT F71 k).
On the other hand, we recall the definition of Definition 5.2

A = ROLY LT O(kAy)) (1]

By Lemma C.8, the splitting A identify an isomorphism between the first order
infinitesimal neighborhood of Ay in ) with Specgin-1,n,n+11(Ogin-1,n,n+11 @Elﬂgl). We
denote o, . as the Bass-Quillen class (see Appendix C.3 for the definition) of af, , when
restricting to Specgim—1.n.n+1(Ogin-t.nnin®LILY ).

By Lemma 3.9,

R (L771) = {L™ — L™}
is the cone of L™ to £L™~!. Hence, we have exact triangles
Rpno L™ — Rpp L7712 R(pr 0 ¢n)« (L771) 2% Rpn. L[1). (6.8)
Definition 6.7. When m >k > 0, we define
52,1@ : h’jr_L,k RT* (S x 8) — h;,kfl

by
Tm. k k>1
A ' 6.9
m,k {Vmon,O k= 17 ( )
and when m < k <0, we define
ke P g RT*(S" x §) — ——

by

k<0
mp=q (6.10)
' Tm,0© Um k=0.
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Definition 6.8. When m >k > 0 and r is an integer, we define
S:zk : h:;,k T (S x 8) — h:_n,kfl

by

S = {am”“ k>l (6.11)

mk T Um O o k=1,
and when m < k <0, we define
Sonke Mok RT* (S x 8) — L

by

. k<0
3o, = < (6.12)
’ Um0 O bm k=0.

Proof of Proposition 6.3. We only compute the postive part of the extension and only
consider the k£ > 1 and the case k =1 follows from the (5.5). The extension class is induced
from the short exact sequence on %):

—1
0— £1£2 afkaAm — Cl:kaQAQJ — a:n,kOA@ — 0,

where Oza,, is the cokernel of O(—2Ag)) — Oy. Hence, we obtain the extension formula
through Theorem C.11. O

Appendix A. Exterior powers and formal series

Definition A.1. Let V be a locally free sheaf over X, we define the exterior powers of
V by

A (zV) = 3 (=) [AV], A®(—2V)= ixi[SiV]
i=0 i=0
as elements in K(X)[[z]].
Definition A.2. For a two term complex of locally free sheaves
U:={wW 5V},
we define
A (—=zU) = A (W) A® (=2 V) A (2U) = A (2V)A® (—aW).n
[S*(U)] and [AF(U)] are the ¥ coefficients of A®(—zU) and A®(xU), respectively.

Lemma A.3 (Exercise I1.5.16 of [12]). For a two term complex of locally free sheaves

U:={w LV},
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A (zU) A® (—aU) = 1.

(A1)

Definition A.4 (Section 3.8 of [24]). For any nonnegative integer m, we define

ht e K(S" x 9)

+ .
ht =

W=

m

Z Sz H/\m zI]

=0

m

=0

where we abuse the notation to denote

T, = {W, 3 V,}

in the short exact sequence (2.1).

Lemma A.5. Definitions A./ and 2./ are equivalent.

Proof. First note that

by (A.1). Thus

m
wsz
=0
m
ws] ) (-1

1=1

Ms

= (ws] -1 p_(=

1

.
Il

= (lws]=1) ) [w

Ms

1

<.
Il

3

(1— ws

<.
Il
o

Hence, ht

m

Then we note that

D NS, =0
i=0
SZ ][/\m lz‘]

_1)[51 n][/\m lI]

i

D™ ST N Y ws? ]

j=1

wg T (TS TN T
zj: S™ LN T,
=0

are equivalent in two definitions.

SIS T =0

=0
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by (A.1). Thus

§<—1>i[wg]wm[5m—im
- i(—mw ) ey by (A5
=<[ws]—1>§;< TS T]il[ -
~ (s~ 1) ﬁ;[wg"l} i(—l)iwzmsm-im
. [wsnm_: Z FIATTITYIS T by (A.5)
Hence, h_, are equivaliz;t in two defzir_litions. 0

Appendix B. Singularity of the minimal model program

In this section, we will review the singularities in the minimal model program from [17,
18]. We use the notation D to replace A in [17, 18], as A is already used to denote the
diagonal embedding in our paper. For a normal variety, we will denote K x the canonical
Weil divisor. We will denote by wx the dualising sheaf when X is Cohen-Macaulay. They
coincide when X is Gorenstein.

