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0. Introduction. A generalized tensor product of groups was introduced by R.
Brown and J.-L. Loday [6], and has led to a substantial algebraic theory contained
essentially in the following papers: [6, 7, 1, §, 11, 12, 13, 14, 18, 19, 20, 23, 24] ([9, 27, 28]
also contain results related to the theory, but are independent of Brown and Loday’s
work). It is clear that one should be able to develop an analogous theory of tensor
products for other algebraic structures such as Lie algebras or commutative algebras.
However to do so, many non-obvious algebraic identities need to be verified, and various
topological proofs (which exist only in the group case) have to be replaced by purely
algebraic ones. The work involved is sufficiently non-trivial to make it interesting.

In this article we have chosen to work with Lie algebras. We introduce a non-abelian
tensor product of Lie algebras and investigate its properties. In particular we study its
relation to the low dimensional homology of Lie algebras. (A few results on this Lie
tensor product have been obtained previously [10, 15, 21].)

Many of the results in this article are analogues of known group theoretic results.
However the proofs are often quite different. Several of our proofs convert to new proofs
of corresponding group theoretic results. In particular our proof of Theorem 24 yields,
using [17], a new proof of the main result of [30] which avoids intricate elementwise
calculations. Our proof of Proposition 19 yields a new proof of the main result of [18]
which again avoids many intricate elementwise computations. Our proof of Theorem 18
yields an algebraic proof of a corresponding group theoretic result (see [13]), thus solving
a problem posed in [5].

1. The tensor product. Let A be a commutative ring with identity. We shall use the
term Lie algebra to mean a Lie algebra over A; we shall use [,] to denote the Lie bracket.

Let M and P be two Lie algebras. By an action of P on M we mean a A-bilinear map
PxM— M, (p, m)—Pm satisfying

PP’y = p(p'm) - p'(pm)’
Plm, m'}=[Pm, m']l + [m, Pm’],

for all m, m' e M, p, p’ € P. For example, if P is a subalgebra of some Lie algebra Q
(maybe P = Q), and if M is an ideal in Q, then Lie multiplication in Q yields an action of
Pon M.

Suppose that M and N are Lie algebras with an action of M on N and action of N on
M. For any Lie algebra Q we call a bilinear function h: M X N— Q a Lie pairing if

h([m, m'}, n) = h(m, ™'n) - h(m’', ™n),
h(m, [n, n')=h("m, n) — h("m, n'),
h("m, ™ n’) = —[h(m, n), h(m', n')},
for all m, m' e M, n, n' € N. For example if M and N are both ideals of some Lie algebra

then the function M X N—M NN, (m, n)—[m, n] is a Lie pairing.
A Lie pairing h:M X N— Q is said to be universal if for any other Lie pairing
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h':M X N— Q' there is a unique Lie homomorphism 6: Q0 — Q’ such that the diagram

MxN — Q
\ 5
p
Ql
commutes. Clearly if A is universal then Q is determined up to isomorphism by M, N and
the actions. In fact O can be described as a “tensor product”.

DeriNITION. The tensor product M @ N is the Lie algebra generated by the symbols
m @ n (for m € M, n € N) subject only to the relations:
(1) A(m@n)=Am@n=m® in,
(i) m+m)®n=mQOn+m'Qn,
m@n+n)=m@On+mOn’,
@iii) [m, m'|®@n=m @ ("n)—m' @ (™n),
m®n,n']|="m)®n—("m)® n',
(iv) [(m®n), (m'®@n")]|=-("m)® (" n’)
forAeA,m,m'eM,n, n €N.

ProposITION 1. The mapping
h-MXN—->MQ@N, (im,n)»mQ@n
is a universal Lie pairing.

To be able to say much about the tensor product M @ N we need to assume that the
action of M on N is compatible, in the following sense, with the action of N on M.

DerINITION. The actions are compatible if
Cmp'=[n’,"n] and m'=[m’',"m]
forallm,m'eM,n,n' e N.

From this point on we assume that the actions of M and N are compatible. This is the
case, for example, if M and N are both ideals of some Lie algebra with the actions given
by Lie multiplication.

PROPOSITION 2. There are two Lie homorphisms
u:MOIN—-M and v-MON—->N
defined on generators by p(m @ n) = —"m and v(m ® n) ="n.

We shall denote by [M, N]V or [N, M]" the submodule of N generated by the
elements of the form "n with m e M, n e N. It follows from the compatibility condition
that [M, N]" is an ideal of N.

Recall from [26] that, in the context of Lie algebras, a crossed module is a Lie
homomorphism 3: M — P together with an action of P on M such that

(i) 8(°m) ={p, om],

(i) Cm’ =[m, m']
forallm,m'eM, peP.
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As another instance of compatible actions, note that if 3: M — P and 3': M'— P are
two crossed modules then M and M' act on each other via the action of P. These actions
are compatible.

There are many examples of crossed modules. We list a few here. Throughout, P
denotes an arbitrary Lie algebra.

(1) If M is an ideal in P then the inclusion M < P is a crossed module.

(2) If M is a P-module (i.e. an abelian Lie algebra with a P-action) then the trivial
homomorphism M- P is a crossed module.

(3) Any surjective Lie homomorphism M - P whose kernel lies in the centre of M is
a crossed module. In this case p € P acts on m € M by Pm = [p, m] where p € M is any
element in the pre-image of p.

(4) If P =aut(M) is the Lie algebra of derivations on some Lie algebra M, then the
homomorphism M~—> P which sends an element m e M to the corresponding inner
derivation M — M, m' —[m, m'] is a crossed module.

The next proposition is taken from [10]. A published proof can be found in [21].

ProposITION 3. There are actions of both M and N on M @ N given by
"m®n)=[m',ml®n+m®("n),
"m@n)="m)®n+mQ[n’', n)

for m,m'eM, n,n' e N. With these actions the homomorphisms uy:-M @ N—M and
v:M ® N— N are crossed modules.

