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1. Introduction

Let Q be a topological transformation group operating on the left of a
topological space X. Let us denote by. B the orbit space and p '. X-+B the
projection, p is a continuous and open map of X onto B. For an arbitrary
abelian coefficient group G, the continuous map p induces homomorphisms

P*:HH{B, G)-*Hn(X, G),

of the Alexander-Wallace cohomolog/ groups [1]2). These induced homomor-
phisms are, in general, not onto isomorphisms. They depend on the manner in
which the topological transformation group Q operates on X.

To measure the deviation of these induced homomorphisms jf>* from the
onto isomorphisms, we introduce, in the present paper, the weakly residual
cohomology groups

Hw(X.G), t

They are invariants depending on X, Q, G and the operations of Q on X By
means of these groups, we shall establish an exact sequence

/ / ° ( β , G)^ . . . ->H'(B, G)!->Er\X, G)-*Hl{X, G)-»Hn+1(B, G)p^> . . . .

This indicates that the weakly residual cohomology groups HZ(X* G) might
play an important role in the further studies of the cohomology structures of
the orbit space.

For each point xE:X, there is a canonical homomorphism

tf:HwίX, G)->Hfι(Q, G),

It is proved that if Q is compact and if x and y are two points contained in a

compact connected subset of X then k? = ky.

2. Preliminaries

Throughout the present paper, let Q be a topological group acting as a
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group of transformations on the left of a topological space X. By this we mean

that, with each element q in Q, there is associated a transformation

Wq:X-»x

such that, if we use the notation WQix) = qx, the following conditions are satis-

fied.

(2.1) qx is continuous in q and x simultaneously,*

(2.2) qΛq2x) = (

(2.3)

where £ denotes the neutral element of ζ). More precisely, the condition (2.1)

means that the map

M:QxX-*X

defined by M(q, x) = qx for each q€ΞQ and each xΈΞXis continuous. Obviously,

Wq is a homeomorphism of X for each <7 E= Q.

Two points A: and\y are said to be equivalent if there exists an element q

in Q such that .y = qx. This equivalence relation divides the points of X into

disjoint equivalence classes called the orbits of Q in X The orbit which con-

tains the point x&X will be denoted by Qx. Hence Qx = Qy if and only if x

and y are equivalent. Let B denote the set of all orbits of Q in X. There is

a natural map

p:X-*B

of X onto B defined by p(x) = Qx for each * G X i> will be called the projec-

tion of X onto β. Let us give B the identification topology determined by p.

That is to say, a subset V in J5 is called open if and only if p~ι{ V) is an open

set in X. The topological space B thus obtained will be called the orbit space

of the transformation group Q. B is a TVspace if and only if every orbit of Q

is a closed subset in X.

The projection p:X~+B is both continuous and open. In fact, the con-

tinuity of p follows from the definition of the identification topology in B de-

termined by p. To see that p is open, let U be an arbitrary open set in X and

call V^p(U). It suffices to show that p~\V) is an open set in X. By the

definition of p, the set p~ι( V) consists of the totality of the points qx in X

such that q&Q and XELU. Hence p'W) is the union QU of the sets WQ{U)

for all #eζ) . For each q in Q« WQ is a homeomorphism of X. This implies

that FF^C/) is open and hence, as a union of open sets, p~x(V) is open.

3. The various cohomology groups

For convenience of the reader, we shall briefly recall the definition of the
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Alexander-Wallace cohomology groups Cl]. Let G be an abelian group used as
the coefficient group of the various cohomology groups defined in the sequel.

Denote by

AniX, G). (nϋ*0),

the group of all ^-functions ψ:Xn+1-*G on X into G and

AZ(X, G), (»iθ),

the subgroup of An(X, G) consisting of the w-functions with empty support,
where the support S(ψ) of an ^-function φ:Xn*1-*G is the closed set of X
defined by the following assertion:

(3.1) A point xE:X is not in S(φ) if and only if there exists an open
neighborhood U of x in X such that

φ(Xϋ, # I , . . , Xn) =0

whenever x G U for all % = 0, 1, . . . , n.

