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ON A CANONICAL LIE ALGEBRA sl(2r + 2)-BUNDLE

OVER GRASS (n,r)

HISASI MORIKAWA

In the present note we shall construct a Lie algebra si (2r + 2)-bundle
over Grass (n,r), canonically, which may be useful for theory of holomor-
phic vector bundles probably.

1. We use the following notations:

U(m): unitary group of degree m,
u(m): unitary Lie algebra of degree m,
U(r + l,n + 1) = {w\(r + 1) x (n + l)-matrices such that wt7w = /},
u(r + l,n + 1) = {(A,B)\(r + 1) x (n + l)-matrices such that

A + <Ά = 0},
Γ*M: the cotangent bundle of M,
T*M: the complex conjugate bundle of T*ilf,
E(M): the exterior algebra bundle over M generated by

P M for a complex manifold M.

We mean by the upper (r + l)-part of an (n + 1) x (n + l)-matrix

fY\}r + 1

\Z)}n-r

the (r + 1) x (n + l )-matrix Γ, then U(r + l,n + ΐ) and u(r + lfn + 1)

are regarded as the upper (r + l)-parts of U(n + 1) and u(n + 1), respec-

tively. There exist the natural bundle structures

U(n + 1)

U(r + l9n + 1) = U(n - r)\U(n
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I-
Grass (n,r) = U(r + l)\U(r + l,n + 1)

= U(r + 1) X U(n - r)\U(n + 1) .

The space U(r + l,n + 1) is the canonical U(r + l)-bundle over complex

Grassmann manifold Grass (n,r).

An exponential map

exp: u(r + l,n + ΐ) > U(r + 1,w + 1)

is defined by

( 1 ) exp (A, B) = the upper (r + l)-part of exp f _ ) .
\ — ιB 0/

We choose a positive number K such that the projection π induces a

homeomorphism of the submanifold

in U(r +l,n + l) onto an open neighbourhood W of π(1,0) on Grass(n,r).

Then we get a system of system of real analytic local cross sections σa

(ae U(n + 1)) of Grass (n, r) into U(r + l,n + 1) given by

( 2) σa(π (exp (0, B) a)) = exp (0, B)α (|| β || < κ, a e U(n + 1)) .

The local cross section σa is defined on the image Wa of W by the action a:

σa: Wa > σa(Wa) .

There exist real analytic maps

τβy. Wa Π Wβ > U(r + 1) (a9βeU(n + 1))

such that

( 3 ) τrtβτβia = rr,α , (α, /3, γ e t7(w + 1)) .

( 4 ) ' a, = τ^α<7α

2. Denoting by w = (wu) the system of coordinates on U(r + 1, n + 1),

then

( 5) θ = wc ΐ̂c;

is a [70ι + l)-invariant connection form on I7(r + 1,^ + 1), because
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θ + ιθ = wd'w = d(wt7w) — dl = 0

and

(wcOc^Cwα) = woόad17® = wcZ'w (<* e Z7(ft + 1)) .

We mean by ω the curvature form of θ, i.e.

( 6 ) ω = dθ + ΘΛΘ .

r+l n-r

L E M M A 1. Putting w = (/M;(1), W ( 2 ) ) , we have

( 7 ) 0(7fO) = - d w ( l ) = d'wω ,

( 8 ) ω(Iί0) = dw(2) Λ d ίw(2> .

Proof. From the definitions it follows;

dwωdtw(l) = d(wωtϊϋω + w(2nw(2)){Ii0) = 0 ,

o) + ^(/,o) Λ 0</,O)

= dt(;(1) Λ d ^ α ) + dw(2) Ad'w™ - dwω A dιw(2)

= dw(2) Λ d'W™ .

L E M M A 2.

9 ) τ%» - ^..owrj,1. (α, ]8 e C7(̂  + 1)) .