It is worth noting that for any crossed module 3: M — P the image of J is an ideal in
P, and hence we can form the quotient Lie algebra P/3(M). Also, the kernel of 3 is a
P-invariant ideal in the centre of M, and thus in particular is abelian. Moreover the action
of P on ker(d) induces an action of P/3(M) on ker(8), making ker(3) a P/3(M)-module.

So for the crossed modules u and v of the last proposition, we get that ker(u) is an
M/[M, N}¥-module, and that ker(v) is an N/[M, N]"-module.

There is a useful relation between our Lie tensor product M @ N and the standard
tensor product of M and N considered as A-modules. We denote this latter tensor product

by M @ N. Recall that M @ N is the A-module generated by symbols m & n (for m e M,

mod mod

n € N) subject to the relations:
Am®n)=Am®@n=mQ An,
(m+m")@n=m@n+m'Qn,
mn+n)y=m@n+mQn’,
forieA,m,m'eM,n,n" €N.
ProrosiTiON 4. There is a A-module surjection

MA@N>»>MAON m@n—->mQ@n.
mod

Proof. The map is clearly a A-module homomorphism. It is surjective by virtue of
identity (iv) of the Lie tensor product. W

Sometimes the surjection of Proposition 4 is an isomorphism.
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ProposITIoN 5. If M and N act trivially on each other (i.e. [M, N]™={0},
(M, N1V = {0}) then there is an isomorphism

M Q@ N = (M) ‘83, (N°),

where M*® = M/[M, M) and N°® = N/[N, N].

Proof. Here identity (iii) of the Lie tensor product states that {m, m'|®n =0 and
m@®[n,n'l=0forallm,m'eM, n,n’eN. R

The Lie tensor product & is not associative. It is however symmetric and it is
distributive over certain direct sums, as we now show.

ProposITION 6. There is an isomorphism
MRONSNRM, m®n—-—-n@m.

Proof. Tt is readily checked that h:M XN—>N®M, (m,n)—>n®m is a Lie
pairing. The universal property of M ® N thus yields a homomorphism M @ N— N @ M.
There is similarly an (inverse) homomorphism N M—->MON. R

LeEMMA 7. Suppose that L, M, N are Lie algebras such that
(i) L and N act compatibly on one another, and M and N act compatibly on one
another;
(i) ‘("n)="(n) forallle L, me M, neN;
(iii) the canonical homomorphisms [L, N"®M—->NQ®M and [M,N]"® L—
N ® L are trivial.
Then the direct sum of Lie algebras L ® M acts on N by "“"™n ='n+"™n, and N acts on
L® M by "(I, m) = (", "m). With these Lie actions there is an isomorphism

(LOM)QN=(LON)DMQN).
Proof. The actions are clearly Lie actions. It is routine to show that
a:(LOM)ON->(LON)D(MQRN), UGm)Qn—>(1®n, m®n)

yields a Lie homomorphism. The inclusions of L and M into L © M yield homomorph-
isms LON>(LOM)®N and MON— (LD M)®N which combine to give an
inverse to a. M

Any Lie algebra P acts on itself by Lie multiplication and so we can consider the
tensor square P ® P. Lemma 7 provides a description of P® P for P =P, ® P, a direct
sum of Lie algebras.

ProrosiTiON 8. There is an isomorphism
(POPR)QPOP)=(POP)D(POP)D(,OP)D(PLOP).

Proof. Note that P, and P, act on each other trivially. So we can apply Lemma 7
twice. W

The tensor product ® is functorial in some sense. To make this precise let Z%? be
the category whose objects are ordered pairs of Lie algebras (M, N) which act compatibly
on each other; the morphisms of Z%? are pairs of Lie homomorphisms ¢ . M—>M’,
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¥ :N— N’ such that ¢("m) = ¥)(¢M) and y(™n) = ®"(yn) for all m e M, n € N. Then
® is a functor from Z7? into the category of Lie algebras.

In Z%? we have the obvious notions of kernel, image and exact sequence. Note that
if

0,0)— (K, Ly> (M, N)y— (P, Q)—(0,0)

is an exact sequence, then the action of M on N restricts to an action of M on L, and also
to an action of K on N. Similarly there is an action of N on K and of L on M. By
Proposition 3 there is a homomorphism M ® L— L and an action of N on K ® N; there
is thus an action of M ® L on K ® N, from which we can form the semidirect product

(KQN)X(M®L).
PRroPOSITION 9. A short exact sequence
0, 0)— (K, L)= (M, N)— (P, 2)— (0, 0)
in Zie* gives rise to an exact sequence of Lie algebras
(KON)XMOLYSMINLEP®Q—0.

Proof. Clearly B is surjective. Letting a: K QN->M®@Nand a,;: MIL->M RN
be the functorial homomorphisms we set a(v, w)= a,(v) + an(w). Certainly « is a
module homomorphism; the Lie bracket is preserved by « since, by Proposition 3,
CM(m' @n'y=[m®n,m'®n’'] for al m®n, m @n'e MO N. The image of « is
generated by all k®@n, m®[ with ke K, le L, me M, neN. Clearly Ba is the trivial
homomorphism. Now Im(«) is an ideal in M ® N since we have [m ®n, k®@n']=
@)@ n'+k®[™n, n'] and (M ®@n, m' @I]=(""m")®I+m’ ®[™n, I]. To finish
the proof, it suffices to check that h: P X Q — (M @ N)/Im(«a), (p, q)—p ® § + Im(«),
with pe M and § € N being any elements in the pre-images of p and g respectively,
is a well-defined Lie pairing; the universal property of the tensor product then implies
that 4 induces a homomorphism P ® Q — (M ® N)/Im(a) for which there is an inverse
homomorphism induced by 5. &

One easy consequence of Proposition 9 is that if K is an ideal in the Lie algebra M
then there is an exact sequence

MOK)X(KOM)>MQOM—(M/K)® (M/K)— 0.