The coboundary homomorphism

(3.2) d:An(X, G)-*An+1(X, B)

is defined as usual, namely3)

\δφ)\Xo9 . . . , Xn+\) = i j ( " ~ l ) φ\Xθ9 9 i j , . . . , Xn+l)

for arbitrary (#o, . . • , xn+i)GXn+2. Obviously we have

δ(Ao((X, G))CAohl(X, G).
Let

Cn(X G)=An(X, G)/A"(X, G).

Then <5 in (3.2) induces a coboundary homomorphism

(3.3) δ: CΉX, G) -> C n + 1 U, G).

The elements of Cn(X, G) are called the ??-cochains of X over G. For each
^-function ψE:An(X, G), we shall denote by [ψ] the w-cochain which contains
φ, that is,

We say that φ represents [0].
Let Zn(X, G)CCn(X, G) denote the kernel of δ in (3.3), and Bn*\X, G)

^δ{Cn(X, G)). Further, we define B\X, G) =0. Since δδ = 0, we have

The quotient group
Hn(X, G)=Zn(X, G)/Bn(X, G)

The circumflex over x% indicates that xi is omitted.
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is called the n-dimensional cohomology group of X over G.
An w-f unction ψGAn(X, G) is said to be strongly invariant under Q if

φiqoXo, . . . . QnXn) = (p(Xύn . . . , Xn)

for all x EiX and all qi&Q, *' = 0 w. An /z-cochain c £ C " ( Z G) is said
to be strongly invariant under Q if c contains an //-function ψE:AH(X* G) which
is strongly invariant under Q. Obviously the strongly invariant /z-cochains of
X over G form a subgroup

C?(X G>CC"(Y, G)
and

ΓHX, G)f

hence the 3 in (3.3) defines a coboundary homomorphism

(3.4) 3:C?(X, G)->Ct1(X, G).

Let Zί(Z ? G)CC?(X, G) denote the kernel of δ in (3.4) and BS+ι(X. G)
= δ(C?(X9GΪ). Further, we define BliX, G) = 0. Then evidently we have

Z's'iX, G)=Zn{X, G)Γ\CZ(X, G).

The quotient group

Hs(X, G) -Z?(X G)/Bs{X, G)

is called the n-dimensional strongly invariant cohomology group of X over G

(under the topological transformation group Q).

For each integer n^Q, let

C2,(X G) =CΛ(X, G)/C?(ΛΓ, G).

The elements of Cίί,(X, G) are called the weakly residual n-cochains (with
respect to (3) of X over G. Since the coboundary homomorphism 3 in (3,3)
maps C?(X G) into Cί^HX. G), it induces a coboundary homomorphism

(3.5) o:Ci(X G) -»Cw\X. G).

Let ZS(X? G)CCίί,(X G) denote the kernel of δ in 13.5) and #Γ 2(X, G)
= δ(Cw(X9 G)). Further, we define ^UA". G) = 0. The quotient group

X9 G)

is called the n-dimensional weakly residual cohomology group of A" over G (with

respect to the topological transformation group Q).

Let us denote respectively by

>:Cs(X, G)~»C"(X G),
τr:Cn(X, G)->Cω(X, G)
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the natural inclusion and projection homomorphisms, Since both c and π commute

with the coboundary operator δ, they induce homomorphisms

(3.6) t*:H3(X, G)->Hn{X, G),

(3.7) π*:Hn(X, G)-»HZ(X9 G)

for each integer n^O. We are going to define a homomorphism

(3.8) d*:H&X, G)-»m+\X. G)

for every n^O as follows. Let α be an arbitrary element of H£(X, G). Choose

a weakly residual w-cocycle Cw&CwiX, G ) which represents α. Since π maps

Cn(X, G) ontp Cw(X9 G\ there is an w-cochain c 6 C Λ ( X G) with πc = cw. Since

πδc = cLτc = <5cu< = 0, we have ocE:ZTι(X, G). Hence δc represents an element 0

of HVι(X, G). It is not difficult to see that ,3 depends only on α. We define the

homomorphism 6* by taking

The following theorem is a direct consequence of a general theorem of

Kelley and Pitcher [2].