B.1. Discrepancy and classification of singularities

Definition B.1 (Definition 2.25 of [18] or Definition 2.4 of [17], Discrepancy). Let (X,D)
be a pair, where X is a normal variety and D = a;D;,a; € Q is a sum of distinct prime
divisors. Assume that m(Kx + D) is Cartier for some m > 0. Suppose f:Y — X is a
birational morphism from a normal variety Y. Let £ C Y denote the exceptional locus of
f and E; C E the irreducible exceptional divisors. The two line bundles

O(m(Ky +f71D))|y_E and f*(’)x(m(KX +D))‘Y—E

are naturally isomorphic. Thus, there are rational numbers a(FE;, X,D), such that
ma(FE;, X, D) are integers and

Oy (m(Ky +f7'D)) = f*Ox(m(Kx +D))® Oy (d>_ma(E;,X,D)E;),
a(E;, X, D) is called the discrepancy of E; with respect to (X,D). We define the centre of
E in X by

centrex (E) := f(E).
When D =0, then a(E;,X,D) depends only on E; but not on f.
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Lemma B.2 (Lemma 2.29 of [18]). Let X be a smooth variety and D =Y a;D; a sum of
distinct prime divisors. Let Z C X be a closed subvariety of codimension k. Letp: Blz X —
X be the blow up of Z and E C Blz X the irreducible component of the exceptional divisor
which dominates Z, (if Z is smooth, then this is the only component). Then

a(B,X,D)=k—1-> a;multzD;,
where multz D; is the multiplicity of D; in Z.
Definition B.3 (Definition 2.34 and 2.37 of [18], or Definition 2.8 of [17]). Let (X,D) be

a pair, where X is a normal variety and D =3 a;D; is a sum of distinct prime divisors,
where a; € Q and a; < 1. Assume that m(Kx + D) is Cartier for some m > 0. We say that

(X,D) is
terminal > 0, for every exceptional £
canonical > 0, for every exceptional E
klt > —1, f E
if a(E,X,D) is or every .
plt > —1, for every exceptional F
dit > —1, if centrex E C non-snc(X, D)
lc > —1. for every E.

Here Kklt is short for ‘Kawamata log terminal’, plt for ‘pure log terminal’ and lc for ‘log
canonical’. Above, non-snc(X,D) denotes the set of points where (X,D) is not simple
normal crossing (snc for short). We say that X is terminal (canonical, etc.) if and only if
(X,0) is terminal (canonical, etc.).

Each class contains the previous one, except canonical does not imply klt if D contains
a divisor with coeflicient 1.

Theorem B.4 (Theorem 5.50 of [18], or Theorem 4.9 of [17], Inversion of adjunction).
Let X be normal and S C X a normal Weil divisor which is Cartier in codimension 2. Let
B be an effective Q-divisor, and assume that Kx + S+ B is Q-Cartier. Then (X,S+ B)
is plt near S iff (S,B|s) is kit.

B.2. Rational singularities

Definition B.5 (Definition 5.8 of [18]). Let X be a variety over a field of characteristic 0.
We say that X is a rational singularity if there exists a resolution of singularities f:Y —
X, such that

(1) f+Oy = Ox(equivalently, X is normal) and
(2) Rif.O0y =0 for i > 0.

Remark B.6. By Theorem 5.10 of [18], if X is a rational singularity, then for all
resolution of singularities f:Y — X

(1) f*Oy = OX and

(2) Rif.0y =0 for i > 0.
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Theorem B.7 (Theorem 5.22 of [18]). Let X be a normal variety over a field of
characteristic 0. If X is a canonical singularity, then X is a rational singularity. If X
is Gorenstein, then X is a canonical singularity if X is a rational singularity.