If moreover K lies in the centre of M then the semi-direct product X is just the direct
sum .

We end this section by showing how the tensor product is related to universal central
extensions. (Recall that a central extension

0->L->UBHP->0
of P is universal if for any other central extension
0-K—>M3P->0

there is a unique homomorphism 6: U— M such that ¢6 = . It is well-known that P has
a universal central extension if and only if P is perfect, i.e. P=[P, P]. It is also
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well-known that if
0-L->U%5P->0
is a universal central extension, then L is isomorphic to H,(P), the second homology of
P with coefficients in A.)

Lemma 10. If 0> K-5M 2 P—0 is a central extension, then there is a Lie
homomorphism &:P @ P— M such that ¢E(p Q p’)=[p, p'}. Moreover, if P is perfect
then & is unique.

Proof. Since K is in the centre of M we get a Lie pairing h:PXP—M,
(p, p)—[p, p'] where p and p' are any elements in ¢ ~'(p) and ¢ ~'(p’) respectively.
This induces &. If &, &' :P® P— M are two homomorphisms such that ¢& = ¢&' then
E— & =n, where n: P ® P— K is a homomorphism which factors through the projec-
tion P ® P— (P ® P)™. By relation (iv) of the tensor product, if P is perfect then so is
P ® P. The uniquenes of & for perfect P follows. W

This lemma give us

THeorReM 11. If P is a perfect Lie algebra then P @ P— P is the universal central
extension of P, and hence H,(P) =ker(P ® P— P).

2. An exterior product and universal quadratic functor. Suppose that 3: M — P and
d':N— P are two crossed modules. In this context we say that a Lie pairing
h:MxXN—Q is an exterior Lie pairing if h(m, n)=0 whenever 3(m)= 3'(n). For
instance, if d and d’ are just inclusions of ideals, then the Lie pairing h:M X N—>M NN,
(m, n)— [m, n] is exterior.

Replacing “Lie pairing” by “exterior Lie pairing” in our definition of a universal Lie
pairing, we obtain the notion of a universal exterior Lie pairing.

Let MON be the submodule of M ® N generated by the elements m ® n with
d(m) = 3'(n). Note that MO N lies in the centre of M @ N since for any m®n e MON
and m'®n' e M ® N we have

[m'®n', m®n]=—-("m')® ("n)
— _(n'm:) ® ((am)n)
= —("m) @ (“n)
==("m")®|[n, n]
— _(n'm 1) ® O
=0.
In particular, MON is an ideal.
DeriniTion. The exterior product M A N of M and N is the quotient
M AN=(M®N)/(MON),
form ® ne M @ N we denote the cosetm @ n + MON by m A n.
ProposITION 12. The mapping
h:-MXN—>MAN, (m,ny>m~an

is a universal exterior pairing.
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It is readily seen that Propositions 2, 3, and 6 hold with ® replaced by A. For any
Lie algebra P we can construct P A P from the identity map P— P (which is a crossed
module). Theorem 11 then holds with & replaced by A, since for a perfect Lie algebra P
we have P® P =P A P. (This isomorphism follows from identity (iv) of the Lie tensor

product.) :
Note that for any p,qe P we have (p+g)A(p+q)=0 in PAP and, as a
consequence, p A q =—q A p. This last identity implies that the exterior analogue of

Proposition 8 is an isomorphism
(PPOPYA(PDOPR)=(PAP)D(POP)D(PAP)
when P = P, ® P,. Here, as in Proposition 8, P, ® P,= Pi* ® P3".

mod
As a special case of the exterior analogue of Proposition 9 we have that a short exact
sequence

0=K->M—->P—0
of Lie algebras induces an exact sequence
KAM>MAM—>PAP—O.

Again, this analogue is obtained using the identity m A n= —n Am which holds in
M A M. We can say more if M — P is split.

ProrosITION 13. A split short exact sequence of Lie algebras
0>K—->MsP->0
induces a natural split short exact sequence
0> KAMS>SMAMSPAP—O.

Proof. We just need to prove the injectivity of K A M—>M A M. We do this by
constructing a Lie homomorphism ¢:M A M— (K A M) X (P A P) such that ¢ is the
canonical inclusion. Here x € P A P acts on (k Am)e K A M by *(k Am)=([0x, k] Am)
+ (k A [0x, m]), where 3: P A P— P and P is considered as a subalgebra of M. Since M
=K X P we can define ¢: (KX P)A(KXP)—=(KA(KXP))X(PAaP)by ¢((k;, p))
A(ky, pa))=(kyA(ks, p2)—kan(0,p), (piAPp2). A page of routine calculations
shows that ¢ preserves the defining relations of the exterior product and is thus the
required Lie homomorphism. W

In order to study the relation between the Lie exterior product and the Lie tensor
product, we use a slightly generalized version of J. H. C. Whitehead’s universal quadratic
functor, the generalization being due to [31].

DerFmnTioN. [31] The universal quadratic functor T is defined for any A-module A to
be the A-module I'(4) generated by the symbols y(a) with a € A, subject to the relations

A’y(a) = y(Aa),
ya+b+c)+vy(@)+yb)+y(c)=y(a+b)+y(a+c)+ vy +c),
y(Aa + b) + Ay(a) + Ay(b) = Ay(a + b) + y(Aa) + y(b),
forall A, A'€e A, a, b, ceA.
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Consider the Lie subalgebra M XpN = {(m, n):3(m)=3'(n)} of the direct sum
M @ N. Recall the homomorphisms y:M @ N—>M, v:M & N— N from Proposition 2
and let (M, N) = {(ux, vx):x e M @ N}. It is readily checked that (M, N) is an ideal in
M XpN, and that the quotient (M XpN)/(M, N) is abelian. For (m,n)e M X, N we
shall write (m, n) to denote the coset (m, n) + (M, N).

ProposITION 14. There is a natural exact sequence of Lie algebras
T(MXpN)/(M,N) LMOINZSMAN—O

where Y(y(m, n))=m ®n, and x(m @n)=m A n.