THEOREM I. The sequence of groups and homomorphisms

H*S(X, G)£ . . . ^Hs(X, G)^Hn{X, G)^H%iX, G)%H?+1(X, G)« . . .

is exact in the sense that the image of each homomorphism coincides with the

kernel of the following one.

4, The isomorphism p?

The projection p: X-> B induces a homomorphism

(4.1) p*:An(B, G) -+An{X. G)

of the ^-functions An(B, G) of the orbit space B into the w-functions An(X, G)

of X as follows. Let φ&An\B. G) be an arbitrarily given ^-functions of the

orbit space B into G. The /z-function / ψ e Λ " l X G) is defined by

.i? . . . , Xn) =

for every (Xo. . . , xn^ of Xrlrl. Since

for every A e^Γ and every # e Q ? ^S0 is strongly invariant under Q. Let us

denote by

AslX G>

the subgroup of An{X, G) which consists of the strongly invariant ^-functions.

Then (4.1) may be written in the following more precise form
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(4.2) pξ:An(B, G)-*Arsι(X, G).

(4.3) LEMMA, pi maps An(B, G) isomorphically onto AS(X9 G).

Proof. That pi is an isomorphism is a consequence of the fact that p is

onto- In fact, suppose that <pE:An{Bf G) and plφ = Q. Let (60, . . - , bn) be an

arbitrary point of Bn+1. Since p maps X onto B, there are n+1 points #o, . . - ,

xn in X such that pxι~bi for each i = 0, . . . , n. Then we have

</>(bo9 . . . , bn) = (plφ)(xu, . . . , *») = 0 .

Since (&o, . . . , £n) is arbitrary, this proves that ψ = 0 and hence ^f is an

isomorphism.

To prove that pξ maps An(B, G) onto Λ?(ΛΓ, G), let

ψ:Xn+1-*G

be an arbitrary strongly invariant ^-function. Define an ^-function

, . nn + l f-y

ψ D -* Cr

as follows. Let (£<»•. . , bn) be any point in Bn+1. Choose w+1 points Xo,

. . . , xn in X such that .£*,• = 6, for each i - 0, . . . , n. Then φ is defined by

taking

(4.4) φ(b0, . . . ? bn)

To justify this definition, it suffices to show that φ(b0, . . . , bn) does not depend

on the choice of XQ, . . . , xn. In fact, let v0, . . . , yn be any n +1 points in X

with Ay/ = ft- for each i = 0, . . . , n. Then there are qo, . * . , qn in Q such that

yi-QiXu (i = 0, . . . , n).

It follows from the strong invariance of ψ that

This justifies the definition of φ. By (4.4), it is clear that ψ-pίφ. Hence pϊ

maps An{B, G) onto A?(Z, G). This completes the proof of (4.3).

(4.5) LEMMA, pξ maps A"(B, G) onto A?(X, G)Γ\A"(X, G).

Proof. Let φ^A%(B; G) and ̂ e l b e arbitrarily given. Call b =px. Since

Φ is of empty support, there is an open neighborhood V of b in Z? such that

whenever fee F for each z = 0, . . . , n. It follows from the continuity of p that

there exists an open neighborhood U of x in X with

p(U)CV.

Then we have
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(psφ)(Xo, - - , Xn) =φ(pXo, . . . , pXn) = 0

whenever xι G U for each i = 0, . . . , n. Hence x is not in the support of plφ.

Since x is arbitrary, plφ is of empty support This and (4.3) prove that

I , G)ΠAo(X9 G).

Next, let φGA2(X, G)ΠAo(X, G) be arbitrarily given. By (4 3), there is

an ^-function φ&An(B, G) such that φ-plφ. It remains to show that the

support of φ is empty. Let b&B be any given point. Since p maps Xonto B9

there is a point XELX with px = b. Since ψ is of empty support, there is an

open neighborhood U of x in X such that

φ(xo9 . . , Xn) = 0

whenever ΛΓ EΞt/for each ι = 0, . . . , n. Call

V = p(U).

