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Remarks on the rigidity of CR-manifolds

Sung-Yeon Kim and Dmitri Zaitsev

ABSTRACT

We propose a procedure to construct new smooth CR-manifolds whose local stabil-
ity groups, equipped with their natural topologies, are subgroups of certain (finite-
dimensional) Lie groups but not Lie groups themselves.

1. Introduction

Given a germ (M,p) of a real submanifold of C", its basic invariant is the local stability group
Aut(M, p), i.e. the group of all germs at p of local biholomorphic maps of C™ fixing p and preserving
the germ (M, p). By the work of several authors [CM74, BER97, Z97, ELZ03, LMO05] it is known
that this group is a (finite-dimensional) Lie group (in the natural inductive limit topology) for
germs of real-analytic submanifolds satisfying certain nondegeneracy conditions, e.g. those having
nondegenerate Levi form. On the other hand, in the absence of the nondegeneracy conditions, the
group Aut(M,p) can possibly be infinite-dimensional (in the sense that it contains Lie groups of
arbitrarily large dimension). (For example, the local stability group of (R,0) in C consists of all
convergent power series with real coefficients.) Furthermore, recent results in [BRWZ04] show that
a similar principle also holds for global CR-automorphisms, both real-analytic and smooth.

One purpose of this paper is to show that, in contrast with the behaviour mentioned above,
a similar alternative no longer holds for the local stability group of a smooth real submanifold. In
particular, we show that, for any n > 2, there exists a germ (M, p) of a smooth strongly pseudoconvex
hypersurface in C™ with Aut(M, p) being (topologically) isomorphic to a countable dense subgroup
of the circle S' C C and hence not being a Lie group. In fact, Aut(M,p) can be arranged to be
isomorphic to any increasing countable union of finite subgroups of S, for instance, to the subgroup

{e2mW/2™) 1 m e N} ¢ S (1.1)

Furthermore, our construction also yields similar properties for the (generally larger) local CR
stability group Autcr(M, p), consisting of all germs at a point p of smooth CR-automorphisms of M
fixing p. Recall that a germ of a smooth transformation ¢: (M,p) — (M, p) is a CR-automorphism
if it preserves the subbundle T°M and the restriction of its differential dy|pecys is C-linear, where

T°M := TMNiTM.
Another purpose of this paper is to provide a general construction of new smooth generic

submanifolds with certain prescribed local CR stability groups (recall that a real submanifold
M c C" is generic if T,M + iT,M = T,C" for all ¢ € M). More precisely, we show the following.

THEOREM 1.1. Let (M, p) be a germ of a smooth generic submanifold in C™ of positive codimension
and of finite type and assume that it is invariant under an increasing countable union G of finite
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subgroups of Aut(C", p). Then there exists a G-invariant germ of another smooth generic submani-
fold (M, p) of the same dimension as (M,p), which is tangent to (M, p) of infinite order and has
the following properties:

(i) Aut(M,p) = G;
(i) Autcr(M,p) = {gln : g € G}.

We use here the notion of finite type due to Kohn [Koh72] and Bloom-Graham [BG77]: a germ
(M, p) is of finite type if all germs at p of smooth real vector fields on M tangent to T°M span
together with their iterated commutators the full tangent space T;,M.

We now illustrate Theorem 1.1 by an example, where it can be applied.

Example 1.2. Consider a real hypersurface M C C**! n > 1, given in coordinates (21,. .., zp, w) €
(Cn—i-l by
Imw = o(|21|%, 22, ..., 2n, Z2, . . ., Zn, Rew),

where ¢ is any smooth function such that 0 € M and (M,0) is of finite type. Then (M,0) is
clearly invariant under the rotation group consisting of all transformations (z1,z29,...,2,,w) —
(€™ 21,29, ..., 2y, w) for all real §. Now we can take the subgroup G consisting of all of these
transformations corresponding to 6 = /2" with [, m being positive integers. Then G clearly satisfies
the assumptions of Theorem 1.1. We then conclude that there exists a new real submanifold McC
C™*t! such that both Aut(M p) and AutCR(M p) are (topologically) isomorphic to G, which is a
topological subgroup of S' but is not itself a Lie group. Similar examples can be obtained for other
Sl-actions or S! x S'-actions or actions by more general compact groups leaving (M, p) invariant,
where M can also be of any codimension.