Proof. Certainly n is surjective. Now any element xe M ® N is of the form
x=Ym;®@n;, so

ux ® vx = =3, ("(m;) ® "(ny)) + 2 (("(my) ® T (ny)) — (P (my) @ T(ny))).

i i<y

Applying relation (iv) of the Lie tensor product, we see that px @ vx =0. Thus if
(m, n)=0€ (M xpN)/(M, N) then y(y(m, n))=m ®n =0. Certainly y preserves the

defining relations of I'(_), and thus vy is a A-module homomorphism. Clearly Im ¢ =
MON. But MON is in the centre of M @ N, and so v is a Lie homomorphism. B

One consequence of Proposition 14 is that for any Lie algebra P there is an exact
sequence

[(P*)>PQ@®P—PAP—0.
More generally, if M and N are ideals of P, there is an exact sequence
C(MNON)/[M,N) > MON—->MAN—OQ.
From [31] we recall the following two results.

ProrosiTION 15. [31] For any A-modules A and B there is an isomorphism
I(A® B)=T(A) ® (B) ® (A R B).
mod

ProposiTiON 16. [31] Let [ be a well-ordered set. If A is a free A-module with basis
{e:}ici, then T(A) is a free A-module with basis
{y(e)})ia U {w(e;, ej) =vy(e + ;) — v(e) — Y(ej)}f<,--
In particular there is an isomorphism I'(A) = A.

ProposiTION 17. If P is a Lie algebra such that P** is a free A-module, then the
sequence

0—->T(P*)HPRPEP AP0
is exact.
Proof. We have only to prove that y:[(P*)>P®P, y(p+[P, P))~»p®p is
injective. Let 6: P ® P— P*® ® P* be the Lie homomorphism induced by the projection
P— P*®. Now P @ P* = P* @ P is a free A-module, and so too is ['(P*"). Moreover

mod
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the composite homomorphism 6y maps a basis of I'(P*®) injectively to part of a basis of
P** ® P*®. Thus 8 is injective. It follows that v is injective. W

Note that if A is a field, then any Lie algebra P over A satisfies the hypothesis of this
last proposition.
In [15] a natural isomorphism

Hy(P)=ker(P A P— P).

was obtained for any Lie algebra P. Consequently, for any free Lie algebra F there is an
isomorphism F A F =[F, F], since H,(F) is trivial.

DeriniTioN. For any Lie algebra P we set
L(P)=ket(P®P—P,pQ®p'—[p,p']).

In Section 4 we obtain (a more general version of) the following theorem (see
Theorem 27).

THEOREM 18. For any Lie algebra P there is a natural exact sequence
Hy(P)— T(P™) %> J,(P)— Hy(P)—0,
where the homomorphism 1 is injective if P*® is a free A-module.

We can use Theorem 18 to study J,(P * Q) where P *Q is the free product of Lie
algebras P and Q.

ProrosiTioN 19. For any Lie algebras P and Q there is an isomorphism
TP+ Q) =1(P) ®1,(Q) ® (P* ® Q™).

Proof. Since H,(P+Q)=H,(P)® H,(Q) and T((P*Q)™)=T(P*)®T(Q™)®
(P™ ® Q™), we have a commutative diagram

0 0 0
l l l
Hy Q) T(Q™)®(P*®Q™) Hy(Q)

|

Hy(P*Q) —> [((P*Q)™) — L(P*Q) —> HyP*Q) — 0

l | )

H(P) — T(P®) —> JL(P) — H(P) —0

l { l

0 0 0 0

in which the columns are exact, the homomorphism & being induced by the projection
P*(Q— P. The rows are also exact by Theorem 18. We thus have an exact sequence

Hy(Q)— T(Q) ® (P ® Q™) > ker(m) —> Hy(Q)— 0.
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Now the projection P * O — QO induces the split vertical maps in the commutative diagram

Hy(Q) — T(Q™) @ (P ® Q%) —> ker(1) —> Ho(Q) —> 0

| l l |

Hy(Q) — NQE™ —  L(Q) — H(Q) — 0.

As the rows of this diagram are exact, we obtain an isomorphism ker(z)=J/,(Q)®
(P*® ® P*). But  is split, and so J,(P* Q) =ker(x) ® ,,(P). The isomorphism of the
Proposition follows. W

CoROLLARY 20. For any Lie algebras P,, . . ., P, there is an isomorphism
J(Pot. . *PY=L(P)®. .. ®IP,) ea( S pr@ be).
I=i<j=n

The following formula for J,(P © @), where P @ Q is the direct sum of Lie algebras
P and Q, is easily derived from Proposition 8.

PropoSITION 21. For any Lie algebras P and Q there is an isomorphism

J(P® Q) =1L(P) ©1(Q) ® (P ® 0™) & (0™ ® P™).

3. Free and projective crossed modules. We now investigate a relationship between
the Lie exterior product and free (and projective) crossed modules.

By the category of crossed P-modules we mean the category whose objects are
crossed modules 3: M — P with P a fixed Lie algebra; in this category the morphisms
from d:M— P to 3':M'— P are the P-equivariant Lie homomorphisms 6: M — M’ such
that 3’8 = 3. A projective object in this category will be called a projective crossed
P-module.

It is readily seen that a projective P-module (in the usual sense) is one example of a
projective crossed P-module. We can obtain more examples by considering “free” objects
in the category of crossed P-modules. In fact there are three distinct notions of “freeness”
to be considered.

In the following definition we say that 6 : Q— P is a P-homomorphism to mean that
Q is a P-module and 6 is a P-module homomorphism with P considered as a left
P-module.

DEefFINITION. Let S(A, Q) be a set (A-module, P-module) and let §:S— P (6:A—
P, 6:Q— P) be a set mapping (A-module homomorphism, P-homomorphism). We say
that a crossed P-module 8: M — P is free on § if:

(a) S(A, Q) is a subset (sub A-module, sub P-module) of M;

(b) for any crossed module 3':M’'— P, any set mapping v:S— M’ (A-module
homomorphism v:A—M’', P-homomorphism v:Q— M') satisfying 9'v=35 extends
uniquely to a morphism v: M — M’ of crossed P-modules.