Since ί is an open map, V is an open neighborhood of b in B. Let (£o, - . . , bn)

be any point in Bn+1 with 5/G V for each ί = 0, . . . , » . Choose w-M points

ΛΓO, . . . , #n in U such that i>tf/ = bt for each ί = 0, . . . , n. Then we have

φ(b0, . . . , bn) =φ(Xθ, . . , Xn) = 0 .

This proves that b is not in the support of φ. Since & is arbitrary, the support

of φ must be empty. This completes the proof of (4.5).

Since pn maps AS(B, G) into A%(X, G) by (4.5), it induces a homomorphism

(4.6) β*: Cn(B, G) ~» Cn(X, G).

By (4.3), p* in (4.6) maps Cn(B, G) into Cs(X, G). Hence (4.6) may be written

in the following more precise form

(4 7) β!:Cn(B, G)-»Cΐ(X9 G).

(4 6) and (4 7) are connected by the following obvious relation

(4 8) <β!=β\

where c:C](X, G) -*Cn(X, G) denotes the inclusion homomorphism.

(4 9) LEMMA, pi maps Cn(B, G) isomorphically onto CZ(X, G).

Proof. To prove that pi maps C\B, G) isomorphically into Cs(X, G), let

cE:Cn{B, G) be any /2-cochain of B such that pίc-0. Choose an ^-function

φ:Bn+1->G which represents c. plc = 0 impjies that pϊφ is of empty support.

By (4 3) and (4.5), this implies that the support of φ is empty. Hence c = 0

and pi is an isomorphism.

To prove that pi maps Cn(B, G) onto CliX, G), let d be any strongly

invariant w-cochain of X over G. Choose a φ^AsiX, G) which represents d.
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By (4.3), there is a φ&An(B, G) such that plφ = ψ. <ρ represents an w-cochain

c&CniB. G) and obviously pic = d. This completes the proof of (4.9).

Since both p* and pt commute with the coboundary operator δ. they induce

homomorphisms

(4.10) f :Hn(B.G)-+H'\X.G)

(4.11) pf'.Hn{B. G)-+H?(X. G)

for each integer n^Q. The relation (4.8) gives

(4.12) ^ * = i > * .

The following theorem is an immediate consequence of (4.9).

THEOREM II. pf ynaps HniB. G) isomorphically onto Hΐ(X. G).

5. The exact sequence

Let us call

d .HUX. G)^Hn^(B. G)

the homomorphism defined by

(δ.l) d* = κpt)~ιd*.

Then the following theorem is a consequence of the theorems I and fί together

with the relations (4.12) and (δ.l).

THEOREM III. The sequence of groups and homomorphisms

is exact.

6. The canonical homomorphism

Let x€Ξ X be a given point. We are going to construct a canonical homo-

morphism

(6.1) kΐ:H%{X. G)->Hn(Q, G)

for each integer

Let aGHw(X9 G) be arbitrarily given, ex is represented by a weakly residual

w-cocycle Cw^ZϋλX, G) and cw itself is represented by an ^-function φE: A\X.

G) such that

(6.2) tfό = ί + 7, cEA? + I (X G). ϊ S A ? + 1 ( ί G).

We may assume that

(6.3) ψKx. . . . . x) =0.
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In fact, if φ{χ ^ ) = c # 0 , w e define a strongly invariant w-function ^flEΛ?( X.
G) by taking

ψa^Xo Xn) =a

for each point iXu, . . . , xn) of Xn+ι. Then, we replace φ by φ - ψa which re-
presents the same weakly residual w-cocycle cw that φ does.

Now let us define an w-f unction &*06ΞA"(Q, G) of Q over G by taking

(k*φ)(q0. . . . . qn) =φ(qox, . . . , # „ # )

for each point < <7o, . . . , #») of ζ Γ + 1 .