Here are also some examples of rational singularities:
Example B.8. By [33], the universal closed subscheme Z,, is a rational singularity.

Example B.9. The morphism g, : SI*~1nH+1 5 glnntll factors through p;'Z, and
induces a resolution of p; ! Z,. By Lemma 3.9 and Corollary 3.6, p,,1Z,, is a Gorenstein
rational singularity and, thus, is a canonical singularity by Theorem B.7.

B.3. Semi-dlt pairs

Definition B.10 (Definition 1.10 of [17], Semi-snc pairs). Let W be a regular scheme
and ZieIEi a snc divisor on W. Write [ = Iy UIp as a disjoint union. Set Y := Zielv E;
as a subscheme of W and Dy := Zieb a;E;]y as a divisor on Y for some a; € Q. We
call (Y,Dy) an embedded semi-snc pair. A pair (X, D) is called semi-snc if it is Zariski
locally isomorphic to an embedded semi-snc pair.

Example B.11. We have the following three examples of semi-snc pairs (X, D):

(1) X ={z=0} C A3 and D = a,(z|x =0)+a,(y|x =0).
(2) X ={yz=0} CA® and D = a,(z|x =0).
(3) X ={xyz=0} C A® and D =0.

Definition B.12 (Definition 5.1 of [17], Demi-normal schemes). A scheme X is called
demi-normal if it satisfies the Serre condition Sy (see [34, Tag 033P] for the definition of
the Serre condition) and codimension 1 points are either regular points or nodes. Here
we say a scheme X has a node at a point x € X if its local ring O, x can be written as
R/(f), where (R,m) is a regular local ring of dimension 2, f € m? and f is not a square
in m?2/m3.

Definition B.13 (Section 5.2 of [17], conductor). Let X be a reduced scheme and
7: X — X its normalisation. The conductor ideal
condy :=Hom(m,Ox,0x) C Ox

is the largest ideal sheaf on X that is also an ideal sheaf on X. We write it as cond ¢ when
we view the conductor as an ideal sheaf on X. The conductor subschemes are defined as

T := Specx (Ox [condx) T := Specg (O /condg).

Definition B.14 (Definition-Lemma 5.10 of [17]). Let X be a demi-normal scheme with
normalisation 7 : X — X and conductors T C X and T C X. Let D be an effective Q-
divisor whose support does not contain any irreducible components of T and D the
divisorial part of 7=1(D). The pair (X, D) is called semi log canonical or slc if
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(1) Kx + D is Q-Cartier and
(2) (X,D+T)is lc.

Definition B.15 (Definition 5.19 of [17]). An slc pair (X, D) is semidivisorial log terminal
or semi-dlt if a(F,X,D) > —1 for every exceptional divisor E over X, such that (X,D) is
not snc at the generic point of centrex E.

Example B.16. A semi-snc pair (X,D) is always semi-dlt.

Proposition B.17 (Proposition 5.20 of [17]). Let (X,D) be a demi-normal pair over a
field of characteristic 0. Assume that the normalisation (X, T+ D) is dlt and there is a
codimension 3 set W C X, such that (X\W,D|x\w) is semi-dit. Then

(1) the irreducible components of X are normal,
(2) Kx + D is Q-Cartier and
(3) (X,D) is semi-dlt.

Appendix C. The Bass-Quillen class and HKR isomorphism

C.1. The extension of a scheme by a coherent sheaf

Given a scheme X, let Coh(X) be the abelian category of coherent sheaves on X. Let
X¢; be the category of schemes with finite morphisms to X. Given a coherent sheaf
M € Coh(X), we consider the scheme X := Specx (Ox®M), where Ox@®M is regarded
as an Ox algebra, such that the multiplication on M is 0. We have the contravariant
functor:

X_:Coh(X)— Xy,
M — X := Specx (Ox@®M).
The functor X_ maps surjective morphisms to closed embeddings. For every coherent
sheaf M, we denote the closed embedding iy; : X — X as the image of M — 0 under the

functor X_ and the projection morphism pry; : Xy — X as the image of 0 — M under
the functor X_. We have prysoiy = id.

