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We investigate both left and right cancellation in the Stone-Cech compactification S of a discrete semigroup
S, obtaining several results for arbitrary semigroups S and others for more restricted semigroups. In particular,
if S is the semigroup of injective functions from a set to itself we determine precisely which pairs x, y and S
have some pe S with px=py. We also obtain several new results about right cancellation in (8N, +).
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Introduction

Given a discrete semigroup (S,) it is well known that one can define an extension of -
to S, the Stone-Cech compactification of S, so that (BS,-) is a left topological
semigroup with S contained in its topological centre. (By “left topological” we mean
that for each pepS the function 1, defined by A q)=p-q is continuous. The
“topological centre” is {pe fS: p, is continuous} where p(g)=q" p).

The algebraic structure of S is of intrinsic interest since S is the RMC compactifica-
tion of § [3]. In addition, the algebraic structure has been often useful in obtaining
results in Ramsey Theory. See for example the survey [13]. We are concerned in this
paper with cancellation in f8S.

In [10] a characterization was obtained of the points p of SS at which left
cancellation holds. (It is condition (b) of Theorem 2.2 below.) Using this characteriza-
tion one was then able to show that there are points in the closure of the smallest ideal
of (BN, +) at which left cancellation holds (while it must fail at all points of the smallest
ideal itself). Specializing to the semigroup (BN, +), in [4] a long list of conditions
equivalent to left cancellation holding at p were obtained.

In this paper we extend these results in two directions. In Section 2, we deal with
extending the list of conditions characterizing left cancellation in some more or less
arbitrary semigroups. In the process we are led to investigate which points x and y of a
left cancellative semigroup S must have some pe S with px =py, completely solving this
problem in the case S is the semigroup of injective functions from a set to itself. In
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Section 3 we deal with the question of when “p¢ p-(BS\S)” can be added to the list of
characterizations.

The general results obtained, as well as all the earlier special results about (BN, +),
deal with left cancellation. The reason for this is the choice of continuity which we have
made for the operation in BS. Had we chosen to make p, continuous for each pe S, the
results would speak about right cancellation. The problem of cancellation on the side
opposite to the continuity seems to be a significantly more difficult problem.

At this point, a word is probably in order about the reasons for our choice of
continuity, which is the customary choice for the first author while the choice of right
continuity is the customary choice of the second author. The reason for this choice is
that our examples involving the semigroup of injective functions naturally utilize a left
cancellative semigroup.

In Section 4 we address the problem of right cancellation, obtaining several results for
the semigroup (BN, +). Included here are examples of the interaction between left and
right cancellation. In Section 5 we apply results involving homomorphic images of SN,
obtaining in particular some necessary conditions for right cancellation.

We take the points of S to be the ultrafilters on S, identifying the points of S with
the principal ultrafilters on S. Given A<S, A=clA={pepS: Aep}. The set {4: A=S} is
a basis for the open sets of 8S. In the semigroup (S,), given A<S and xeS8, one has
A/x={yeS:y-xeA}. Then given p,qeS one has Aep-q={xeS:A/xep}eq. (If the
operation is written + we write A-x={yeS:y+xeA} and have Aep+q<
{xeS:A—xep}eq). See [12] for an elementary derivation of these facts. We take
N={1,2,3,...}, writing o for N U {0}.

We close this introduction with a well known lemma which is very useful in our
discussion of right cancellation. Recall that an F-space is a completely regular Hausdorff
space in which disjoint co-zero sets are completely separated. In case X is compact, this
is equivalent to the assertion that disjoint co-zero sets have disjoint closures, i.e. that X
is an F’-space. It is well known that if X is discrete, then both X and X*=pX\X are
F-spaces. (See [8] for these facts and unfamiliar terminology.)

Lemma 1.1. Let X be a compact Hausdorff space. Then X is an F-space if and only if
whenever A and B are g-compact subsets of X such that A n(clB)=(clA)n B=(J, one
has (clA)n(cIB)=(F.

Proof. For the sufficiency simply observe that co-zero sts are o-compact. For the
necessity, write A=|)>., 4, and B={)2 B, where each A, and each B, is compact.
Given n, A, and cl B are disjoint compact sets so pick disjoint co-zero sets U, and V,
with A, U, and cI BSV,. Likewise pick disjoint co-zero sets U, and V, with clAc U,
and B,cV,. For each n, let G,=U,n(\i-, U; and H,=V,n ()i, Vi. Then for all n
and m G,nH,=@, A,<G,, and B,<H, Thus Ac|J2,G, and B€| 2, H,. Since
U2, G, and | J, H, are disjoint co-zero sets, they have disjoint closures. O

2. Left cancellation in S and separating points of S
We begin by stating from [4], [10] and [16] a long list of conditions characterizing
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left cancellation in (SN, +). Recall that two members of SN are type equivalent (pxq) if
and only if there is a permutation f of N such that f#(p)=gq, while p precedes g (in the
Rudin—Kiesler order) provided there is a function f:N—N with ff(q)=p. We write
p=q if p precedes q and write p<q if p<q and p%q. '

Theorem 2.1. Let pe N*. The following statements are equivalent.

(a) 4, is one-to-one on BN (i.e. left cancellation holds at p);

(b) for each AcN, there exists B N such that A={xeN:B—xep};

(c) {p+n:neN} is discrete;

(d) for each qe N* p<p+q;

(e) for each qeN*, p£p+q;

(F) pép+BN;

(8) p¢p+N¥;

(h) there is an increasing sequence {x,>2., in N such that for each ke N, {x,:x,, >
x,+k}ep.

(i) there is a one-to-one function f:N— BN such that {f(n):ne N} is discrete and for all
qepN, fAq=p+q;

(j) there is a function g:N—N such that for all ge pN, g (p+q)=q;

(k) there is a function h: N—N such that for all ge pN, h¥(p+q)=p.

Proof. [4, Theorem 2.1], [10, Theorem 4.2}, [16, Theorem 2] and the observation
that for neN, p#p+n so that (g) implies (f). |

We restrict to pe N* above since for peN, 4, is always one-to-one [11, Lemma 2.4].

We now extend portions of Theorem 2.1 to a more general setting. Recall that a
subset D of a topological space X is strongly discrete if and only if there is a collection
{U,>xep of open subsets of X with each xe U, and with U, n U, = whenever x#y.

Theorem 2.2. Let (S,7) be a discrete semigroup and let peBS. Statement (a) implies
statements (b), (c) and (d), which are equivalent. These statements imply statements (e) and
(f) which are equivalent. If S is countable, all statements are equivalent;

(a) A, is one-to-one on S and {p-x:x €S} is strongly discrete;

(b) for each subset A of S there exists BES such that A={xeS: B/xep};
(c) 4, is one-to-one on BS;

(d) 4, is one-to-one on BS and {p-x: x €S} is discrete;

(€) A, is one-to-one on S and {p- x: x € S} is discrete;

(f) for each xeS and each qe BS\{x}, p-x#p-q.