Clearly a free crossed P-module (in any of the three senses) is uniquely determined
up to isomorphism by o.

It is readily seen that a crossed P-module is projective if it is free on some set
mapping 6. Also, the free crossed module on a A-module mapping §:A— P is a
projective crossed P-module if A is a projective A-module. Note that if A is a field then
every A-module is projective.
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For each of the three notions of freeness we now show how to construct a free
crossed P-module.

CoNSTRUCTION 1. Suppose that §:Q — P is a P-homomorphism. Let #'(Q) = Q and
Q)= B H(Q) R #*(Q). Then the module action of P on Q yields a P-module
o<i<k mod

structure on #*(Q): if x ® y € #(Q) ® £*7(Q) and p € P then, inductively, we define
mod

px®y)=px®y+xQpy,
and this extends linearly to an action of p on an arbitrary element of &/*(Q). Now let

A(Q) = @ A*(Q). The action of P on £*(Q) extends linearly to an action of P on

&(Q), making #(Q) into a P-module. The inclusion maps s#/(Q) ® A(Q)— AH(Q)
give rise to a non-associative multiplication on #(Q).
Let #(Q) be the two-sided ideal of #(Q) generated by the elements

xx and x(yz) + y(zx) + z(xy),

where x, y, z € (Q). It is easily checked that $(Q) is P-invariant. We have a Lie algebra
F(Q) = 4(Q)/ #(Q), which is well-known to be the free Lie algebra on the A-module Q.
The action of P on &(Q) induces a Lie action of P on £(Q).

Now the P-homomorphism 6:Q— P induces a unique Lie homomorphism
3:&£(Q)— P and, since 6 is P-equivariant, 3 is P-equivariant. Take $(Q) to be the ideal
of £(Q) generated by the elements [x, y] — ¥y for x, y € £(Q). (By analogy with the
group theoretic situation, we shall refer to $(Q) as the Peiffer ideal.) Since $(Q) is
P-invariant, if we set €(Q) = £(Q)/$(Q), the induced homomorphism 3: €(Q)— P is a
crossed module; clearly this is the free crossed module on §:Q—P. B

CoNSTRUCTION 2. Suppose that 6:A— P is a A-module homomorphism. Let Q=
P° @ A, where P° is the universal enveloping algebra of P. Thus Q is a P-module, and

mod
there is a P-homomorphism 8':Q— P, x ® a—x . (a); here x € P°, a € A and we are
using the fact that P is a P°-module. Construction 1 now provides us with the free crossed
P-module €(Q)— P on &', which is clearly also the free crossed P-moduleon 6. B

ConsTRUCTION 3. Suppose that §:S— P is a set map. Let A be the free A-module on
S, and let 6":A— P be the A-module homomorphism induced by 8. Using Construction

2 we get the free crossed module 6(Q)— P on 6", where Q = P° (X) A; this is clearly the

mod

free crossed moduleon 6. B

THEOREM 22. Suppose that A is a field. Let 3:M— P be a projective crossed
P-module. Denote the image of 3 by M. Then the restricted homomorphism 3:M— M is a
projective crossed M-module.

Proof. Standard arguments show that a crossed P-module 3: M — P is projective if
and only if there is some free crossed P-module 3:%(S)— P on a set mapping S— P
together with a pair of crossed P-module morphisms ¢:€(S)—> M, o:M— 4(S) such
that ¢a is the identity. Thus we need only prove that for any such crossed P-module
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3:%€(S)— P, the restricted crossed M-module 3: €(S)— M is free on some set mapping
p:R—>M.

So suppose that 3: €(S)— P is a free crossed module on a set mapping 6:5— P, and
that M is the image of 3. Since A is a field we can consider P° as a free M-module with
basis B say (see for example [22, Chapter V11, Corollary 1.4]). Let R = B X § and define
p:R—Mby p(b,s)=b.(8s) for b € B, s € S, where we are considering the ideal M of P
as a left P°-module. If A is the vector space over A with basis S, then P° Q) A is the free

mod

M-module on the set R. Hence p induces an M-module homomorphism p': P* @ A— M

mod

which, in fact, is P-equivariant. Now p’ induces an M-equivariant Lie algebra
homomorphism p": £(P* @ A)—>M. By Construction 1, 4(S)= ZL(P° Q A)/#(S)
mod mod

where $(S) is the ideal generated by the elements [x, y] — #*y for x, y € Z(P* @ A).

mod
Let 3':M'— M be any crossed M-module. Any set map v:R— M’ satisfying 3'v=p
induces a unique M-module homomorphism v': P* @ A— M’ satisfying 8'v' = p’. The

mod
map v' induces an M-equivariant homomorphism Z(P° @ A)— M' which, since
mod

M'— M is a crossed module, in turn induces a homomorphism v": €(S)— M'; clearly v"
is a morphism of crossed M-modules. This proves that 3:4(S)— M is free on the set

mapp. M

ProposITION 23. Let 3: M — P be a projective crossed P-module with Im(8) = M say.
Then

(i) the ideal [M, M] of M is uniquely determined, up to isomorphism, by the Lie
algebras M and P;

(ii) there is a surjective Lie homomorphism &:M A M— [M, M].

Proof. (1) Suppose that 3':M’'— P is another projective crossed P-module with
Im(3")=M. Let MXpM'={(m,m"YeMXM':3m=238m'}. We have a homomor-
phism MxXpM'— P, (m,m')—3m, which we shall consider as a set mapping.
Let €(M XpM')— P be the free crossed P-module on this set mapping. The projection
MXpM'> M is surjective and induces a surjective morphism of crossed P-modules
v:8(MXpM')» M. It is readily checked that v is a crossed M-module with M
acting on €(M XpM') via P; hence ker(v) is in the centre of (M X, M’). Since M
is projective there is a crossed P-module morphism o:M— €(M X, M') such that vo
is the identity. Therefore €(M X, M')=ker(v) ® M, and consequently [€(M X, M'),
CMxp M) =(M, M]. Similarly [€(MxpM'), (M X M")]|=[M', M']. Thus we
have [M, M]=[M', M’).