<6. 4) LEMMA. Γ/zβ coboundary dk*φ of k*φ is of empty support

Proof, Let q be an arbitrary point in Q. It suffices to show that q is not
in the support of dk*<p. By *6.2). we have

where ^As*\X. G) and ̂ EAΓHXG). Since -η is of empty support, there is
an open neighborhood U of the point qx ih X such that

Γ») = 0

whenever λ'/£ί r for all i = 0 n. Then there exists an open neighborhood
V of q in <? such that

On the other hand, we have -ηix, . . . , x) = 0. It follows that, for any point
<ψ. . . . . ^w+ιj of ζ?"*"2 such that φ e F for all i = 0, . . . , n + h we have

Σ , . . . . φΛΓ Qn+lX) =

. . . , <7«+iΛΓ) = ~ U , . . . , X)

x) =0.

This proves that q is not in the support of dk*φ and hence completes the proof
of '6.4).

By (6.4). the w-cochain [£*0]GC'*((?, G) which contains the ^-function k*ψ

defined above is an n-cocycie of Q over G and hence it represents an element

k*ia) of H\Q. G).

(6.5) LEMMA. T/Z^ element k*(a) does not depend on the choice of the n
function φξzAn(X* G) ivhich represents the given element aξΞH£,(X. G\

Proof. First assume n>0. Let ώf be any ^-function which represents a
and such that <t>Πχ x) =0. Then
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where ψeAn]'ιiX, G), 0eΛ"(X, G) and r£Λ?(X G). Define an (w-D-func-

tion CεΛΛ+1((), G) of 0 over G by taking

CU/o. . . . , Qn-l) =φ(Q&, - - , Qn-iX) ~ψ(x, . . . , X)

for each point ((/<>. . . . , (fa-i) of ζ?7'. In order to prove (6.5) for n>0, it suffices

to show that

k*φ' - k*φ - δC

has empty support. Let q be an arbitrary point in Q. Since the support of r is

empty, there is an open neighborhood U of the point qx in X such that

whenever XΪ&LU for all / = 0. . . . . n. Let V be an open neighborhood of q in

Q such that

VxdlL

Then, for each point (qOΐ . . . . φ,) of ζ) w + 1 with g 2 e V for all ί~0, . . . , w,

we have

. - , x)

4- r(#o#, . . . , qnx) 4- ^0(Λ;? . . . , #)

x)

= 0'(x, . . . , #) - φ(x. . . . , x) = 0.

Hence ^ is not in the support of # V ~ AV - δζ. Since ζ? is arbitrary, this proves

that the support of k*ψ' — ̂ ft0 — δζ is empty.

It remains to dispose of the trivial case n~0. Let φ and φf be any two

0-functins which represent the same element « e Λ ( X , G) and such that φix)

- 0 = 0'(A?). Since Λo(X G) = 0? we have φ1 - ^ £ ^ ( 1 , G). In order to prove

(6.5) for n~0, it suffices to show that k9φf - k*φ - 0. Let <? be an arbitrary

point in Q. Then we have

(&V - k*φ)(q) = (0' ~ 0)(<7*) = (0' - 0)(ΛΓ) - 0.

Since q is arbitrary, we have k*φf — k*φ — Q. This completes the proof of {6.5).

The correspondence a-*k%(<x) obviously defines a homomorphism olHw^X,

G) into Hn(Q, G). This completes the construction of the canonical homomorpism

16.1).

7. Relations between the canonical homomorphίsms

THEOREM IV. If Q is compact and if x and y are itυo points contained in

a compact connected subset K of X, then k* ~ k*.
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Proof. Let n^Q be an arbitrary integer and acGhlliX, G) be an arbitrary
element. It is required to prove that

The element a is represented by an i-function φ€ΞAn(X, G) such that
il(X,G), ίei? + 1 tf, G).