Proof. Since τf^a(w) — τ^aw, it follows:

and

β,a A θτ~β]a + τβ,aβ]a

r ^ ^ Λ τj*adτβ,aτj*a - dτβ^a A

τβ9j9 A θτj*a - τβtjθτj?β A dτβ

dτβ,a A θτ~β]a + dτβ^τ~β]a A dτβ
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PROPOSITION 1. Let ω(a) be the restriction of the curvature form on
the local cross section σa(Wά) of Grass (n,r) in U(r + l,n + 1). Then it
follows:

(10) r?,«(ω(/>)) =. τβ^
MτJ^ (a, β e U(n + 1)) .

Proof. From Lemma 2 it follows

3. Let E be the exterior algebra generated by dwip, dwίp (0 < i < r
r + 1 < p < n). We mean by e(ξ)η and i(ξ)η respectively the order and
inner product ξ A η and the inner product of ξ with η with respect to
the metric

2 Σ Σ (dwip, dwip) .
i=0p=r+l

Since wip (0<ί<r;r + l<p<ri) are independent complex variables,
the inner and outer products satisfy

e(dwjp)ί(dwjp) + i(dwjp)e(dwjp) — id ,

e(dwjp)i(dwjp) + i(dwjp)e(dwjp) = id .

Except these two cases e(dwjp),i(dwjp),e(dwjp),ί(dwjp) (0<j<r;r + l

<p <ri) are auti-commutative each other.

LEMMA 3.

[ n n _ -|

Σ e(dwjp)e(dwip), Σ i(dwkp)i(dwtp)\
v n n

— — he Σ i(dw£p)e(dwip) + δu Σ e(dwjp)i(dwkp) ,

Γ; e(dwJp)i(dwip), Σ

= iu Σ e(wjp)e(dwkp) ,

[ 71 W "1

Σ i(dwJP)e(dwip), Σ βWw^eW^tp)
Σ
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Γ Σ e(dwjp)i(dwip), Σ i(dwkp)i(wip)\
(14) b = r + 1

 n

 p=r+1 J

= — fy* Σ e(dwip)ί(dw£p) ,

[ n n "1

Σ i(dwjp)e(dwίp), Σ i(dwkp)i(dwip)\

= δ/ί Σ i(dwkp)ί(dwjp) .

Proof. From the above remark it follows

Σ {e(dwjp)e(dwip)i(dwkq)i(dwiq) - ί(dwkq)ί(dw£q)e(dwjp)e(dwίp)}
n

= Σ {—e(dwjp)i(dwkp)e(dwίp)ί(dw£p) + i(dwkp)e(dwjp)ί(dw£p)e(dwip)}
n

= — Σ e(dwjp)i(dwkp){e(dwip)i(dw£p) + i(dw£p)e(dwίp)}

+ δkj Σ ί(dw£p)e(dwip)

= δkj Σ i(dw£p)e(dwip) - δi£ Σ e(dwjp)ί(dwkp) ,
p=r+l p=r+l

Σ {e(dwjp)i(dwίp)e(dw£p)e(dwkq) — e(dw£q)e(dwkq)e(dwjp)ί(dwίp)}
n

= Σ e(dwjp){i(dwίp)e(dwep) + e(dw£p)i(dwίp)}e(dwkp)

= δu Σ e(dwjp)e(dwkp) ,

Σ {i(dwjp)e(dwίp)e(dw£q)e(dwkq) — e(dwiq)e(dwkq)i(dwjp)e(dwίp)}
p,q~r+l

= — Σ
p-r +

e(dwep){i(dwjp)e(dwkp) + e(dwkp)i(dwjp)}e(dwip)

Σ

= — ̂ *i Σ e(dwip)e(dwip) ,

{e(dwjp)i(dwίp)i(dwkq)i(dw£q) — i(dwkq)i(dw£q)e(dwjp)i(dwjp)}

= — Σ {e(dwjp)i(dwkp) + ί(dwkp)e(dwjp)}ί(dwip)ί(dwep)

n

= —δjk Σ i(dwip)ί(dw£p) ,
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Σ {i(dWjp)e(dwίp)i(dwkq)i(dw£q) - i(dwkq)i(dw£q)i(dwJp)e(dwίp)}

n

= Σ i(dwkp)i(dwip){e(dwip)i(dw£p) + i(dw£p)e(dwip)}

= δti Σ i(dwkp)i(dWjp) .