Proof. To see that (a) implies (b), pick for each xeS some C,ep-x such that
C.nC,=¢F whenever x#y. Let ASS be given and let B=|),.,C,. To see that
A={xeS:B/xep}, let xe A. Then C,=B so Bep-x so B/xep. Now let xeS be given
with B/xep, since also (C,)/x€p, pick ae(B/x) n(C,)/x. Then axe BN C,. Since axeB,
pick ye A with axe C,. Since C,n C,# ), we have y# x so xe A.
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Then (b) and (c) are equivalent is [10, Theorem 4.2(b)]. (The fact that (b) implies (c) is
routine: Let g and r be distinct members of S and pick Aegq\r. Pick B such that
A={xeS:B/xep}. Then Be(p-g)\(p'1).)

That (d) implies (c) is trivial. To see that (¢) implies (d), let xe § and suppose
p-xecl{p-y:yeS\{x}}. Since cl{p-y:yeS\{x}} =p-(BS\{x}) by the continuity of 1, we
have p-x=p-q for some ge BS\{x}, a contradiction.

That (d) implies (e) is trivial. The proof that (f) implies (e) is identical to the proof
that (c) implies (d). To see that (e) implies (f) one simply again utilizes the fact that
cl{p-y:yeS\{x}}=p-(BS\{x}).

Finally it is well known (and an easy exercise) that a countable subset of a regular
space is discrete if and only if it is strongly discrete. Consequently if S is countable we
have (e) implies (a). O

Statements (a) and (e) of Theorem 2.2 lead us to ask when we can guarantee that 4, is
one-to-one on S. It is not hard to see that this must always be true if S is cancellative.
(It is also a consequence of Theorem 2.5 below.) It is perhaps surprising that left
cancellation is not sufficient.

Lemma 2.3. Let S be a semigroup and let x,yeS. There exists p in BS such that
p-x=p-y if and only if whenever F is a finite partition of S there is some A€ F with
A-xn A-y#@. More generally, given any discrete set X and any functions f and g from
X to X; there is some peBX with f%(p)=g"(p) if and only if given any finite partition of
X there is some Ac F with f[A)ng[A]l1# Q.

Proof. The first statement is the special case of the second where S=X, f=p,, and
g=p, so we prove the second statement. Given Aep one has f[A]ef*(p) and
g[Alegh(p) so the necessity is immediate. For the sufficiency assume that for each
peBX, f4p)#g*(p) and pick U, and V,, disjoint neighbourhoods of f*(p) and g(p)
respectively. Pick A,ep with f’[4,]< U, and g#[4,]<V,. Then {4,:pe X} is an open
cover of BX so pick p(1),p(2),...,p(n) with X=[Ji-, A,;. Let B,=4,,, and for
ie{2,3,...,n}, let B;=A,;\| )iz} 4, Then the partition {B,,B,,...,B,} of X has
f[B)ng(B]l=( for each ie{l1,2,...,r}. 0

Corollary 24. Let X be discrete and let f:X—-X with no fixed points. Then
f% BX —BX has no fixed points. More generally, if F#D<X and f:D— X with no fixed
points then f?:8D—BX has no fixed points.

Proof. The second statement follows from the first since f may be extended to all of
X by sending X\D to any point of D. To see the first statement observe that by [6,
Lemma 9.1] there exists a three cell partition F of X with A f{A]=F for each A€F.
The result follows from Lemma 2.3 by taking g to be the identity. d0

Observe that of course if one hopes to have p-x#p-y whenever x and y are distinct
members of S and pefS, one must have that S is left cancellative. As a consequence of
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the following theorem, one does obtain that conclusion if S is cancellative. (We add the
left-right switch to the theorem since it causes us no additional work.)

Theorem 2.5. Let (S,") be a semigroup and let x and y be distinct members of §.

(1) Assume that for all s,teS, if sx#sy, tx#ty, and sx=tx, then sy=ty. Let pepS.
Then p-x=p-y if and only if pecl{seS:sx=sy}.

(2) Assume that for all s,teS, if xs#ys, xt#yt, and xs=xt, then ys=yt. Let pefS.
Then x-p=y-p if and only if pecl{seS: xs=ys}.

Proof. (1) Let E={seS:sx=sy}. The sufficiency is immediate. (Since p, and p, agree
on E, they agree on clE) If E=S, the necessity is also trivial so we assume E#S and
pick aeS\E. Define f:S—S as follows. For seS\E, let f(sx)=sy. (Our hypothesis
guarantees that this makes sense.) For teS with t¢{S\E)-x, let f(t)=ax. Then for all
teS, f(t)#t. Suppose pé¢clE and pick a net {s,),; in S\E which converges to p. Then
for each ael f(s,x)=s,y. Since f# and p, and p, are continuous we have f#(s,x)
converges to f#p-x) while s,y converges to p-y. That is f4p-x)=p-y. By Corollary
24,p-x# f¥p-x)=p-y, a contradiction.

The proof of (2) is identical, using the continuity of 4, and 4,. d

We only state the corollary corresponding to (1).

Corollary 2.6. Let (S,) be a semigroup and let x and y be distinct members of S.
Assume that sx+#sy for all seS and that for all s and t in S, if sx=tx then sy=ty. Then
for all pefS, p-x+#p-y.

Proof. {seS:sx=sy}=(. O

We shall see later that left cancellation is not sufficient to guarantee that 4, is
one-to-one on S for all pefS. We set out to show, in Theorem 2.8, that a left
cancellative semigroup cannot be completely bad in this regard.

We feel that the next result, which is for us a lemma for Theorem 2.8, is interesting in
its own right.

Theorem 2.7. Let S be a left cancellative semigroup and let x€ S such that x is not a
left identity for S. Then for all pe BS, p-x+#p and p-x>#p- x.

Proof. Observe that the second conclusion follows from the first (since p-x € 8S). For
all xeS8, p(s)#s. (For if sx=s, then for all teS, sxt=st and hence xt=t) Again
invoking [6, Lemma 9.1] we have some Ao, A4,,4, such that S=|J)%,4; and A;()
pLA]= for ie{0,1,2}. Let peBS be given and pick i€{0,1,2} with A;ep. Then
pLAilepdp) so p#p-x. O
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Theorem 2.8. Let S be a left cancellative semigroup. Then there exist x and y in §
such that for all pe S, p-x#p-y.