As a remarkable consequence of Theorem 1.1 and the mentioned results [BER97, Z97], our
construction provides germs of smooth generic submanifolds (even of strongly pseudoconvex hyper-
surfaces) that are not CR-equivalent to any germ of any real-analytic CR-manifold. Recall that
(M, p) is called finitely nondegenerate if

spanc{Lj ... Lkij(p) k>0,1<j5<d} =C", (1.2)

where p = (p!, ..., p%) is a defining function of M near p with dp* A --- A 9p? # 0, ij denotes the
complex gradient of p’ in C" and the span is taken over all collections of germs at p of smooth (0, 1)
vector fields Ly ... L on M. We have:

COROLLARY 1.3. For any germ (M,p) of a smooth generic submanifold in C", which is finitely
nondegenerate and of finite type, and which is invariant under the group S* := {z € C : |z| = 1}
acting on C" by multiplication, there exists a germ of another smooth generic submanifold (]\7 \D),
tangent to (M, p) of infinite order, which is not CR-equivalent to any germ of a real-analytic generic
submanifold of C".

Indeed, since S* has many dense subgroups G satisfying the assumptions of Theorem 1.1 (e.g. the
subgroup in (1.1)), Theorem 1.1 yields a germ (M ,p) whose local CR stability group is isomorphic
to G and hence is not topologically isomorphic to any Lie group (and not locally compact). On
the other hand, the local CR stability group of any real-analytic generic submanifold of C", which
is CR~equivalent to (M,p) (and hence is also finitely nondegenerate and of finite type), is known
to always be a Lie group (see [BER97] for hypersurfaces and [Z97] for higher codimension). Since
the local CR stability group is a CR-invariant, (]\7 ,p) cannot be CR~equivalent to any germ of a
real-analytic generic submanifold of C".
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2. Jet spaces and jet groups

Here we recall the jet terminology and introduce the notation that will be used throughout the
paper. Recall that, given two complex manifolds X and X’ and an integer & > 0, a k-jet of a
holomorphic map is an equivalence class of holomorphic maps from open neighborhoods of x in X
into X’ with fixed partial derivatives at x up to order k. Denote by J¥(X, X’) the set of all such
k-jets. The union J*(X,X') := (J,cy J¥(X, X') carries a natural fiber bundle structure over X.
For a holomorphic map f from a neighborhood of z in X into X', denote by j¥f € J¥(X, X’) the
corresponding k-jet. In local coordinates, j f can be represented by the coordinates of the reference
point x and all partial derivatives of f at z up to order k. If X and X’ are smooth algebraic varieties,
JF(X, X') and J¥(X, X') are also of this type. We also denote by Jix/(X, X') the space of all k-jets
sending z into 2’. The subset G¥(X) C J!ZI(X ,X) of all invertible k-jets forms an algebraic group
with respect to composition. Completely analogously, k-jets of smooth maps between smooth real
manifolds M and M’ are defined, for which we shall use the same notation J* (M, M'"). The possible
confusion will be eliminated by the convention that we write Xg whenever we consider a complex
manifold X as a real manifold. Thus, if X and X’ are complex manifolds, J* (X, X') is the space of
all k-jets of holomorphic maps and J k(XR, X%) is the space of all k-jets of smooth maps.

Furthermore, we shall need k-jets of real submanifolds of fixed dimension of a smooth real
manifold M. Let Cx (M) be the set of all germs at x of real C*-smooth m-dimensional submanifolds
of M through z. We say that two germs V, V' € C!,f’m(M ) are k-equivalent, if, in a local coordinate
neighborhood of x of the form U; x Us, V and V' can be given as graphs of smooth maps ¢, ¢’': Uy —
U, such that j& ¢ = jk ¢/, where = (21,22) € Uy x Us. Denote by JE™(M) the set of all
k-equivalence classes of Ci™ (M) and by J*™(M) the union Uzenm JE™(M) with the natural fiber
bundle structure over M. Furthermore, for any real C*-smooth m-dimensional submanifold V- C M
through z, denote by j¥(V) € JE™(M) the corresponding k-jet. The space Ju'™(M) carries a
natural real (nonsingular) algebraic variety structure.

We now introduce the notions of equivalence and rigidity that will be crucial in the sequel.

DEFINITION 2.1.

(1) Two k-jets of real submanifolds of the same dimension A; € ijm((@ﬁ), j = 1,2, are called
biholomorphically equivalent if there exists a germ of a biholomorphic map (C", p;) — (C", p2)
sending Ay to As.

(2) A C*-smooth generic submanifold M C C" is called totally rigid of order k, if for any p; # ps €
M, the jets j¥ (M) and j¥ (M) are not biholomorphically equivalent in the sense of part (1).