THEOREM 1. Let L and A be the (r + 1) x (r + l)-matrices whose

(i9j)-th entries are given by

LtJ = V ^ l Σ e(dwip)e(dwJP)

and

n

Atj = — V-T- Σ i(dwίp)i(dwjp) .

Tfoew ίfeere exists a representation p of Lie algebra si (2r + 2) such that

(16)
\A 0

(17) P(J f
\0 0

Proof. Let ε y be the (r + 1) x (r + l)-matrix whose only non-zero

entry is the (i, j)-th entry 1. We denote by p the linear mapping given by

0

o

° ) = - Σ i(dwjp)e(dwip) ,
Bij/ p = r + l

fa ?) = - Σ
U 0/ p = r + l

Then by virtue of (11), (12), (13), (14), (15) it follows

KK ?)]-"^-M!ϊ :,)-^'S

In the previous paper [ ] we have proved the essentially same result.
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0p( H \ ) o \

Λ o o M e w o ) \ p \ o o / 1 A o o / ' U , o
r /o o\ /o o\] ί-εijSkt o\ r/o o\ /o oγι

This means that ^ gives a Lie algebra homomorphism of (2r + 2). For

any (r + 1) X (r + 1) matrices A and 5

!!) = Σ αop( ° J) = Σ *ijl<ji - tr (AL) ,

^ ) = Σ & « P ( ? ^ ) = Σ M« = tr(βyi).
0/ i,j=o \0 0/ ί,y=o

4. We mean by E(σa(Wa)) the exterior algebra bundle generated by

T*σa(Wa)®T*σa(a). We mean by ω(α) the restriction of the curvature

form ω on the local cross section σa(Wa) of Grass (n,r), and we define

linear operators acting on E(σa(Wa)) as follows:

(18) L\f - v ^ Ί e(ωg>)

(19) Λ%= -V^ϊiMf),

where ω[f = (ωlf) and ia( ) means the inner product with respect to the

metric corresponding to trω ( α ) — Σί-o^f.

LEMMA 5. We denote

(20) τfta(Lif) - f=l eblMW ^

(20) τ* a(Λίf) - Z 1 1 ! iβ(τ? l β«>)) .

(22) τff β t Ϊ

(23) TfJAW) = 'τJ .U^S,. (α, j8 e C7(π + 1)) .

Proof. Since e(dwu) and ί(dwu) depend on dw^ (0 < i < r; 0]<fJ < n)

respectively covariantly and contravariantly, hence we have
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Therefore by virtue of the definitions of L and Λ, we have (26) and (27).

PROPOSITION 2. Γfeβrβ exists a representation pia) of si (2r + 2) as

linear operators on E(σa(Wa)) such that

(24) ^ > Q J) = tr

(A Z-?\

o oj =
 t r ( ^ ( ) ) '

//r 0 X"1 /-r 0 \\
(26) τ*a(pW(X)ξβ) = PM((Γ' β ) X Γβ>a U ))τfa(ζβ) ,

(a,βeU(n + l);Zesl(2r + 2)) .

Proof. Since ω(7}0) = QZn

v=r+i dwίp A dwjp) and dwip, dwip (0 <i <r;

r + 1 < p < n) form a linear base of the fibre TfJt0)σe(W) Θ T*Ii0)σe(W),

the representation ^ of si (2r + 2) in Theorem 1 is the representation of

si (2r + 2) acting on the fibre of E(σa(W)) at (/, 0) which satisfies (22) and

(23). Since Grass (n, r) is homogeneous for U(n + 1) and ω is U(n + 1)-

invariant, translating the fibre by a in U(n + 1), we get a representation

<o(α) of sl(2r + 2) acting on the fibre E(σa(Wa)) at πa satisfying (22) and

and (23), where πa means the upper (r + l)-part of a. For each point

Zβ on σβ(Wβ) there exists an element a in (U(n + 1) such that τβia(τta) —

Zβ. Hence it is sufficient to prove that, if there exists a representation

p(a) of sl (2r + 2) acting on the fibre of E(σa(W)) at Za satisfying (22) and

(23), then for a point Zβ = τβ,aZa on σβ(Wβ) there exists a representation

/o
(^9) of sl(2r + 2) acting on the fibre E(σβ(Wβ)) at Z^ satisfying (22), (23),

(24). By virtue of (20) and (21) we have

and

hence it follows:

P \\0 τj \A OΛ 0 τj)

- tr(rj,^rΛ.L«) = tr {AT,,J,<'\J$ = r?..tr
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.. o \ - γ o B\/τf,. o \ \
0 τfj \0 OΛ 0 r,,.//

= tr ('(τjtfτtJA™) = tr («B trj,Ut"> *-,,„) = T?,. t

Since si (2r + 2) is generated by the elements

0 O\ /O 5
A 0.

\ /O B
ι/'V0 0

are (r + 1) x (r + 1) matrices

we get a representation p<-β) of si (2r + 2) acting on the fibre E(σβ(Wβ))
at 2» such that

This representation pOβ) satisfies, (22), (23) and (24). Morever the repre-
sentation depends only on Zβ9 which does not depend on the choise of a
and Za, because by virtue of (8) and (03)

τβrτra = τβa (a,β,γeU(n + 1))

and

ίβ,a

1.5. We can now construct a canonical sl(2r + 2)-Lie algebra bundle
L(n,r) which acts naturally on E (Grass (n,r)).

We define an equivalence relation ~ in

U σa(Wa) X si (2r + 2)

such that (Za,XJ ~ (Zβ,Xβ) if and only if

πZa = T Γ ^

and

\ 0 Ta
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Since τrtaτβtβ = τua (a,β,γe U(n + 1)), the equivalence classes form a real
analytic vector bundle

L(n, r) = U *.(tFα) X si (2r + 2)/ -

over Grass (π,r). Let us show L(n,r) acts naturally on 2? (Grass (n,r)).
The bundle 1? (Grass (n, r)) may be expressed

E (Grass (n, r)) = (J E(σa(Wά))/ ~ .

where £β - £, if and only if ξa = r ^ . Lie algebra si (2r + 2) acts on
as follows:

By virtue of (30) in Proposition 2 it follows

. Γ C s ,
This means that L(n,r) acts on S (Grass (n,r)).

We now concluded that:

π
THEOREM 2. Let U(n — r)\U(n + 1) — > Grass(n,r) be the canonical

U(r + lybundle over Grass in, r), and let ω be the curvature form of the
U(n + l)-invariant connections

Θ = wdιw ,

where U(n — r)\U(n + 1) is regarded the space of (r + 1) x (n + 1)-
matrices w satisfying wt7w = J. Lei £7 (Grass (n, r)) 6e ί/̂ e exterior algebra
bundle over Grass (n,r) generated by

T* Grass (n, r) φ Γ* Grass (w, r) .

Then there exists a si (2r + 2)-Lie algebra bundle L(n, r) over
Grass(n9r) with the following properties:

i) The action of U(n + 1) on Grass (n,r) is lifted on L(n9r).
ii) The U(r + l)-bundle U(n — r)\U(n + 1) acts on L(n,r) as follows
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for local sections τ and p into U(n — r)\U(n + 1) and L(n,r)> respectively.

iii) L(n, r) acts on E (Grass (n, r)) as follows:

Let E be the exterior algebra generated over the dual space of the

horizontal space at a point Z on U(n — r)\U(n + 1) with respect to the

connection wdt7w, and let Li3- and Λi3 (0 <i,j< r) be the linear operators

actings on E given by

Li3 = V — 1 β(ώi3) , Λij = ~ V — 1 i(α>ϋ) ,

where ώ = (ωi3) is the restriction of the curvature form ω on the hori-

zontal space and the inner product i( ) corresponds to trώ. Then, identi-

fied E with the fibre of E (Grass (n, r)) at the base point, of Z, the action

of L(n,r) on E is given by

A oy
 = t r ( A L ) = ί o α Λ '

= tr CBA) -
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