(ii) Lemma 10 applied to the central extension M > M yields a surjection M ® M -
[M, M), which in turn induces a surjection M A M »[M, M]. B

We now give several characterizations of projective crossed modules.

THEOREM 24. Let 3:M—> P be a crossed P-module. Let M =1m(3) and P = P/M.
The following statements are equivalent if A is a field or if M = P.
(i) 3:M— P is a projective crossed P-module.
(i) M*® with the induced action of P is a projective P-module, and §:M A M =
[M, M] is an isomorphism.
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(iii) M is a projective P-module and H,(M) =ker(3) N [M, M].
(iv) M?® is a projective P-module and the induced homomorphism 3,:H,(M)—
Hy(M) is trivial.

Proof. To prove (i) implies (ii), suppose that 3: M — P is projective. Then we can
find a free crossed P-module 6(S)— P on some set mapping S— P for which there is a
split crossed P-module epimorphism ¢ : €(S)— M. 1t is easily checked that ¢: 6(S)—> M
is a crossed M-module with M acting on €(S) via P. Thus ker(¢) is in the centre of €(S)
and so there is a P-equivariant Lie isomorphism %(S) = ker(¢) @ M. Note that ker(¢) is
a P-module. It is readily seen that €(S)** = P° ) A where A is the free A-module on .

mod

Thus 4(S)™ is a free P-module. But 4(5)* =ker(¢) ® M. It follows that M* is a
projective P-module.

The restricted crossed M-module 8: M — M is projective if M = P (clearly) or if A is
a field (by Theorem 22). Now choose a presentation R >» F -» M of the Lie algebra M,
with F the free Lie algebra on some set S. It is easily checked that the induced central
extension F/[F, R]- M is the free crossed M-module on the set mapping S — M. Hence
by Proposition 23(i) we have an isomorphism [F/[F, R], F/[F, R]]=[M, M]. But
[F/[F, R], FI[F, R])=[F, F]/[F, R] = M A M. This proves that M A M =[M, M).

The isomorphism Hy(M) = ker(M A M — M) shows that (i) implies (iii).

Now (iii) implies (iv) because the five term exact homology sequence (see [22] or

Theorems 34, 35 below) arising from the central extension ker(3)>— M >Mm is
Hy(M) -2 H,(M)—> ker(3) *> H(M)— H,(M)— 0,

and ker(¢) = ker(3) N [M, M].

To prove that (iv) implies (i) suppose that M?® is a projective P-module and that 3,
is trivial. Let 3': E— P be any crossed P-module. By standard arguments we see that M
is a projective crossed P-module if any surjective morphism of crossed P-modules
€:E» M splits. Certainly the induced morphism Z: E*®*— M® yields an isomorphism
E*™ =ker(g) ® M*, and consequently a surjection E— E*®— ker(¢). The projection
E— E® induces a surjection 7 :ker(£)— ker(g). We shall show that 7 is injective, and
the resulting surjection E— E*®— ker(&) =ker(¢) will give the desired splitting of &.
Note that the central extensions ker(3')>> E » M and ker(3) > M » M give rise to a
commutative diagram

E®™ ® ker(3') —> Hy(E) — Hy(M) — ker(d’) E®*— M—0
mod

N

M®™ ® ker(3) — Hy(M) —— Hy(M) —> ker(d) —> M® — M — 0
mod

in which the rows are exact and are due to [15, Section 3, Remark (i)]. (See also
Propositions 34 and 35 below.) In this diagram ¢’ and & are surjective, and it follows that
£ is surjective. The injectivity of & follows from the exact sequence

Hy(E) &> H(M)— ker(e)—> E®*—>M*—0. R
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Recall that a Lie algebra M is superperfect if H (M) = H,(M) =0. From Theorem 24
we see that if M is a superperfect ideal in some Lie algebra P, then the inclusion M < P is
a projective crossed P-module. One example of such an ideal is sl(A), the ideal of
matrices with zero trace in the Lie algebra gl(A) of matrices over A (see [26]).

4. Non-abelian derived functors. Let %:%%— % be the endofunctor on the
category of Lie algebras which sends a Lie algebra P to the free Lie algebra on the
underlying set of P. We set $°=id:Zee—>Lie, F' = F and ¥" = %"~ for n=2. For
1=i=<nlet £': F'P— F"'P denote the Liec homomorphism obtained by applying F~!
to the canonical “augmentation map” F(F"'P)— %" (P). Then

n
€y

: £}
F*P: L FP—FP... = F'P
7 e}

is a simplicial Lie algebra (in which we have not made explicit the degeneracy maps as
they will not be needed).

Let I :Zie— Zie be any endofunctor. Applying 9 dimension-wise to %*P yields a
simplicial Lie algebra:

Tey
= 7e3
JF*P: ...9'97”P}E—n>ﬁ'9?”“P...g—¥>.79’1P.

The nth homotopy group of 7%*(—) is called the nth derived functor of J and in this
article it is denoted 927,(—). To be more explicit, recall that the homotopy groups of
T F*P are the homology groups of the Moore complex

MT(P): ... = MT,(P) > MT,_(P)> . ..~ MT(P)—> 0,

where MTo(P)=TF'P, MT,(P)= [\ ker(Te!™"), and d, is the restriction of Tepl}.
Hence ==
29,(P) =ker(d,)/Im(d,.,), n=0.

For more information on simplical Lie algebras see [8]. See {3] and [25] for more
information on derived functors.