Proof. Assume first that some xS is not a left identity for S. Then by Theorem 2.7
one has for all pefS, p-x#p-x% Thus we may assume every element of S is a left
identity, so that S is a “right zero” semigroup. Then given any xe€S p, is constantly
equal to x on § and hence on B8, since p, is continuous and § is dense in 5. Thus for
all pefS and all xeS, p-x=x so if x#y and peBS, p-x#p-y. a

We are concerned, given a left cancellative semigroup S, with determining which
points x and y in S can be separated by each 1,. We solve this question completely for
a special class of semigroups—the semigroup of injective functions from a set to itself.
These semigroups hold a special place among left cancellative semigroups since they
contain copies of all civilized left cancellative semigroups. (Here “civilized” means 4, #4,
whenever x#y. That is, given x#y some c¢ has xc#yc. In this case the function
¢:S—{f: f:S1=5 S} defined by ¢(x) =4, is one-to-one and a homomorphism.)

Theorem 2.9. Let A be a set and let S={f:f:A1=%A}. Let g,heS and let
E={ae A:g(a)=h(a)}. Define 0:g[A\E]—h[A\E] by 6(g(a))=h(a) for ac A\E. There is
some pe BS with pg=ph if and only if for some ne N, 8"=.

Proof. Sufficiency. If g=h the conclusion is trivial so we assume g#h. We claim
first that 4 must be infinite in this case. Suppose instead A4 is finite. Then g is onto A.
We show that range 6c<g[A\E], so that for all n, domain 0"=g[A\E]#J, a
contradiction. To this end, let a=g(x)eg[ A\ E] =domain 8. Then 6(a)=h(x)=g(y) for
some yeA. If ye A\E we have established our claim so suppose yeE. Then
h(y)=g(y) =h(x) so y=x while xe A\E, a contradiction.

Since A is infinite choose a sequence of disjoint subsets (B,>%., of A with
A=J%_o B, and each |B,|=|A|. Let C=h[A\E]\g[A\E] and pick for each me N some
function ¢,:C-1=L B,. Pick 6: A\(h[A\E] u g[A\E])-~=L B,. Pick n such that "= (.
Given aeg[A\E]uh[A\E], pick the first eclement u(a)e{0,1,...,n—1} such that
0" a) ¢ g[ A\E]=domain(#). (If a¢g[A\E], then u(a)=0.) The assumption that "=
says always u(a)<n.

Let H={(mg,m,,...,m,_)eN"mo<m;<---<m,_,}. Given x=(mg,m,,...,m,_,) in
H, define f_ €S by

fo(@)= {5(0) ~ ifa¢h[A\E] Ug[A\E]
* ¢ (0%(a)) if acg[A\ E] U h[A\E] and i = p(a).

Given aeg[A\E] u h[A\E] we have 60" a)eC so the definition makes sense. To see
that f is one-to-one one only needs to show that 6 is one-to-one. To this end, let
a,beg[A\E]. Then a=g(x) and b=g(y). Assume 6(a)=06(b). Then h(x)=h(y) so x=y
and a=> as required.
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We now utilize Lemma 2.3. So let a finite partition F of S be given. Given DeF, let
F(D)={xeH: S, €D}. Then {F(D):DeF} is a finite partition of H so pick by Ramsey’s
Theorem ([15] or [8, page 7]) some DeF and some mo<m, < - <m, such that
X =(my,m,,...,m)eF(D) and y=(mgy,m,,...,m,_,)€ F(D). Then f and f are in D.
We claim that Sooh=f,0g (so that Dhr\Dgaé o as required).

To this end, let acA. If acE, then h(a)¢g[A\E]n h[A\E] so f_(ha))=0d(h(a))=
d(g(a))= f (g(a)). Now assume ae A\E and let i=u(h(a)). Since h(a)=0(g(a)) we have
pg(@) =i+ 1. Thus £_ (k@) = B, (O(Ha))) = Bm,. (6" (&(a))) = 1 . (g(a)) as required.

Necessity. We assume essentially without loss of generality that |A\g[A\E]|
|A\R[A\E]|. (The assertion that s some 6"=( is equivalent to the assertion that some
(0~ =) Pick &: A\g[A\E]1=% A\K[A\E] and define €S by

t(a)= {5(a) if ae A\g[A\E]
0(a) if ae g[ A\E].

Since 8 is one-to-one, so is 7. For each neN, let D,=domain #". Suppose that each
D,# . Define an equivalence relation =~ on S by f ~k if and only if there exists ne N
with f|p,=k|p,. Define ¢:S/~—S/~ by $([f1)=[f°1]. We show first that ¢ is well
defined. Assume f=~k and pick neN such that f|, =k|,. We claim fo1|,, , =
ko‘tlD .- To this end let aeD,,, and observe that 8(a)eD,. Then f(t(a))= f(6(a))=
k(8(a)) = k(x(a)).

Next we show that for each feS, ¢[f))#[f]. (It is here that we utilize our
supposition that each D,# ¢¥.) Indeed suppose we have some n with fot|, . Pick aeD,,.
Then t(a)=0(a) so f(a)= f(6(a)). Now aecg[A\E] so pick xe A\E with a=g(x). Then
O(a)=h(x) so f(g(x))= f(a)=f(6(a)) = f(h(x)) so g(x)=h(x) so xeE, a contradiction.

Now by [6, Lemma 9.1] pick a partition {By, B,,B,} of S/~ such that for each i,
B;n¢[B]l=. For each i let C;=u B; so that {C,,C,,C,} is a partition of S. By
Lemma 2.3 pick i such that C,gn C;h# & and pick f,keC; with foh=kog. We show
that k= f o1 so that ¢([ f])=[k] and hence B; n ¢[B,]=F, a contradiction. To see this
we show k|p,=fo1|p,. Let aeD, and pick xe A\E such that a=g(x). Then f(t(a))=

J(8(a)) = f(0(g(x))) = f (h(x)) = k(g(x)) = k(a). a

We see now that half of the characterization of Theorem 2.9 is valid in any left
cancellative semigroup.

Corollary 2.10. Let (S,) be a left cancellative semigroup, let x,yeS and let E=
{a€S:xa=ya}. Define 0:x-(S\E)—y-(S\E) by 6(x-a)=y-a for acS\E. If there exists p
in BS such that p-x=p-y, then for some neN, 8= .

