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CARLSON TYPE INEQUALITIES FOR FINITE SUMS
AND INTEGRALS ON BOUNDED INTERVALS

LEO LARSSON, ZsOLT PALES AND LARS-ERIK PERSSON

We investigate Carlson type inequalities for finite sums, that is, inequalities of the

m m B,y m A

Z ar < C(Z k"‘a;"'l) (E k"’a;“) ,

k=1 k=1 k=1
to hold for some constant C independent of the finite, non-zero set ay,...,a,, of
non-negative numbers. We find constants C which are strictly smaller than the sharp
constants in the corresponding infinite series case. Moreover, corresponding results
for integrals over bounded intervals are given and a case with any finite number of

factors on the right-hand side is proved.

form

1. INTRODUCTION

Carlson [6] showed in 1935 that the multiplicative inequality

00 oo 1/4 , o 1/4
(1) Zak < ﬁ(Zai) (Z kzai)

k=1 k=1 k=1
holds whenever {ax}§2, is a non-zero sequence of non-negative numbers, provided that
the series on the right-hand side are finite. The constant /7 is sharp. The inequality
(1) and the corresponding integral version, as well as their generalisations and variations,
turn out to have applications in various branches of mathematics, such as Fourier analysis
(see for example, [5] and [9] as well as the Ph.D. thesis [10]), interpolation theory and
embeddings of function spaces (see for example, {21, 12, 15], and the Ph.D. thesis [13)),
the theory of optimal sampling (see [3]), and moment problems (see [11]), and have also
become a popular object to study for its own interest (see for example, {14] and the
Ph.D. thesis [13], and the references given there). See also the book by Mitrinovi¢ [20,
pp. 370-372].

Among the many authors who have given generalisations of (1), we mention Bellman

[2], who in 1943 proved the inequality

i i (az=1)/((az—a1)(r+1)) i \ (r—a1)/((az~a1)(r+1))
(2) ag < C( k"“ai"’l) ( k*2alt ) ,
k=1 k=1 k=1
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when a; > ag 2 0, A, # > 0, with the sharp constant

1 a-—r T—a r/(r+1)
= 21/(r+l) B 2 1
3) ¢ [az -y ((02 —a)r’ (e — al)r)] ’

where B(-,-) denotes the Beta function, as well as the continuous counterpart

agz=r r-a
)z—Ly(ﬁa,_..l ) (/oo )m
0

(4) /ooo f(z)dz < C(/:o T (1) dx

with the same sharp constant.

Iazfr-i—l (.’E) dr

1

In Section 2 of this paper, we investigate inequalities of Carlson-Bellman type (2),
where the infinite series are replaced by finite sums, as well as of the type (4), where
the positive real line is replaced by a bounded interval of integration. We prove that the
constants C in these cases can be chosen strictly smaller than the sharp constants in the
classical cases. In particular, (1) may be replaced by the inequalities

m m Y4, m 1/4
(5) Z ar < V2 arctanm(z a,":) (Z kzai) , m=12...
k=1

k=1 - k=1

(for m = oo, we get (1)). In Section 3, we generalise in a similar way some results of
Levin and Godunova [17] by proving some inequalities of the type (2) with any finite
number of factors on the right-hand side with finite sums. A continuous version of this
is presented as well. Finally, Section 4 is reserved for some concluding remarks and open
questions.

2. Two INEQUALITIES OF CARLSON~-BELLMAN TYPE

Fora>0,3>0,and 0 < u <t < 1, we define two types of truncated Beta functions

by .
B(a, B;1) = / (1-s)°sP—2 _
: 0 (1-s)s
and . ds
Bl giuy = [((-se s,
respectively.

2.1. THE DISCRETE CASE. Suppose that m is a positive integer. The inequality (2)
holds, in particular, for sequences {ax}2, for which a;x = 0 whenever & > m. Thus

(6) Xm:ak <C (}: kgt
k=1 k=1

where C is given by (3). However, if we consider fixed-length finite sequences only, the
constant is no longer sharp but can be made strictly smaller. We prove the following

b

(a2—-r)/({(az—ay)(r+1)) , M (r—a1)/((az—e1)(r+1))
) <Z ka;ar+l)
k
k=1

inequality.
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THEOREM 1. Suppose that m is a positive integer, and that as >r > a; > 0. If
ai, ...,am are non-negative numbers, not all zero, then (6) holds, where we may choose

(7 Cc=oen| 1 B( @-r  _r-m o m¥ )
as—a; \ag—a1)r’ (a2 —ay)r’ 1+ me-a

} r/(r+1)

REMARK 1. The constant C defined by (7), which depends on m, tends to the sharp
constant (3) when m — oo. In the special case r = 1, a; = 0, oy = 2, we have

11 m? .
B(i,a,m) = 2 arcsin

m
————— = 2arctanm,
v1+m?
showing that the inequality (5) holds. When m — oo, this constant tends to the sharp
constant /7 in (1).