Remark C.1. One should notice that the scheme Xj; and X have the same topological
space, and prjy; and jj; are identity at the level of topological spaces. The difference
between X s and X are their structure sheaves, where Ox,, = Ox®M.

For the category of coherent sheaves, we have

Coh(X ) = {(F,d)|F € Coh(X),d € Homx (F®M,F),(M&d)od = 0}. (C.1)

The ideal sheaf of X in X/ is (M,0), which is square zero. The functors jas., Jis, ia«,
i3, between the category of coherent sheaves could be represented by:
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Jas s Coh(Xpr) = Coh(X) (F,d)— F

BV h(X) — Coh(Xpy) F — (F,0)

5 Coh(X) — Coh(Xy) F — (FEFOM,dp)
iy Coh(Xp) = Coh(X) (F,d) — coker(d),

where dp is induced by the following transition matrix from FQM?GFQM to FQMOF

0 id
e (0 ).

Lemma C.2. Given a morphism f: X —Y and M € Coh(X), we have
{g € Hom(Xp,Y)|goins = f} = Homx (f*Qy, M),

where Qy is the sheaf of differentials on Y.

Proof. At the level of topological spaces, f and g are the same. Let f# : Oy —
f«Ox be the induced sheaf of rings homomorphism of structure sheaves. Then any
g € Hom(X,Y), such that goipy = f is in one-to-one correspondence with mor-
phisms of Oy-algebras (f#,h#): Oy — f.Ox®f.M. Thus, h* € Dero, (Oy,f.M) =
Homy (Qy, fu M) = Homx (f*Qy,M) by the adjunction formula. O

C.2. The HKR isomorphism on the first order neighborhood

Let M be alocally free sheaf on X. Thus, X, is the first order infinitesimal neighborhood
of X in the total space of MV. The projection morphism jjs is flat, since Ox®M is
also locally free as a Ox module. We recall the description of Coh(Xps) in terms of
coherent sheaves on X by (C.1). Then Ox,, 2(Ox®M,do, ) and ji, MZ(MOMOM,dp).

Moreover, dp, induces a Ox,, morphism between j;,M and Ox,,, which we denote as
spr- We consider the following complex:

K&M .ot M®2 5%, M—Ox,,—0

induced by the contraction morphism of s;;. The complex K&M is a resolution of
im«(Ox) and, hence, induces a canonical isomorphism

thy t Rin FLj3 FR% KEM

for any element F € D*(X). The isomorphism t£, is functorial with respect to F' € D*(X).
We notice that

Lij, (Ljs Fo%, KEM)=Fet @) M [k
k=0

Hence, by the adjunction formula, we induce a canonical morphism:

bhr  Lin Fox, K& =Ry, (Fok @D M [k),
k=0
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such that the composition of the following morphisms

RHomx (FU D M®*[k],G) ™ RHomx,, (Rir.(F&" @ M®%)[k],Rip,G)
k=0

RHom(bE,, —) . LOM 1

—2w ) RHomix,, (Lj FOYKEM Riy,G)

is an isomorphism for any G € D*(X). It induces a canonical isomorphism

ty " RHomx (F@" P M®*[k],G)=RHomyx,, (Riy. F,Rizn.G).
k=0

Now we prove that the isomorphism tf/[’G is compatible with the morphisms between

schemes:

Lemma C.3. Let f: X =Y be a projective morphism of schemes. Let M be a locally
free sheaf on Y and M’ := f*M. Let fyr : Xpp — Y be the induced morphism from f.
Then we have the following commutative diagram:

5
RHomx (F" @, M'®*[k],G) ———— RHomx,,, (Riyy«F,Rin . G)
lRf* lRwa*
Rf.F,RfvG
RHomy (Rf. FR¥@,-, M®*[k],Rf.G)'—— RHomy,, RiyRf.F,Riy.RfG).
(C.2)
Proof. To prove the diagram (C.2), we need to prove that for any F,G € D*(X),

R fa.oRHom(bh, —)oRiny . = RHom(b ¥ —)oRipr.oR f.. (C.3)

from RHomx (F&Y @r—, M'®*[k],G) to RHomy,, (RirRf. F,RirRf.G). We notice
that Cartesian diagram:

Iarr
X 25 X

bl

Yy —2 Y.