We denote the nth homology of a Lie algebra P with coefficients in A by H,(P). This
homology can be described in terms of the derived functors of the endofunctor
(=) :Lie— Zie, P> P™.

THeorem 25 (Barr-Beck [3]). There is a natural isomorphism

; . H,.((P)=2(-)"(P)
orn=0.

Proof. As pointed out in [29, Chapter II, Section 5], the cotriple description of
group cohomology given in [2] carries over to the case of Lie algebra cohomology. Hence
the proof of the cotriple description of group homology given in (3] carries over to the
description of Lie algebra homology given in the theorem. B
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Consider the endofunctor A2: %% — Z% which sends a Lie algebra M to the exterior
product square M A M.

PROPOSITION 26. There are natural isomorphisms
DALP)=H,(P)  forn=1,
DAS(P)=PAP.
Proof. Since there is a simplicical isomorphism [F*P, #*P]= A>%*P, we have a
short exact sequence
0> A2F*P—> F*— (F*P)*—>0

of simplical Lie algebras. This gives rise to a long exact homotopy sequence

_)0_>Hn+2(P)_)@AIZI(P)—)O_)HVH-I(P)——)' * '_>@A%(P)_)P__)Paby

from which the first isomorphism can be deduced.

Let ¥P be the kernel of £3: #°P— %'P. By the exterior analogue of Proposition 9
we see that the kernel of the homomorphism &3 A &3: F*P A F*P—> F'PAF'P is
generated by the elements x A k with x € 2P and k € #P. It follows that the image of the
homomorphism d,: XP— F'P A F'P (where d, is the restriction of 5 A'€?) is generated
by the elements X A k where X € #'P and k € €3(¥P). Now F'P/e3(¥P)=P. It follows
from the exterior analogue ot Proposition 9 that @ A3(P)= coker(d,: ¥P— F'P A
F'P)=PAP. W

We shall now prove a generalized version of Theorem 18. To do this we define Lie
algebras J,(P) and I',(P) for n = 2.

Let ®?%:%%e— <L be the endofunctor which maps M to the tensor square M @ M.
We write J, .,(P) = 9 ®Z(P) for n =0. Note that, analogous to the second isomorphism
in Proposition 26, there is an isomorphism 9 ®;(P)=P Q P.

Let I'**:Zte— Zie the endofunctor which maps M to [(M®®). We write T,,,(P) =
@T(P) for n =0. Analogous to the second isomorphism in Proposition 26, there is an
isomorphism @T°(P) =T (P™).

THEOREM 27. For any Lie algebra P there is a natural long exact sequence
—T3(P)— J3(P)— Hy(P)— T(P™) % J,(P)—> Hy(P)— 0,
where v is injective if P™ is a free A-module.
Proof. By Proposition 17 we have a short exact sequence of simplicial Lie algebras
0> T(F*P)*> F*PRQ F*P— F*P A F*P—0,

the long exact homotopy sequence of which is, by Theorem 25 and Proposition 26, the
required sequence. W

We know (by virtue of identity (iv) of the Lie tensor product) that if P is a perfect
Lie algebra then P® P=P A P and hence that J,(P)=H,(P). We can extend this
isomorphism to higher dimensions so as to get a sort of “Hurewicz theorem”.
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THEOREM 28. Let n =2 and let P be a Lie algebra such that
(i) H(P)=0for2=i=n-—1,
(ii) Hi(P)=0ifn=2or 3,
(iii) H,(P) is free abelian (possibly H,(P) =0) if n = 4.
Then the canonical maps J,(P)= H,(P), J,.1(P)-»H,.,(P) are respectively an iso-
morphism and a surjection. ‘

Proof. We see that the free simplical A-module (%*P)™ obtained from %*P by
abelianizing dimension-wise has ith homotopy group equal to H;,,(P). Thus by modifying
(%*P)*™ only in dimensions greater than or equal to n we can convert it into a free
simplicial A-module resolution of H,(P). Now the simplicial module obtained from
(%*P)™ by applying I'(—) dimension-wise has ith homotopy group equal to T,..(P).
Hence T, (P)=T,_,(P)=0. Thus Theorem 27 implies the required isomorphism and
surjection. W

One immediate consequence of Theorem 28 is that the universal central extension
P ® P of a perfect Lie algebra P is such that I';(P ® P) =0 and J;(P ® P) = Hy(P @ P).

5. Relative derived functors. Suppose given a short exact sequence
0>M—>P% Q-0

of Lie algebras. Then for any endofunctor 9 :Z% — Z% the homomorphism ¢ induces a
surjective simplical Lie homomorphism ¢, : T%*P -» T%*(Q. We define relative derived
functors

DI (P; M) = m,(ker ¢,).

Since a short exact sequence of simplicial Lie algebras gives rise to a long exact homotopy
sequence, we have immediately

LeEMMA 29. There is a natural long exact sequence
= 29,:(0)=> 27.(P; M)—> 29,(P)—> 2T,(Q)—. . .= DTo(Q)—0.
Now suppose given another short exact sequence of Lie algebras
0->N->P%LR-0.

Then ¢ induces a surjection ¢':R— P/(M + N), which in turn induces a simplicial
surjection ¢ :TF*R-» T F*(P/(M + N)). The homomorphism v induces a simplicial
surjection ¥ :ker ¢, »ker ¢,. We define the double relative derived functors as

29,(P; M, N)=m, ker ¢,. .
Note that 27,(P; M, N)=2J,(P; N, M). The long exact homotopy sequence gives us
Lemma 30. There is a natural long exact sequence
- 927,.,(PIN;M+N/N)->3J,(P,M, Ny—> 27,(P; M)
- PI(PIN;M+N/N)—>...->DI(P/N; M+ N/N)—0.

The exact sequences of Lemmas 29 and 30 can be spliced together (compare [16,
Proposition 3]) to give
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Lemma 31. If 97,(P/(M +N))=0 for all n=0 then there is a natural long exact

sequence
- 37, ,(PIM)® BT, ,,(PIN)— DT, (P; M, N)—> DF,,(P)—
— DT, (PIM)® DT, (PIN)>. .. > DI(PIM) D DI(P/N)— 0.