PROOF OF THEOREM 1: Let

m m
S= E k°tap*' and T = _;_ k®2al*!,
k=1 k=1

and let A be any positive number. If we write

)—(1/("+1))

1 1/(r+1)
_ ay 2 Loz
ax = (Ak + 5k )

: (,\km + —}k"’ o,

we get by Holder’s inequality

= r+l m r, m
(Zak) S(Z(/\k"‘ +/\‘1k°‘7)-(1/")) (Z(/\km +/\_1ka2)a;+1)

(8) k=1 k=1 k=1
= ( > (k> 4+ ,\-1k°2)-<1/'>) (AS + A7IT).
k=1
Since the function
T (/\zal + /\—lxaz)—(l/r)

is non-increasing for positive z, the last sum in (8) can be estimated by an integral. In
fact, by making the substitution

r = Az/(QZ"al)( S )1/(02—01)
1—s ;
we find that
3 " dz
a1 —1pa2y~(1/r)
;(Ak + A k ) < A (/\xal + /\—1$a2)l/f
2%;—(2%’5;—32 % an—r r—a
(9) :A_z__l_/xh. 2 1(1_3)msmi
Q9 — 0 (1 — s)s

r-(a|+a§![2
— A az-—ay)/2r B( a2 -7 r— al . ma2—al )

a —a; (a2 — oq)7’ (g — o)1’ A2 + mez-a
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The function t — B(c, B;t) is obviously increasing, and hence

az—ay
A— B (a, B; m_)

A2 4+ moz-a

is decreasing. Moreover, we always have S < T, so if we put

T
-5

az—ay oaz—a
B(mﬂr—m————)sB(mﬂrllii—)

A% 4+ mez-a 1 + mo—a
Hence, in view of (8) and (9), it follows that

m r+l - T

1 Qy —T r—u« me2—® ag-r r-a)
E ak <2 B( 2 , ! ; ) Sez-a1Taz=ay,
pe ay—a1 \(ag—ay)r’ (@ —ay)r’ 1 +mm—a

then

This yields the inequality (6) with C given by (7). 0

2.2. THE CONTINUOUsS CASE. By analogy with the discrete case, the inequality (4)
holds, in particular, for a function f supported on the interval [0, m]. As opposed to the
discrete case, however, the constant cannot be altered. The reason for this is that it is
possible to find a maximising function with mass concentrated arbitrarily close to 0. We
therefore have to modify the continuous case slightly.

THEOREM 2. Suppose that m > 1 and a; > > oy > 0. Then the inequality
(10)

" s@as <o

0 () dz z° f**Y(z) dz
m-1

J["' ey m) [ [m Grma D

m-1 (/ )

holds for all non-negative, measurable functions f on (m~!,m). We may choose
(11)
C= [

21/" ( ay—rT r—om mz(aﬁ"') -1 m2(°2—°l) — mz("‘al))] r/(r+1)

az — o \rlaa — o)’ r(ag — ay)’ mier-a) — 17 m2Aea-er) _ ]

REMARK 2. As in the discrete case, the constant C = C(m) approaches the sharp
constant in (4) as m — oo.