Since jps is flat, we have a canonical isomorphism LjaoR fi=R far.0Lj}, by the flat
base change theorem, and, hence, R fas.(b;,) = bAR/*F. By the Yoneda lemma, we have

Rfa.oRHom(by,,,—) = RHom (b5 *F . —)oR f...
As fayoip =ipof, we have Rip.oR fu >R frr0Rip. and, hence, get (C.3). O

Let f: N — M be a surjective morphism of locally free sheaves on X, and we denote
f®F . N®k 5 M®F The morphism f induces a closed embedding X»; — X, which we
denote as iy as (it is denoted as Xy in Appendix C.1).
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Lemma C.4. For any two elements F,G € D*(X), we have the following commutative
diagram:

F,G

RHomx (FOL @ , ME*[K],G) —— RHomyx,, (Riy, F\Riy.G)
lRHom(F®L(€BE°:of®’“),*) lRiN,M* (C.4)

F,G

RHomx (FRX @ N [k],G) —~— RHomx, (Rin.F,Riy.G).

Proof. The morphism f®F for all k canonically induces a morphism LAF/L N Liy FRKM —
Riy am«(Liy FRKL), which is a quasi-isomorphism. To prove (C.6), we need to prove
that for and F,G € D"(X),

RHom(uyy n,—)oRin, prsoRHom(bjyy,—)oRipg, = (C.5)
RHom(bﬂ—)ORiN*ORHom(F@’L(@ £,
k=0

as morphisms from RHomx (FR" @, M®*[k],G) to RHomx, (Rin.F,Rin.G). We
notice that iy proip =i, and, hence
RHom(Lﬁ’N,—)ORiNyM*ORHom(bﬂ,—)ORiM* =
RHom(vhy y,—)oRHom(Rin, a1« (byy), —)oRin, arwoRing, =

RHom(Rin ar« (b]\F/I)OLﬂ)N, —)oRi N«

and
RHom(by,—)oRin.oRHom(F&™ (P f*),-) =
k=0
oo
RHom(by,—)oRHom(Rin.(F&"(EP f*)),~)oRin. =
k=0
RHom(Riy.(F&" (@D f*)obk, —)oRi..
k=0
Hence, (C.5) follows from the identity that
Riy. (F" (@D f%*)oby = Rin,ars(bhy)othy v - O
k=0

Combining Lemmas C.3 and C.4, we have
Corollary C.5. Let f: X —Y be a projective morphism of varieties. Let M and N be

locally free sheaves on X and Y, respectively, with a surjective morphism g: f*N — M.
The morphism g induces a canonical morphism gy ar: Xar — Y. Then for any elements
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F.,G € D“(X), we have the following commutative diagram:

F,G
RHomx (F&¥ @ , ME*[K],G) —— RHomy,, (Riy F,Riy.G)
lwaRHom(F@L(eaz‘;og@’“)f) leN,M*

RfxF,Rf+«G

RHomy (Rf, FOL @  No* [k, Rf.G—— RHomy, (Rix,Rf.F,Rin.Rf.G).
(C.6)

C.3. The Bass-Quillen classes and the HKR isomorphism

The Bass-Quillen class comes from the Bass-Quillen conjecture, which asks the following
question: let M be a locally free sheaf on X and V be a locally free sheaf on Tot x (M").
When is V the pullback of a locally free sheaf on X7 While this question is always true
if X is affine, an obstruction class would appear when X is not an affine variety.

In this subsection, we consider a similar but easier question: given a locally free sheaf
V on X, classify all the locally free sheaves L on Xy, such that iy L= V.