We shall now give computational descriptions of 2J,(P; M) and DTH(P; M, N).
Consider the diagram
P2
MOM)NP——MXP— P,
91,9293 P
where X denotes a semi-direct product; the action of P on M is ?m = [p, m]; the action
of Pon MOM is P(m, m')=([p, m], [p, m']); the homomorphisms are p,(m, p)=
m+p, pz(m,P)=P, ql(m" m»p)=(m,—m:m+p)’ q2(m” m’p)=(m'1p) and

gs(m’, m, p) = (m, p).
Applying 97, to the above diagram we get the diagram

BIL((M ® M) X P) == 9T(M X P) == BT(P),

1.42,43 P
where we have written §; and p; instead of 2J4(q;) and 2Jy(p;). With this notation we
have
LeMMA 32. There is an isomorphism
DIo(P; M) = {ker p,}/{g:(ker g, Nker G5)}.

Proof. This isomorphism is (a special case of the) Lie algebra version of [16, Lemma 9]
(also compare [25, Theorem 9]). It is clear that we can replace “group” by “Lie algebra”
throughout the proof of [16, Lemma 9]. W

Now the diagram
N P
(N@N)NP—-)N)(]PT P

21,9295

induces a diagram

DI((NBON)XP;(MNNYB(MNN)XM)—— DI(N X P; (MNN) X M)
314295
P2
—3 a9,P; M),
and we have
LemMA 33. There is an isomorphism
DIo(P; M, N) = {ker p;}/{g1(ker g, Nker §3)}.

Proof. Let ¥ be the category whose objects are surjective Lie homomorphisms
and whose morphisms are commutative squares of Lie homomorphisms. Let 97 : & Zie—>

https://doi.org/10.1017/50017089500008107 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500008107

118 GRAHAM J. ELLIS

i be the functor defined by I°(P-»Q)=ker(FP— JQ). Then %J,(P; M) can
be considered as the nth derived functor of J” (compare [16, Section 2]). Hence
the isomorphism of the proposition follows from the Lie algebra version of (16,
Lemma9]. B

DeriniTiON. For ideals M, N of P we define the relative and double relative
homology groups with coefficients in A to be

H,(P; M) =9( )i>(P; M),
Hn(P:M) N)= @( ):b—l(PyM: N)
forn=1.

Proposition 26 with Lemmas 29, 30, and 31 gives us

Tueorem 34. For any ideals M, N of a Lie algebra P there are natural long exact
sequences

—H,,(P/M)— H,(P; M)— H,(P)— H,(P/M)—...— H,(P/M)—0
and
—H,, (P/N;M +N/N)-> H,(P;M, N)-> H,(P; M)—> H,(P/N; M + N/N)
—...—>H{(P/N; M+ N/N)—Q.
If moreover H(P/M + N) =0 for i = 1, then there is also a natural exact sequence
~ H,.,(P/M)® H, ,,(P/N)— H,(P; M, N)— H,(P)—
- H,(PIM)®H,(P/IN)—...—» H(P/M)® H(P/N)—0.

The following descriptions of H,(P; M), H,(P; M, N) and H,(P; M) turn these exact
sequences into computational tools.

THEOREM 35. For any ideals M, N of a Lie algebra P there are isomorphisms
(i) H,(P; M)=P/[P, M],

(ii) H(P; M, N)={M O M}/{[P, MO N]+[M, N},

(ili) Hy(P; M)=ker(P A M— P).

Proof. Proposition 26 and Lemma 32 give us an isomorphism

Hy(P; M) =ker{(M X P)*® 22> p*}

since for g;:((M® M) X P)*—>(MXP)™® we clearly have kerg,Nkerg,=0.
Isomorphism (i) follows.
Isomorphism (i) and Lemma 33 give us an isomorphism

H,(P; M, N) =ker{((M N\ N) XX M)/[N X P, (M N\ N) X M]-2> M/[P, M]}
since for the appropriate §; we have ker g, Nker §; =0. From this we get isomorphism
(ii).
Consider the functor A2:Z%e— Zi. We have an isomorphism

Hy(P; M) =ker(D A} (P; M)—> P).
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So to obtain isomorphism (iii) we need to show that there is an isomorphism
DAG(P; M)=P AM. Let G;:(MXMXP)A(MXMXP)—>(MXP)r(MXP) and
Pi:(M X P)A (M X P)— P AP be the homomorphisms of Lemma 32. By the exterior
analogue of Proposition 9 there is an exact sequence

MAM®MXP)—(MOMXP)A(M®BM X P)—2s (M X P) A (M X P)—0

for i =2, 3; hence ker g, is generated by the elements (m, 0, 0) A (m’, m”, p), and ker g,
is generated by the elements (0, m, 0) A (m’, m”, p). Thus ker g, Nker g, is generated by
elements of the form (m, 0, 0) A (0, m’, 0). It follows that g,(ker §, N ker §,) is generated
by elements of the form (m, 0) A (—m', m'). By Proposition 13 we see that ker p, =
(M X 0) A (M X} P). From the exterior analogue of Proposition 9 and Lemma 32 we get

D AG(P; M) = {ker p,}/{G\(ker G, Nkerg;)} =M AP=PAM. @R

A routine proof (analogous to the proof of {4, Theorem 1]) using the first two
sequences of Theorem 34 and isomorphisms (i) and (ii) of Theorem 35 gives the following
result.

THEOREM 36. Let F be free Lie algebra with ideals R, S such that H(F/R)=
H,(F/S)=0 for i =2,3. Then there is an isomorphism
H( F )_ RNSN[F, F]
\R+S/ [F,RNS]+[R,S]

This isomorphism is a generalization of the well-known Hopf formula for the second
homology of a Lie algebra. (See for example [22, Chapter VII, Exercise 3.2]).
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