PROOF OF THEOREM 2: For any A > 0, we have by Holder’s inequality

/ f(z)dz = / (Az® + A 1ge2) "V (g 4 \~1go)l/0+D) f£(2) dg
m=1 m-1

m dr r/(r+1) m 1/(r+1)
< (/ ) ( (Az® + A71z%?) frHi(z) d:c)
m-l

-t (AT + A-Lgea)/r

1/(r+1)
_ ( 1 B) r/(r+1) /\(2r—(m+°2))/(°=‘°l)(,\Sl + /\—152)
gz — @ |
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where m
Si = / % fH(z)dz, i=1,2,
m-1
and
—{az~a 2 -(az—a
B (m=@2-21))/(A24m-(2 1))(1 3 s)(a:—r)/(r(ag—al))s(r—al)/(r(ag-al))_d_s_.
(me2-21)/(A2mo2=21) (1—s)s

Now, we can maximise this truncated Beta function with respect to A, simply by differ-
entiating. We find that the maximum is

Qy— T r—oy m2(ag—r) -1 m2(02-01) . m2(r-—oq)
- (T(az —a1) r(ag — @)’ mAezme) — 17 m¥er-a) — ] )
We may now put
Sy
A= /=,
S
which yields (10) with C given by (11). 0

3. SOME GENERALISATIONS

By combining our ideas with those of Levin and Godunova [17], we can in some
cases extend Theorems 1 and 2 to hold for more than two factors on the right-hand side
of the inequality.

3.1. THE DISCRETE CASE.
THEOREM 3. Let N > 2 be an integer, and suppose that oy < --- € an. More-

over, let
1 &
T = N;aj.

Then, if ay,...,an are non-negative numbers, not all zero, it holds that

m N m
(12) da< CH(Z k% agtt
k=1 =1 “k

) 1/{N(r+1))
=1

We may choose

= mi yersng( N-n mr r/(r+1)
(13) ¢ 123<"~(KN) B(Nr’ Nr 'nf/(N-n) +m'=—'1) ’
where
~(/N)(N — p)~(N-n)/N

(14) K=" ")l ;

(rz —r)M/r
and r; = r;(n) are defined by

1 1 &

(15) = ;{jzzlaj and 7, = N njgua,-.
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REMARK 3. We see that when N = 2, this reduces to the special case of Theorem 1
where r = (a1 + a3)/2. However, for N > 2, the constant does not necessarily approach
the sharp constant for the corresponding infinite series inequality when m — oo.

PROOF OF THEOREM 3: Let
m
Si= k%af*', i=1,...,N.
k=1

If \,..., Ay are any positive numbers, we write
ax = (/\lkax 4ot ANkaN)-(l/(r+l)) . (Alka‘ et /\\NkaN)l/(r+l)ak

and apply Holder’s inequality with parameters

1
rt and 7 +1,

which yields
m r+41 m A r N
(Z ak) < (Z Mk o+ ANk°~)“‘/") YA
k=1 k=1 i=1

The first sum on the right-hand side can be estimated by the integral
I= [)m (x4 4 /\Nz“”)—(l/r) dz.
Let 1 € n < N, and let r; and r; be as defined by (15). Moreover, put
K, =n(\- --A,?)l/" and Ky = (N —n)(Angy - An)/A-,
By the arithmetic—geomeﬁric mean inequality, it holds that

Mz 4 Az = (M2 4+ Az™) + (A1 z®H o+ ANz®)
A z™ Qn A Qn1 A an
n 1z + + Az +(N—n) n+1Z + + ANZ
n N-n
2 n(Mz® - Az Uy (N = n)(Apqprzo ---)\Nx"")l/(N'")
= lefl + KQI”,

and therefore, also using the relations

Tg —T

n d
= -— an
rp—m N r-n_ N
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we get

I< / (Kyz™ + Kpz™) /) dg
0

(Kl—(rg—r)K;(r—n)) 1/(r(r2—r1)) B - r—r mr—r

- o (r(r2 ) M =) (KD (Ka) + mra )
(KT N-mINYUe i

B 2=N (m’ Nr ' (K1)/(K2) + m"_")

- G/ND (N — )= N-m (N (), A)=WND (o N g P
B T2 — Ty (E’ Nr '’ (Kl)/(K2)+mrz—r1)'

Now, choose the numbers A, so that

N 1/N
(16) A,~S,-=(HS,-) , j=1,...,N.
=1
Thus
Ao Ay =1,

and if K is defined by (14) it follows that

m r+1 ro—r r, N 1/N
n N-n mr2—n
(Z‘“) <KN-B <’1\77’ Nr ’(Kl)/(Kz)+mfz-ﬂ> (.HS") '

k=1 i=1

Now, we note that
K; n

K, “N-n
Since S; increases with j, it follows from (16) that A; decreases with j, and since the
product of all of them equals 1, it must hold that

(Ap--- ,\n)N/(n(N—n))_

AtosAp 2 1.