Proof. If E=S, then 6= so we can presume E#S. Let M={f: f:S-1=1 §}. Define

¢:S—-M by ¢(z)=4, for all ze S. Then ¢ is a homomorphism of § to M so ¢ extends to
a homomorphism ¢”: BS—pM. Observe that E={aeS:A(a)=A[a)}. Observe further
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that 6:4,[S\E]-A4,[S\E] and is defined so that 6(i,(a))=4,a) for aeS\E. Since
$#(p)A.=d*(p-x)=¢p- y)=¢?(p)A, we have by Theorem 2.9 that for some neN,
"=. O

Corollary 2.11. Let (S,") be a left cancellative semigroup and let x,y€S such that
x-y=y-x but x#y. Then for all pe S, p-x#p-y.

Proof. Let E and € be as in Corollary 2.10. Note that for each n and k in N,
y*x"¢ E. Indeed if xy*x"=yy*x", then y*x"x=y*x"y so that x=y. Further 6(y*x")=
y**1x"~1, Consequently, for each ne N, x"*! e domain(6"). O

Corollary 2.12. Let (S,) be a left cancellative semigroup and let x,y€S. Assume there is
some B< S such that yB< xB and there is some s€ B with y-s#x-s. Then for all pe S,

p-x#p-y.

Proof. Let E and 8 be as in Corollary 2.10. Let y=0|x.(3\,.;,. We show that range
y<domain y so that for all ne N, y"# & (and hence 0" # ). Indeed let aerange y and
pick be(B\E) such that a=y(x-b)=y-b. Then a=y-bey-B=x-B. Suppose aex-E.
Then y-b=x-c for some ceE so y-b=x-c=y-c so b=c, a contradiction. Thus
aex-(B\E) as required. O

Theorem 2.9 provides us with plentiful examples of left cancellative semigroups S and
points x#y in S such that p-x=p-y for some pefBS. These examples are all large
however, having at least 2% elements. Especially in view of the special role of countable
semigroups in Theorem 2.2, it is reasonable to ask whether one can find such examples
with § countable.

Theorem 2.13. There exist a countable left cancellative semigroup S and distinct
elements g and h in S and pe S such that pg = ph.

Proof. Let S={f:f:N-N and f is one-to-one and there exist m and r in N such
that Vn=m, f(n)=2"-n}. Observe that S is indeed countable and is a semigroup under
composition. Define g and h in S as follows: If n= 2, g(n)=h(n)=2n, while g(1)=1 and
h(1)=2.

Now let F be a finite partition of S. By Lemma 2.3 it suffices to show that some Ae F
has Agn Ah# . Let E={f€S: f(1) and f(2) are odd and f(1)< f(2) and for all n>3,
f(ny=2n}. For AeF, let A={(f(1), f(2)): f € En A}. Given odd integers a<b there is a
unique member of E with (f(1), f(2))=(a,b) so {(a,b): a and b are odd and a<b}=
Uaer A. Pick by Ramsey’s Theorem [15] some A€ F and some odd integers a,b,c with
a<b<c and {(a,b),(a,c),(b,c)} < A. Pick k and f in En A with (a,b)=(k(1),k(2)) and
(b,0)=(f(1),f(2)). Then  f(g(1))=f(1)=b=k(Q)=k(h(1)) and for n22
f(g(n))= f(2n)=4n=k(2n) = k(h(n)). Thus Ag N Ah# . a

3. The condition p¢ p - $*

One of the most useful characterizations of the left cancellability of p in (BN, +) is the
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requirement that p¢p+ N* We investigate in this section conditions under which
pé¢p-S* (or “p¢p-S* and 4, is one-to-one on S”) can be added to the characterizations
of left cancellability of p in §S. The reason for working with S* rather than with §S is
that if a is any right identity of S, then for all pe S, p=p-a.

Theorem 3.1. Let (S,") be a semigroup and for each x€S let F.={yeS:y-x=x}. If
there is some finite GSS such that (.. F. is finite and if pepS is such that 1, is
one-to-one on BS, then p¢ p- S*.

Proof. Suppose one has some geS* such that p=p-q. Since (),.cF, is finite, pick
some x € G such that F_¢q. Then x#q-x while p-(q-x), is a contradiction. O

We observe that even in a left cancellative semigroup, 4, being one-to-one on S need
not imply pép-S*. Indeed let S be any infinite right zero semigroup (wherein x-y=y
for all x and y). Then BS is also right zero so for any peS*, 1, is one-to-one while

p=p-pep-S*

Theorem 3.2. Let (S,-) be a right cancellative semigroup, let pe S*. Assume that for all
qeS* and all a€S, if pra=p-q, then for all Aeq, A/a is infinite. If p¢p-S* and 1, is
one-to-one on S, then {p- x:x €S} is discrete (and 1, is one-to-one on S).

Proof. Let aeS and suppose p-aecl{p-x:xeS\{a}}=p-cl{x:xeS\{a}}. Pick ge
cl{x:xeS\{a}} such that p-a=p-q. Since 1, is one-to-one on S, q¢ S so g S*. Consider
o ={Ala: Aeq}. By our assumption (and the fact that (A n B)/a=(A/a) n(B/a)) one has
that any finite subfamily of .« has infinite intersection. Consequently we may pick some
reS* with &/ cr.

We claim p=p-r. To this end let Bep. Then B-aep-a=p-q so Aeq where
A={xeS:(B-a)/xep}. Then A/acr. We show that A/ac{xeS:B/xep} and hence that
Bep-r as required. Let xeA/a. Then x-aeA so (B-a)/(x-a)ep. Since § is right
cancellative (B-a)/(x-a)< B/x so that B/xep as required. O

Corollary 3.3. Let (S,") be a countable group and let pe S*. Then 1, is one-to-one on
BS if and only if pé p- S*.

Proof. Necessity. For each xeS, {yeS:y-x=x} has only one element so Theorem
3.1 applies.

Sufficiency. Given geS* and Aegq, A is infinite so for all aeS, A/a is infinite. By
Theorem 2.5 4, is one-to-one on S so by Theorem 3.2, {p+x: xeS} is discrete. Thus
Theorem 2.2 applies. |

Corollary 3.4. Consider the semigroup (N,"). Let pe N*. Then A, is one-to-one on N
ifand only if p¢ p- N*.

