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A NOTE ABOUT LINEAR SYSTEMS ON CURVES 

BY 

ALLEN TANNENBAUM 

ABSTRACT. Inverting the Castelnuovo bound in two ways, we 
show that for given integers p > 0 , d > l , n > l , w e can find a smooth 
irreducible curve of genus p which contains a linear system of 
degree d and of maximal dimension relative to the given data p and 
d, and a smooth irreducible curve of genus p which contains a linear 
system of dimension n and of minimal degree relative to the data p 
and n. 

1. Introduction. A famous result of Castelnuovo states that given integers 
d > n > 2 , the maximal genus of integral non-degenerate curves in P n (all our 
schemes will be defined over k = k, an algebraically closed field of characteris
tic 0) is pmax = M / 2 ( 2 d - ( M + l ) ( n - l ) - 2 ) where M is the smallest integer 
>(d —l)/(n —1) —1. Moreover this bound is realized by certain smooth curves 
(called "Castelnuovo curves") and thus is the best possible. 

We will assume from now on that all the linear systems which we consider 
will define a birational map of the given curve onto its image. Then Griffiths-
Harris [1], page 253, note that the Castelnuovo inequality p < 
M/2(2d — (M+l ) (n — 1) — 2) can be inverted to give an upper bound on n in 
terms of p and d, and a lower bound on d in terms of p and n. Indeed, if this is 
done, one gets: 

m JKKd-D-p) r2(p-l) 1 
(1) "" Ki + i) +1' l = [-J-+1[ 
(2) d > k ± l ) ( n _ 1 ) + £ + l j 7 - ( / _ 1 ) < ^ . < y ( / + 1). 

2 ] n — \ 

(Actually Griffiths-Harris instead of our (1) claim that 

_2(l(d-l)-p) 
n ^ , 

KI+I) 
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where I is as above. This is slightly in error (they need to add 1 to the right side 
for the proper inequality). The proof of this is exactly the simple manipulation 
of the Castelnuovo inequality referred to in Griffiths-Harris [1], page 253). 

Next set 

(3) ~F^+4 -FTM= 
( ' _i_ 1 \ 

(4) D(p, n) = smallest integers ^ ( n - l ) + - + l , 
2 ] 

/ ( / - D < ^ 7 ^ i ( 7 + 1). n — 1 

Finally in the standard way, let g2 denote a linear system of dimension n and 
degree d o n a smooth irreducible curve C of genus p. Then analogously to the 
problem of Castelnuovo stated above concerning the existence of curves of 
maximal genus relative to the data d, n, we pose the following two questions 
(we let p > 0 be a given integer): 

(i) For a given integer d>l, can we find a smooth irreducible curve C of 
genus p which contains a linear system g^(p,a) of maximal dimension relative to 
d and p? 

(ii) For a given integer n > 1, can we find a smooth irreducible curve C of 
genus p containing a linear system gn(P,n) of minimal degree relative to n and 

P? 
The point of this note is to show that the answer to both of these questions is 

yes, completing the analogy to the Castelnuovo problem. 

2. Linear systems on curves. Using the notation of the Introduction, we now 
formally state our result: 

THEOREM 1. Let p > 0 be a given integer. Then 
(i) For a given integer d > 1, there exists a smooth irreducible curve C of genus 

p containing a linear system g^ (pd). 
(ii) For a given integer n > 1, there exists a smooth irreducible curve C of genus 

p containing a linear system go(P,n)-

The proof is based on three facts, two trivial and one deeper. The two trivial 
facts are contained in the following lemma: 

LEMMA 2. (i) Let C be a smooth Castelnuovo curve in Pn of degree d, and 
maximal genus pmax. Then n = N(pmax, d), d = D(pmax, n). 

(ii) If p>pmax, then N(p, d)<N(p m a x , d), and D(pmax, n)<D(p, n). 

Proof. Both (i) and (ii) follow from simple manipulations of the inequalities 
given in the Introduction. For the sake of completeness we will prove in (i) the 
statement that n = N(pmax, d). The other assertions are proved similarly. 
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So if we take M as above, then we see that (d -1) = M(n - 1 ) + q for some 

positive integer q < n - 1 . Since pmax = M/2(2d - (m + l)(n - 1 ) - 2), we get that 

(5) 2 (p m a x - l ) + 1 = M + (M+ l ) ( q - l ) 
d d 

We claim that ( M + l ) ( q - l ) / d < l . Indeed, since M = ( d - l - q ) / ( n - 1 ) , we 
have that M(q-l) = (d-l-q)((q-l)l(n-l))<d~l-q. Thus (M(q-1) + 
q + l)/d < 1, from which the claim follows. But then from (5) and (1) from the 
Introduction, we see that M—L 

We now have the formula that pmax = J/2(2d - (/ + l)(n - 1 ) - 2). From this it 
follows that 

2 ( K d - l ) - p m a x ) i 1 

ÏUTT) + 1 = n 

as required. Q.E.D. 

The third fact we will need is the following result from [2]: 

THEOREM 2. There exist integral non-degenerate curves of degree d in Pn 

(n > 2) with precisely 8 nodes (and no other singular points) for all 8 from 0 to 
the Castelnuovo bound. 

Proof. Just combine (3.1) and (3.3) from [2]. Q.E.D. 

REMARKS 3. (i) Note in particular that Theorem 2 implies that there exist 
integral non-degenerate curves of all geometric genera from 0 to the maximum 
(defined by the Castelnuovo bound) in Pn for given degree d>n>2. 

(ii) Actually from the proofs of (3.1) and (3.3) from [2], the integral curves 
with the required number of nodes lie in the same linear system as a 
Castelnuovo curve (on the surface of degree n — 1 in IPn containing the 
Castelnuovo curve). 

We now conclude with: 

Proof of Theorem 1. (i) Set n = N(p,d). If n = 0 or n = 1, the result is 
immediate so we may clearly assume that n = N(p, d) > 1. In this case, let C" be 
a Castelnuovo curve in P n of degree d of maximal genus pmax- Then from 
Lemma 2(i). N(pmax, d) = n = N(p,d), and so by Lemma 1(h), p^pmax- But 
then by Theorem 2, there exists an integral non-degenerate curve of geometric 
genus p in P n of degree d. Taking a hyperplane section of such a curve we 
immediately get the required result. 

(ii) Again letting pmax be the maximal genus of integral non-degenerate 
curves in P n of degree d = D(p, n), by Lemma 2, D(pmax, n) = d = D(p, n) and 
consequently p^pm3LX. From this the result follows as in (i) above. Q.E.D. 
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