Theorem C.6. The locally free sheaves L on Xy, such that i3,L =V are in one-to-one
correspondence with elements in Extl (V,V@M).

Proof. An extension class h € Extl (V,V@M) induces a short exact sequence:

0= VoM 2 Ly 2% v 0. (C.7)

We define dp, : Lo®M — Lo as oapo(f,@M). Then dpo(dp®M) = 0 and, hence,
L :=(Lo,dy) is also locally free on X ;.
On the other hand, given L on Xy, such that iy, L =V, we have a short exact sequence:

’
Ap,

0—>iM*(V®M)—>LB—;L>iM*V—>0 (C.8)
and, hence, a short exact sequence
0—-VIM— jyu.L—-V —0
which induces the extension class h € Exty (V,VoM). O

We say that the extension class h € Ext (V,V®M) is the Bass-Quillen class of L,
following the notation of [13]. Let M be a locally free sheaf on X. The short exact sequence
(C.8) induces an extension class h' € Exty (irV,ing«(VOM)).

Lemma C.7. The image of h' under the isomorphism
2V Baty (i Vi (VOM))2Homx (V, V)@ Exty (V,VOM)
is (id,h).

Proof. We recall the description of Coh(Xjys) in the term of (C.1). We denote L =
(Lo,d1,) as the locally free sheaf on X s generated by the extension class h. The morphism
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(tX/I®M’V)’1 (id,h) is induced by the composition of following morphisms of complexes (up

to the inverse of quasi-isomorphisms)

0 ¢ (VOM,0) —2— (L,,0)

l l(o,id) lﬁh (C.9)

(V,0) 45z (VOVOM,dy) ~25% (V,0)
and the quasi-isomorphism

(L()»O) T (V®M70)

Jo |

(V,0) «+— 0.

We consider the morphism d: (V@®Lo)Q@M — V@& Ly by the matrix

0 ap

0 0)’
which makes (V@®Ly,d) a coherent sheaf on Xj;. We consider the following morphism of
complexes (up to the inverse of quasi-isomorphisms):

0 ——— (V&Lo,d) O (Lo,d)

l l(id@o,o@ﬁh) lﬁh (C.10)

(V.0) L2 (V008 (V,0) o (V.0)

We recall the definition of morphism spaces in D*(Xjs) by [34, Tag 04VB] and [34, Tag
05RN] and see that the diagrams in (C.9) and (C.10) represent the same morphism, as
their compositions are in the same homotopy class. On the other hand, the morphism A’
is induced by the following morphism of complexes (up to inverse of quasi-isomorphisms)

0 — (L07dL) T (V@M,O)
l 2 " | (C.11)
(V,0)

(vV,0) —4 0.
Hence, the equality of h’ and (tXf)M’V)*l(id,h) follows from the following quasi-
isomorphism
(Lovdr) % (VeLo,d)
lﬁ@ l(id@o,oeaﬁh)
(v,0) 222 (v, 00@(V,0)
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C.4. The splitting of the first order neighborhood
Let f: X —Y be a closed embedding of smooth varieties, and let Ny,x be the normal
bundle of X in Y. On X, we have the short exact sequence:

0*)N¥/X —)LY/X Qy‘X *)QX — 0.

By Lemma C.2, the space
{g€ Hom(Xuy, ,Y)lgoiny,, = £} = Homx (v x.Ny, ). (C.12)

Let Zx be the ideal sheaf of X in Y and Xg) := Specy (Oy /I%) be the first order
infinitesimal neighborhood of X in Y.

Lemma C.8. Every g € HomX(Qy\X,N%X), regarding as a homomorphism from
XN¥/X to Y, factors through a homomorphism in Hom(XN¥/X7X(}1)). Moreover, g induces
an isomorphism between XN%x and X(}I) if and only if goty,x is an isomorphism of

N¥/X-

Proof. The morphism g induces a homomorphism of Oy-algebras g% = (f#,h#): Oy —
Ox®Ny /X0 where f# is the quotient morphism and h# is the derivative induced by g. As
T is the kernel of f#, the image of 7% in g7 is 0 and, hence, induces a homomorphism
in Hom(X N¥/X’X (31)) Moreover, we have the short exact sequence of Oy modules:

0—— Nl\;/X —_— Oy/Ig( OX 0

lgmy/x lq# J{id

0 —— NJ/X —_ (’)XEBN;/X — 0Ox —— 0.