Proof. Necessity. Given xeN, {yeN: y-x=x}={1} so Theorem 3.1 applies.
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Sufficiency. By Theorem 2.5 4, is one-to-one on N so it suffices to show that the
assumption of Theorem 3.2 is valid. (Then Theorem 2.2 applies.) To this end let ge N*,
let aeN, assume p-a=p-q, and let Aeq. Suppose that A/a is finite. Then Na¢gq. (For
otherwise one has that 4 n Na is infinite and consequently A/a is infinite.) In particular
a#1. Write a=| |i_ | rj' where each r; is prime and r;#r; for i # j. Now Na={ L, Nrf
and consequently we may pick i such that Nr¥¢q. Define ¢:N—-w by ¢(x)=j if and
only if #/ divides x and r*' does not divide x. Pick je{0,1,...,&;} such that
B={x:¢(x)= jmod(e;+ 1)} ep. Then B-aep-a=p-q so {xeN:(B-a)/xep}eq. Pick
x e N\Nr# such that (B-a)/xep. Pick ye Bn(B-a)/x. Now yeB so ¢(y)= jmod(x;+ 1)
while y-xeB-a so ¢(y)+@d(x)=¢d(y-x)=j+a;mod(e;+1). Thus ¢(x)=ea;mod(e;+1)
while ¢(x)€{0,1,...,a;— 1}, a contradiction. O

We utilize Corollary 3.3 to produce a simple characterization of left cancellability in
(BZ, +). Here we pretend that SN<BZ and brush over the distinction between an
ultrafilter on N and an ultrafilter on Z with N as a member. Given a point p in
clg(—N) one has left cancellation holds at p in BZ if and only if it holds at
—p={—A: Aep}. Consequently Corollary 3.6 provides a complete characterization of
left cancellability in fZ.

Lemma 3.5. Let S be a semigroup and let pe S*. Let EcS. Then pép-clE if and only
if there is some A€ p such that Alaé¢p for all ac E.

Proof. pép-clE

<>pé¢cl(p-E)
<>there exists Aep such that An(p-E)=g
<>there exists 4 € p such that A/a¢p for all acE. a

Corollary 3.6. Let peN*. Then A, is one-to-one on BZ if and only if there is an
increasing sequence {x,>X-, in N such that for each keN, {x, x,,,>x,+k and
X,>Xx,_1+k}ep.

Proof. Note that {aeZ:p#p+a}=2\{0}. Since p¢p+(Z\{0}) (an easy fact, or see
[11, Lemma 2.4]) we have by Lemma 3.5 that p¢ p+Z* if and only if there is some
Aep such that A—a¢p for all aeZ\{0}. Consequently by Corollary 3.3, it suffices to
show that there is an increasing sequence {(x,>;~, in N such that for each keN,
{Xp:Xp41>x,+k and x,>x,_,+k}ep if and only if there exists A in p such that
A—a¢p for all ae Z\{0}.

Sufficiency. We may assume A< N. Enumerate A in increasing order as {x,:neN}.
Suppose that for some keN {x,x,,,<x,+k or x,<x,.,+k}ep. Then
o 1 ({xp: X4y =X, +a} U {x,:x,=X,_, +a}ep). Pick a such that {x,:x,,,=x,+a}ep
or {x,:x,=x,_;+a}ep. In the first case A—aep. In the second case A—(—a)ep. In
either case we have a contradiction.
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Necessity. Let A={x,:neN}.If for some aecZ\{0} one has A—aep then {x,:x,,,=
x,+a}ep (if a>0) or {x,:x,=x,_, +(—a)} ep (if a<0). 0

Condition (h) of Theorem 2.1 and the condition of Corollary 3.6 certainly appear to
be different. It is not however obvious that they are not equivalent. We see now that
they are not.

Theorem 3.7. There is a point pe N* such that 4, is one-to-one on BN but 4, is not
one-to-one on BZ.

Proof. Let M=FS({(2*"»*,) and pick an indempotent geM. (The set
&=, FS({2*")=.,) is a compact subsemigroup which therefore has idempotents by [7,
Corollary 2.10].) Let p=g+(—gq) where —q={—A: Aeq}. Then —gq is an idempotent of
BZ so p+(—q)=q+(—q)+(—q)=q+(—qg)=p so pep+Z* so by Corollary 3.3 1, is
not one-to-one on BZ.

Now let A={},.r2*"—) ,.c2*"F and G are finite nonempty subsets of w and
max G <min F}. Then A€ p. Notice further that for xeN, xe 4 if and only if there exist
even integers a <b such that the binary expansion of x has (1) only O’s to the right of a
(and not at a), (2) 0’s only in even positions between a and b, and (3) 1I's only in even
positions to the left of b (but not at b). That is, if x=),.,2" one has min H=a, b¢H,
{a,a+1,...,b)\H=N2, and H\{1,2,...,b}=N2. We now claim that for all keN,
A—k¢p so that by Lemma 3.5, p¢ p+ BN and hence by Theorem 2.1 1, is one-to-one
on BN. To see this suppose instead we have some k=), 42" with A—kep=g+(—g).
Now B={},.c—2>-G is a finite nonempty subset of N and minG>maxH+1}e —¢
so pick y=Y,.6—2*" in Bn{y(A—k)—yeq}. Then C={Y,.r2*"F is a finite
nonempty subset of N and min F>max G}eq so pick z=),.,2?" in Cn((A—k)—y).
Then z+y+k=Y,.52%"~Y,.62>"+Y e 2" A brief consideration of the resulting
binary expansions shows that z+y+k¢ A4, a contradiction. a

The hypothesis of Theorem 3.2 seems a bit strong. We see now that some reasonably
strong assumption is needed.

Theorem 3.8. There is a countable cancellative commutative semigroup (S, +) such
that 1, is one-to-one on S for all pe BS and there exists pe S* such that p¢p+S* but A, is
not one-to-one on fiS.

Proof. Let S=NxN with ordinary addition. By Theorem 2.4 we have 1, is
one-to-one on § for all pe fSs.

We now show that there is a homomorphism f: 8N xN—gS such that f is the
identity on N x N and f[N* x N]J=§*. Given neN, consider g,(m)=(m,n). Then g, has
a continuous extension g?: BN—BS and if pe N*, gf(p)eS*. For pe BN and neN we
define f(p,n)=g¥(p). Observe that given ge N, neN, and A<S one has that A€ f(g,n)
if and only if there exists Beq with Bx {n}< A. Using this observation one easily
establishes that f is a homomorphism and f[N* x N]J=S§*.

Now pick some peN* with pep+N*. For example, we may pick by [7,
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Corollary 2.10] some peN* with p=p+p. Then f(p,1)+(1,1)=

fe, )+ f(L,D)=f(p+1,2)=f(p+p+1,2)=f(p, 1)+ f(p+ 1,1). Since f(p+1,1)eS* we
have A, , y, is not one-to-one on f8S.

To conclude the proof we show that f(p,1)¢BS+pBS, so in particular
f(p, D¢ f(p,1)+S*. To this end, suppose that f(p,1)=q+r for some g and r in BS.
Now Nx{1}ef(p,1) so {(x,y):(Nx{1})—(x,y)eq}er so pick (x,y) with
(Nx{1})—(x,y)eq. Pick (w,z2)e(Nx{1})—(x,y). Then z,yeN while z+y=1, a
contradiction. O

4. Right cancellation in (SN, +)

We specialize now to the semigroup (SN, +), obtaining several sufficient conditions
for right cancellation to hold at a point p of (BN, +).