Thus

m"?"l m'? —-Tri )

.« .t < Ve
B(, ’(KI)/(K2)+mrz—r1)\B(aan/(N_n)+mr2—r1
Since this can be done for any n, the conclusion follows upon taking (r + 1)th roots. [

3.2. THE CONTINUOUS CASE. We can now combine the ideas from Theorems 2 and 3
to get the following.

THEOREM 4. Suppose that N is an integer 22, m>1landa; < -+* € ay, and
put
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Then, for all non-negative, measurable functions f on (m~!,m), it holds that

/1:1 f(z)dz < Cﬁ(/,:l z% fr+1(z) dzx

) 1/(N(r+1))

We may choose

C = min (KN)I/('“)B

1<n<N

n N-— n m2("—'1) -1 m2("2—7‘1) _ mZ(rz—r) r/(r+1)
(Nr Nr "m¥rz-n) — 1’ m2rz-n) _ ] ) ,

where K and r;, i = 1,2, are as in Theorem 3.

4. CONCLUDING REMARKS

REMARK 4. The constants given by (7) and (13) increase with m. This is obviously
the case also for the sharp constant. However, although our constants are strictly smaller
than the sharp constants for the corresponding infinite series cases, they are not sharp in
the sense of finite sums. For example, as can be seen by homogeniety, the sharp constant
is 1 when m = 1. It would be interesting to find the sharp constant for the setting of this

paper.
REMARK 5. The result in Levin [18] suggests that we should look for a.n inequality of
the type
8 m t
(17) Zak < C(Z kP~1=2af ) (Z kq-“"ag) :
k=1

The proof of Theorem 1 cannot be directly extended to cover also this case. We therefore
leave it as an open problem to prove the inequality (17) with a constant which is strictly
smaller than the sharp constant in the corresponding infinite series inequality.

REMARK 6. As mentioneéd in the introduction, the Carlson inequalities have been gen-
eralised in various directions, and many different types of applications have been found.
For instance, Barza, Burkenov, Pecari¢ and Persson [1] considered an infinite cone 2 in
R™ as the domain of integration (rather than the interval (0, 00)), and they achieved the
sharp constant in the inequality '

([iremera)” <o [Iram@ra) ([ lemera)”

where the weights w, wp and w; are homogeneous functions. Obviously, the results and
ideas in this paper can be developed to derive a similar result but with the infinite cone
Q replaced by a bounded one and with a strictlv smaller constant.
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REMARK 7. We can view the inequality (1) and many of its versions and successors as
special cases of the inequality

(18) I£llx < CUAILE NAIIG,

between norms in Banach spaces X, Ay and A,. With this viewpoint, the inequali-
ties under consideration become closely related to interpolation theory. The inequality
(18) is, in fact, equivalent to the statement that the Banach space X is of Peetre class
C;(8; Ao, A1) (see for example, [4] for details on interpolation theoretical matters). We
mention that the article [15)] uses general inequalities of Carlson type to get embeddings
of real interpolation spaces into weighted L, spaces over general measure spaces. We
refer to the book manuscript [16] for a more complete exposition of the various ways in
which the inequalities have been extended and applied.

REMARK 8. (On the mathematician Fritz David Carlson.) Fritz David Carlson (1888
1952) was a Swedish professor who made several contributions to mathematics besides
the discovery of Carlson’s inequalities, described in this paper, among which the follow-
ing are well-known: Carlson’s theorem in complex analysis, the Pélya-Carlson theorem
for rational functions and Carlson’s theorem on Dirichlet series. For a more detailed
description of the scientific work of Carlson, we refer to the book by Garding [7]. Some
complementary information about the remarkable mathematician and man F. Carlson
can also be found in the historical note [19] (see also [16]).

REMARK 9. Carlson’s original proof of (1) was based on his deep knowledge in complex
analysis. Obviously, he strongly believed that his inequality was a limiting case of the
Holder inequality, but which could not be derived from it. Hence, it must have been a
surprise for him when Hardy [8] in 1936 presented two new proofs of (1), one of which
in fact shows that the inequality follows even from the Schwarz inequality. More details
and discussions around these and related facts can be found in the new book manuscript
[16] and the references pointed out there.
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