According to the construction of the canonical homomorphiεm kz for an arbitrary
point 2 G l the element k%(<χ) of Hn(Q, G) is represented by the n-tunction

defined by

{kzφ^Qo- , Qn) = φ(QoZ, . , QnZ) - φ(z, . . . , z)

for each point (#<>, . . , tf») of φ w " r l .
Now, for any two points a and b of X and any (w 4-1)-function φGAntl{X,

G), let us define an ^-function

DajbΦ'.Qn*ι-*G

of (i> by taking

for each point (#o, . . . . Qn) of OWΊrl. Let Ea,bΦ denote the constant ^-function

of Q defined by

( E a , b ψ ) ( Q θ , . Q n ) = ( D a , b ψ ) ( e , . . . , * )

for each point < #<> qn) of Qn+\ where e denotes the neutral element of Q.

Since £eA? h l (X G), clearly we have

Datb ζ = £α,6 > .

if n>0, direct calculation shows that

/ rr , v ^^0 - ^«0 = ( dDa,b φ + Dσ,6 δφ) - (δEa.b

= 0 (I>Λ,Λ φ - J£j,δ 0) 4" Da,b V - EaJ

since dψ -- f 4- ^ and £>«,ό ί = Ea>b z> If w = 0, then we have

(7.2) k\φ - kaφ = Da,b Oφ — Eafi δφ = Z>«,6 V ~

Since r; is of empty support, there exists for each point z in X, an open

neighborhood Uz ot z in X such that

7?(#o, . . , ΛΓ»-n > — 0

whenever χ tE:Uz for each / - 0 . . . . . n h 1. It follows from the simultaneous
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continuity of the operations of Q on X that, for each ZELX and WELQ there

exist an open neighborhood Vw of z in X and an open neighborhood Ww of w

in Q such that

Since Q is compact, there are a finite number of points Wι, . . . , wm such that

the open sets

form an open covering of Q. Call

Then Vz is an open neighborhood of z in X

Now let a and & be any two points in Vz. We are going to show that both

Da,a v and Ea,b v are of empty supports. Let q be an arbitrary point in Q. Choose

an open set WWj from the covering 2BZ which contains q. Then we have

WWjVzCUWjz.

Let (q0, . . . . #;?] be any point of Q^1 such that g*e W^ for each i = 0, . . . ,

//. Then the points

qQa, . . . , <?«#, ^06, . . . , qnb

are all contained in UWjz. Hence we have

. . . , <7n) = Σ < -l)fτ?(^oβ, . , qia, qφ, . . . , ^ ) =0.
0

This proves that q is not in the support of Da,by. Since q is arbitrary, the

support of Da,b7j must be empty. This implies that

(Ea,by)(qo, . . . . qn) = {Da,bτ)){e, . . . , ^) = 0

for every point (#0, . . . , φ j of ζΓ+ 1. That is to say, ^ , 0 ^ = 0 and hence Ea,b"η

is of empty support. Then it follows from (7.1) and (7.2) that

•7.3) * ί ( α ) = * ? ( * ) .

Since ΛΓ and y are contained in a compact connected subset K of X, there

exist a finite number of points zu . . . , 2r of X such that # S FZ l, yE; VZr, and

the intersection VZiΓ\ Vz.i+:L is nonvoid for every i = 1, . . . , r — 1. Choose a point

ί/ from F z ^ F i i n for each / = 1, . . . , r - 1 and call ί0 = ΛΓ f r = ^ . Thus we

obtain a finite sequence of points

% = ifo? fj, . - , ί r - i 9 tr — y

such that F2? contains ίf-i and ft- for each / = 1, . . . , r. By (7.3), this implies

that
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for each / = 1, . . . , r. Hence we obtain kχ(a) — &*(#). This completes the
proof of Theorem IV.

A topological space X is said to be compactly connected if every pair of
points x and y of X are contained in some compact connected subset of X.
Compact connected spaces and arcwise connected spaces are examples of com-
pactly connected spaces.

The following theorem is an immediate consequence of Theorem IV.

THEOREM V. // a compact transformation group Q operates on a compactly
connected topolcgical space X, then the canonical homonwrpkism kx does not
depend o?ι the choice of the basic point xEΞX and hence it may be denoted by

k*: Hw{X, G)->Hn{Q, G).
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