Theorem 4.1. Let pe N*. The following statements are equivalent:

(a) p, is one-to-one on BN;

(b) p, is one-to-one on (=, cl(Nn);

(c) There exist a first countable topological group (G, +) and a continuous homomor-
phism h: BN—G such that p, is one-to-one on ker(h).

Proof. That (a) implies (b) is trivial. To see that (b) implies (c), let G=®,‘}"=l Z, and
define h: N—G so that for all m and n in N, h(m)(n)=m(modn). Denote by h® the
continuous extension to BN, where G is given the product topology and each Z, is
discrete. The G is a first countable topological group. It is well known that as the
continuous extension of a homomorphism, h? is a homomorphism on SN [14, Corollary
2.3].

We now show that (c¢) implies (a) so let such G and h be given. Let q,re N and
assume that g+p=r+p. Then h(g+p)=h(r+p) so h(q)+ h(p)=h(r)+h(p) so h(q)=h(r).
Let a=h(r). We claim that we can find se N* such that A, is one-to-one an SN and
h(2) = —a. This will suffice for s+ ¢ and s+r are in ker(h) and s+q+p=s+r+p so that
s+g=s+r and hence g=r.

It is well known from compact semigroup theory that A[fN] is a group since it is the
compact closure of a commutative subsemigroup of G. (An argument is presented in the
introduction to [1]. An even simpler argument establishes that any compact cancellative
semitopological semigroup S is a group: Any idempotent will be an identity since ee=e
implies that for any x eex=ex and hence ex=x. Thus there is a unique idempotent
which must be minimal [3]. Therefore S=eSe is a group.) Then h[N*] is a compact
subsemigroup of h[SN] which therefore contains cl{a,a+ a,0 +a+a,...}. This latter set
is a homomorphic image of SN which we again conclude is a group and must therefore
contain —a. Pick teN* such that h(t)= —a. Let (U,>:%, be a neighbourhood basis for
—a in G with U,,,<U, for each n. For each n let A,={xeN:h(x)eU,}. Then each
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A,€t so each A, is infinite. Pick x,e A, for each n with x,,,>x,+n. Pick se N* with
{x,:neN} es. By Theorem 2.1 A, is one-to-one on fS. Since h(s)= —a, we are done. [

Note that in the following theorem we make no assumptions about a relationship
between the operation on § and its topology, beyond the ability to support a
continuous homomorphism from gN.

Theorem 4.2. Let (S, +) be a cancellative semigroup with a topology and let h: BN—S be
a continuous function such that for all qe N and all re ﬂ:’:  Nn, h(r + q)=h(r) + h(q). Let
b,y be a sequence in BN such that p, is one-to-one for each neN, h(b,) #h(b,) for
n#m, and {h(b):neN} is discrete. If p is a limit point of {b,:neN}, then p, is
one-to-one.

Proof. By Theorem 4.1 it suffices to let g,re (), Nn with g+p=r+p and show
that g=r. Then (q+cl{b,neN})n(r+cl{b,;neN})# so by Lemma 1.1 we may
without loss of generality pick neN and tecl{b,,ne N} such that g+b,=r+t. Now
hq)+hp)=h(q+p)=h(r+p)=h(r+p)=h(r)+h(p) so by right cancellation in S,
h(q)=h(r). Since also h(q)+h(b,)=h(r)+h(t) we have by left cancellation in S that
h(b,) = h(t). Since {h(b,,): me N} is discrete, pick a neighbourhood V of h(b,) which misses
{h(b,):me N\{n}} and pick a member B of ¢ such that h[B]< V. Given any meN such
that b, € B, one has h(b,)e V so m=n. That is we must have t=5b,. Then q+b,=r+b,
so by right cancellation at b,, g=r. O

We remark that functions as in the hypothesis of Theorem 4.2 are easy to come by.
Indeed let S be the non-negative reals and let {c,>2., be any sequence of positive reals
such that Y=, ¢, converges. Given x=),.r2" define h(x)=) ,.rc,. Since h is bounded
by Y2 ,c, it has a continuous extension to BN which is easily seen to satisfy the
hypothesis.

Some applications of Theorem 4.2 yield easily described sufficient conditions for right
cancellation.

Corollary 4.3. Let <(b,>;>, be a one-to-one sequence in N and assume there is a
sequence {a,»>., such that for each neN, {meN:a, divides b,—b,} is finite. If
pecl{b,:neN} then p, is one-to-one.

Proof. If p=b, for some n, the conclusion is immediate so we assume pe N* Let
G=)=,Z, and let h: BN—G be the natural homomorphism (as described in the proof
of Theorem 4.1). One easily sees that h and (b,>2 ., satisfy all hypotheses of Theorem
4.2 except possibly the requirement that {h(b,): ne N} is discrete. (Since each b,e N one
has each p, is one-to-one.) To see this let neN and let V={ueG:u(a,)=h(b,)a,)}.
Then V is a basic neighbourhood of h(b,) in G. If h(b,)e V then a, divides b,—b, so V
contains only finitely many members of {h(b,):me N}. O

Corollary 4.4. Let (b,>3-, be a one-to-one sequence in N. If either
(a) for all n<m inN, b, divides b,,; or
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(b) for all n<m in N, b, does not divide b,,
then for each pecl{b,:neN}, p, is one-to-one.

Proof. If hypothesis (a) holds let a,=b,,, for each n. If hypothesis (b) holds let
a,=b, for each n. In either case the hypotheses of Corollary 4.3 are satisfied. O

Corollary 4.5. The set D={peN*: 1, and p, are one-to-one on PN} has dense interior
in N*,

Proof. Let geN* and let Aeq. We show that 4 ninty.D# . Pick a sequence
(X0, in A such that for each n, x,,,>x,+n By Theorem 2.1 (h) if {x,-neN}ep,
then 1, is one-to-one on SN. Now let B={{x, x,}:n<m and x, divides x,} and let
C={{x,,xn}:n<m and x, does not divide x,}. Pick by Ramsey’s Theorem [15] an
increasing subsequence <b,>;-, of (x>, such that either (a) {{b,,bn}:n<m}<B or
(b) {{bn,bn}:n<m}<=C. In either case, by Corollary 4.4. we have that p, is one-to-one
whenever pe(cl{b,:be N}) n N*, 0

Of course, if p is in the smallest ideal K(fN, +) of (BN, +) then both 4, and p, fail to
be one-to-one. (For then R=p+ SN and L=8N+p are minimal right and left ideals
respectively [3, Theorem 1.3.11]. Then R=p+ R and L=L+p so for any qe SN\K(BN)
then there exist reR and leL such that p+qg=p+r and g+ p=1+p.) The closure of
K(BN, +) consists of all ultrafilters p for which each Aep is piecewise syndetic [10,
Theorem 3.8]. (The set A= N is piecewise syndetic if and only if there is some ke N with
d*(| )ty A—t)=1 where d*(B)=sup{aeR: there are increasing sequences <z,>>, and
{2, such that for all neN, |Bn{z,+1,z,+2,...,2,+t,}|2a,}) It is known [10,
Theorem 4.6] that there exist points p in ¢/ K(SN, +) for which 4, is one-to-one. The
next result shows that we can get at least reasonably close to K(BN, +) with points at
which p, is one-to-one.