Hence, g# induces an isomorphism between Oy /72 and Ox BNy /x if and only if gory, x
is an isomorphism. O

Lemma C.8 could be generalised to a relative version. We consider a Cartesian diagram
of smooth varieties: Let f/: X — Y be a regular embedding of smooth varieties. Let
m:Y’ =Y be a proper morphism of smooth varieties. Let X' =Y’ xy X and f: X' - Y’
and mx : X’ — X be the respective fibre morphisms. Moreover, we assume that X’ is also
smooth.

Lemma C.9. There exists a canonical morphism of short exact sequences:

ly/x
\
0 — XNy x — = 7% Qy|x — 7%0Qx —— 0

lsf,,, l J (C.13)

Lyt x!
0—— N;, e QYIIX/ QX’ 07

Y

where the middle and right rows are the canonical morphisms of differentials. Moreover,
a splitting of vy /x+ and vy;x, which is compatible with (C.13), which we denote as g'
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and g, respectively, would induce a commutative diagram

I 9 /
_—
XNV v X'

e

9 Y
Xy — — Xo

where ¢’ and g are isomorphisms.

937

(C.14)

Finally, we explain the relation between the isomorphism tf/[’G and the HKR isomor-
phism. Given a locally free sheaf M on a scheme X and a positive integer k, there is a

canonical shuffle morphism

shy - M®% — AF (M)
V1R QUi — V1A - AV

Given a regular embedding of smooth varieties f: X — Y, we denote M = Ny/,.. We
fix a splitting g € HomX(Qy\X,N%X), such that goty,x =id and abuse the notation to

denote ¢ as the closed embedding from X,; to Y.

Theorem C.10 (HKR isomorphism, Theorem 1.4 and Section 1.11 of [1]). Let TJ\IZ’G be

the composition of the following morphisms:

= om LS, —
RHomx (F&" @A MK),G) *- X (F®“sh, 7)

k=0 k=0

F,.G

ﬂl——) RHomXM (R’L']\/[*F,RiN[*G)

B9, RHomy (Rf.F,Rf.G).

F,G , .
Then T);" is an isomorphism.

RHomx (Fa" @) M®*[k),G)

Now we combine Lemmas C.7 and C.9 and Theorem C.10 to induce an extension
formula. We recall the schemes of XY, X’ Y’ and morphisms in the setting of Lemma C.9
and assume that sy . in (C.13) is surjective. We fix splittings ¢’ and ¢ in Lemma C.9.

Let L be a locally free sheaf on X’ 2/1/) and V := L|x/. Then L induces extension classes
b, € Exty,(V,V@M) and hy € Extl, (f.V,f.V®M), such that hj induces the short

exact sequence:

0— fiVOM — L — fi.V — 0,

(C.15)

where we abuse the notation to denote L as a coherent sheaf on Y’ through the
pushforward of the closed embedding X’ 2/1) —Y’. By applying then functor R, to (C.15),

we induce a triangle:

= R (fiVOM) = Rr. L — R (flV) = R (fLVQM)[1] — - -+
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and thus induce an extension class
er, = Rm.hp € RHomy (R (fiV), R (fiVOM)[1]).
Theorem C.11. The image of er, under the HKR isomorphism in Theorem C.10 is
(Rrxhp,Rrx (V®sy z),0,---,0).

Proof. It follows directly from Lemmas C.7 and C.9, Theorem C.10 and (C.6). O

Remark C.12. One should notice that while the Bass-Quillen class hy depends on L,
Rrx.(V®s¢ ) only depends on V but not the line bundle L.
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