Theorem 4.6. Let ¢>0 be given. There exists X =N with d*(X)>1—¢ such that p, is
one-to-one for each pe X,

Proof. Pick an increasing sequence <l(n)>;%, such that Y=, (1/((n))!))<e. Let
X,=N and let b; =min X,. Inductively given X,, let b,=min(X,\{b,,b,,...,b,_,}). Let
k(n)=(max{l(n), b,, k(n—1) + 1} and let X, e 1=X\(N-k(n)!+b,). Let
X=(\&, X,={b,;neN}. Observe that if m<n then (N k(n)! +b,) (N k(m)! +b,)= .
(For if a-k(n)!+b,=b-kim)+b,, then b,=(b—((a k(m))/k(m)) k(m)!+b, so
b,¢ X,.+12X,) Consequently, given n and a <((k(n+ 1)!)/k(n)), we have that

n ‘k !
|Xn{1,2,...,a-k(n)!}|=a.k(n)!_mz=:1(ak("(';!!) _1)

so that
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- 1

XA {1.2...a kmi}/akm) =1+ na k)l = 3, 2o

Consequently one concludes in fact that

d(X)=lim

1=

Xn{tL2....4]_, < 1
t Z k(m
Now given neN, let a,=(n)!. If m>n then a, does not divide b, —b,, since b, € X, ;-
Thus Corollary 4.3 applies to show that p, is one-to-one for each pe X. a

We now present two specialized sufficient conditions for right cancellation. Recall that
a point g of N* is a p-point of N* if and only if the intersection of any countable
collection of neighbourhoods of q is again a neighbourhood of g (in N*). Their existence
is known to be independent of the axioms of ZFC. (See [5].)

Theorem 4.7. Let peN*. If either p is a p point of N* or there is an increasing
sequence <k(n)> ., in N such that peinty.{{ \ ; Nk(n)), then p, is one-to-one.
p

Proof. If p is a p-point of N* let k(n) =n for each n. Given neN, let g, be the natural
homomorphism from SN onto Z,,. We show that under either hypothesis there is some
Aep such that for all neN and all re A\N, gq,(r)=4q,(p). If peinty.(( )2, Nk(n)), pick
Aep with AAN(\=., Nk(n). Then for each neN and each re A\N, g,(r)=0=¢,(p).
Assume then that p is a p-point of N* For each neN pick A4,ep such that
4.[A.]1={4.p)}. Pick Aep such that A\A, is finite for each n. If re A\N, then for each
n, 4,(r)=q,(p). _

By Theorem 4.1 it suffices to let r,se ()2, Nn and show that if r+p=s+p, then r=s.
Assume then we have r,se ()2, Nn with r+p=s+p. For each n let B,=A\{1,2,...,n}.
Then each B,ep so r+per+B=cl(r+B,) and s+pes+ B,=cl(s+ B,). Since clr+B,) N
cl(s+B,)#J we have by Lemma 1.1 that either cl(r+B,)n(s+B,)# Q& or (r+B,)N
cl(s+B,)#. Pick t,eclB, and a,e B, such that either r+t,=s+a, or r+a,=s+¢,. If
t,eN we conclude that r=s. (Assume ,eN. Pick m>max{t,,a,} and assume say
r+t,=s+a, Then Nm+t,er+t, and Nm+a,es+a, so (Nm+t)n(Nm+a,)#J so
t,=a, so r=s.) Thus we assume t,e B,\N.

Without loss of generality we have for infinitely many values of n that r+¢,=s+a,.
Pick one such n and pick m> a, such that r+t¢,=s+a,. Then a,€B,, so a,>a,. Pick |
such that k()>a,. Now q(s)+qda,)=qds+a,)=qdr+1,)=q(r)+4qdt.) =q(r) +9{p) =
qdr) +qdt,) =q{r +t,) =qfs +a,) =q(s) + q{a,). Then g{a,)=qda,) while k())>a,>a, so
q{a,)=a, and q(a,)=a,. This contradiction completes the proof. a

Note that the following theorem does not include any topological assumptions
about §.
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Theorem 4.8. Let (S, +) be a cancellative semigroup and let h: BN —S be such that h is
one-to-one on N and for all ge BN and all re (&, Nn, h(r +q)=h(r) + h(q). For each n
let K(n)={qeN*:h(g)=h(n)}. 1f peN* and p, is not one-to-one on BN, then
PECI(U =1 bdyn-K(n)).

Proof. By Theorem 4.1, pick g#r in ()3, Nn such that g+ p=r+p. Suppose that
pécl(l J2 , bdyn. K(n)) and pick some Aep such that A (2, bdyn. K(n))=@. For
each neN, let U,=A4n K(n). We show each U, is clopen in N*. Indeed we have
A~ (K(n)\inty. K(n))=® so U,=Aninty.K(n) so U(n) is open in N* Also An
(c! K(n\K(n))=¢ so U,=AnclK(n) so U, is closed in N*,

We claim pecl( )7, U,). Let Bep. Since g+p=r+p, we have (g+cl(AnB)n
(r+cl(A n B))# & so without loss of generality, by Lemma 1.1, we can pick neAn B
and secl(A N B) with g+n=r+s. Again, since ¢, re[ |2 ., Nn and g#r we cannot have
seN. Since h(q) + h(p) = h(r)+ h(p) we have by right cancellation that h(q) =h(r). Thus by
left cancellation we get h(n)= h(s). Thus se K(n) and hence se U(n) N B as required.

Thus g+p=r+p is in (q+cl({ ), U) N (r+cl|J=1U,)). Again by Lemma 1.1 we
may without loss of generality pick some neN and some ueU, and some
vec| J=, U,) with g+u=r+v. Now vec({ )=, U )CA and h(q) + h(u) = h(r) + h(v) so
h(v) = h{u) = h(n) so ve K(n) so ve U,. Since u and v are in U, which is open in N*, pick
Ceu and Dev with C\N<c U, and D\N cU,. We may presume n¢ C u D. (Just delete it
if it is) Now (q+clC)n(r+cID)#J so again by Lemma 1.1 pick without loss of
generality some ke C and some weclD with g+k=r+w. Again we cannot have we N
since g#r and gq,re ﬂ,‘:‘;=1Nm. Thus weU, But we have then by left cancellation
h(k) = h(w) while h(w)="h(n). But this contradicts the fact that h is one-to-one on N. [

The following corollary is of special interest because bdyy. T is a subsemigroup of
(BN, +) which includes all of the idempotents.

Corollary 4.9. Let T=ﬂ,‘f’=,N—n. Let pe N* such that p, is not one-to-one on fpN.
Then pecl| )&, (bdyn{T + n)), which is a nowhere dense set.

Proof. Let S= ® .2 Z, and let h be the natural homomorphism from SN to S. It is
easy to see that h satisfies the hypotheses of Theorem 5.5. Now p, is a homeomorphism
of N* onto N* so we need only observe that T+n=K(n) in order to conclude that
bdyn.(T +n)=bdyn. K(n). Finally we see that cl{ )% ,(bdyn«(T +n)) has empty interior
because in N* the union of countably many nowhere dense sets is again nowhere dense.

O
S. Left and right cancellation in (BN, +)

We deal here with the interaction of left and right cancellation in (BN, +). Recall
from Corollary 4.5 that the set of points at which both left and right cancellation holds
has dense interior in N*,

Lemma 5.1. Let peBN. If p, is one-to-one on N*, then p, is one-to-one on BN.
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Proof. Assume g,re N and g+p=r+p. Pick se N* such that A, is one-to-one on
BN. Then s+q+p=s+r+pand s+q and s+r are in N* so s+q=s+r and hence g=r.
O

We remark that half of the characterization of Section 3 remains valid (trivially) for
right cancellation. That is, if pe fN+p, then p, is not one-to-one on SN. (Indeed if
p=q+p then 1+ p=1+g+p) We do not know if the other half of the characterization
is valid.

The following is a lemma for Theorem 5.3, but we feel it is interesting in its own
right. By FS((x,)>-,) we mean {),.rx,F is a finite nonempty subset of N and

min F 2 m}.
Theorem 5.2. Let pe FS((27)Z ) and let qe {2*"*T:neNJ]\N. Then p,., is one-to-
one on SN.

Proof. Let A={),.r2"maxFeN2+1 and F\{max F}=N2}. We show first that
Aeq+p. Indeed we simply observe that FS((2*"»> ,)={xeN:A—xeq}. (For given
x=Y,.r2?" one has {2>"*::n>max F}eq and {2>"*:n>max F}S 4 —x.)

Enumerate A in order as <b,>>,. For each n pick F, such that b,=Y . z* where
max F, is odd and F,\{max F,} =N2. Let o(n)=max F,+ 1 and note that if n<m, then
a(n)<a(m). For neN define ¢(n)=2°". We show that for n<m, ¢(n) does not divide
b,—b,, so that Theorem 4.1 applies. To this end, let n<m be given. Suppose that
b,—b,=a-$(n). Then Y, r z'=a-2°™+Y, ; z'. By the uniqueness of binary expan-
sions F,=F,u G where a-2°™=Y" .z (and minG2a(n)). But then max F,eF, and
max F,<max F,, so max F, is even, a contradiction. O

Theorem 5.3. There exists some pe N* such that p, is one-to-one on BN but 4, is not
one-to-one on fN.

Proof. Consider M = ﬂ,,, 1 FS(<22"y_ ). It is well known and easy to see that M is
a subsemigroup of AN which is in fact isomorphic to (\®., N2"= ﬂ,,, L FS((2™&. ).
The smallest ideal of ﬂ,,, 1 N2™ is contained in K(BN, +) ()=, N2" (which is a
proper subset of ﬂ,,,:l NZ"‘). Consequently, the smallest ideal of M is a proper subset of
M and hence we may pick a point pe M such that 1, is not one-to-one on M, and
hence not on BN. Pick ge{2*"*:ne N}\N.

By Theorem 5.2 p, ., is one-to-one on SN. On the other hand, given r#s such that
p+r=p+s, one has (9+p)+r=(q+p)+s. O

Theorem 5.4. There exists some pe N* such that 1, is one-to-one on SN but p, is not
one-to-one on BN.

Proof. Again consider M =(\2_, FS({2*">%.,.). Again utilizing the fact that M is
isomorphic to [)Z.; N2™ we get that there is some idempotent re M such that r is not
an element of the smallest ideal of M. Then by [1, Lemma 3.2] we may pick an
idempotent p#r in M with p=p+r=r+p. Pick any qe{22"*':ne N}\N and consider
p+q.-Nowr+p+q=p+p+q=p+qso p,., is not one-to-one. We show that p+q¢p+
q+ BN (so by Theorem 2.1 4,,, is one-to-one on SN).
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Let A={},r2" minF is odd and F\{min F} =N2}. Then as before we easily see that
Aep+q. Now suppose p+q=p+q+s for some se fN. Then Aep+q+s so pick xeN
such that 4—xep+q. Pick F such that x=Y,.72" Let t=max F. Then N2'*'ep and
N2'*'eq so N2'*'ep+gq. Pick yeAn(A—x)nN2'*1, Pick G such that y=) ;2"
Then min G is odd so (F u G)\min(F U G)£N2 so y+x ¢ A, a contradiction. ad

We conclude by lengthening the list of characterizations of left cancellation in

(BN, +).

Theorem 5.5. Let pe N*. The following statements are equivalent.

(a) A, is one-to-one on BN;

(b) A, is one-to-one on [\, cl(Nm);

(c) there exist a first countable topological group (G, +) and a continuous homomor-
phism h: BN —G such that 2, is one-to-one on ker(h);

(d) p+ N* is not separable;

(e) there exists A in p such that for each ke N, A—k¢p.

Proof. The equivalence of (a), (b), and (c) is established in a fashion nearly identical
to the proof of Theorem 4.1 (one uses however Corollary 4.5 to obtain se N* with
{x,neN}es and with p; one-to-one.)

We now show that (a) and (d) are equivalent. To see that (a) implies (d) assume 4, is
one-to-one. Then 4, is a homeomorphism from N* onto p+N*. Since N* is not
separable (see [8]) neither is p+N*. To see that (d) implies (a) suppose that 4, is
not one-to-one. Then by Theorem 21 we have pep+N* and hence
p+Nep+N*+Ncp+ N* so that c(p+N)=p+ N*

The equivalence of (a) and (¢) follows from Theorem 2.1 and Lemma 3.5. O
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