(3) A k-jet A € J;f "(CR) is called totally rigid if any C*-smooth submanifold passing through p
and having A as its k-jet at p, contains a neighborhood of p that is totally rigid of order k — 1
in the sense of part (2).

Ezample 2.2. Any 0-jets of real submanifolds at p are obviously biholomorphically equivalent and
1-jets are equivalent if and only if their CR-dimensions at p are the same. Two 2-jets of generic
submanifolds are equivalent if and only their Levi forms at p are linearly equivalent (e.g. of the
same rank and signature in the hypersurface case). Furthermore, it follows from the Chern—-Moser
theory [CMT74] that two k-jets of Levi-nondegenerate hypersurfaces of the same signature are always
biholomorphically equivalent for £ < 5 in the case n = 2 and for k£ < 3 in the case n > 2, but may
not be equivalent in general for larger k.

It is crucial for our method to consider the total rigidity of order £ — 1 in part (3) (rather than,
e.g., of order k) for the representing submanifolds M with j}; (M) = A. This allows us to achieve
the total rigidity of M of order k — 1 near p by ensuring that the first-order derivatives of jg_l(M )
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at p as functions of ¢ € M have suitable transversality property with respect to the submanifolds
(orbits) of biholomorphically equivalent (k— 1)-jets (see the proof of Proposition 2.3 below for more
details). Thus, we need A to be of higher order than k — 1 to include the extra derivatives. More
precisely, the existence of totally rigid jets is guaranteed by the following statement.

PROPOSITION 2.3. For fixed integers n < m < 2n, a point p € C" and sufficiently large k (depending
on n and m but not on p), the set of all totally rigid k-jets in Jk " (CP) contains an open dense
subset.

In fact we show that the number £ in Proposition 2.3 can be chosen such that the following

inequality holds:
(2n—m)<<k+m_1>—1>—2n<<k+n_1>—1>>m. (2.1)
m n

The proof will be based on the following lemmas (of which the first is standard and provided
with a short proof for the reader’s convenience). We write || - |1 for the standard C! norm.

LEMMA 2.4. Let ¢: R" — R™ be a smooth map and V be an open neighborhood in R"™ of a
point a € R™. Then for any ¢ > 0 and any integers 0 < k < [, there exists 6 > 0 such that, if
A € JE(R™ R™) is a k-jet with ||A — j¥¢|| < &, then there exists another smooth map &: R® — R™

such that ji@ = A, Glrmy = @lrm\y and [|@ — ¢l <e.
Proof. Without loss of generality, V' is bounded. We shall look for a map @: R” — R™ of the form

p(x) = ¢(x) + x(2) - (Y(2) — ¢(x)), (2.2)

where ¢: R” — R™ is a smooth map with j¥ = A and X R™ — R is a fixed smooth function, which
is 1 in a neighborhood of a and 0 outside V. Then j*@ = A and Plrm\v = @lgn\y. Furthermore,
there exists C' > 0 depending on x but not on 1 such that

1P = ¢ller < CllY = ¢llcr-

If 0 is sufficiently small and A satisfies our assumption, we can always choose ¢ with || —p||« < e/C
on the closure V. Then the map ¢ given by (2.2) satisfies the required properties. O

LEMMA 2.5. Let k,l,5 > 0 and 0 < r < m be any integers, U C J'(R™,R*) be an open set and
F:U — R” be a smooth map of constant rank r. Then, for any nonempty open set B C R™
and a smooth map f: B — R? satisfying jfc fAE 1% for all x € B, there exists another nonempty
open subset B C B and another smooth map f: B — R® such that the following holds:

(1) the C* norm of f — (flg) can be chosen arbitrarily small;
(2) jéfe U for all x € B;
(3) the map x € B F(jé]?) € R" is also of constant rank r.

Proof. Without loss of generality, the integer k (used only in property (1)) is at least I. We prove
the lemma by induction on r. For » = 0 the statement is trivial. Suppose it holds for any r <
ro < m and we are given a map F: U — R’ as in the lemma. Consider the standard splitting
R = R™~! x R and the corresponding components Fy: U — R™~! and Fy: U — Rof F (so
that ' = (Fy, Fy)). Then the induction assumption for Fy yields a map f:B — R? such that
If = (fIg)llcr is arbitrarily small, jxf € U for all z € B and the map ®4(z) := Fi(jLf) € Ro-1i

of constant rank ro—1<m for x € B. By shrinking B if necessary, we may assume it is connected
and of the form B = Bl X Bg c Rm—rotl s Rro—1 and such that for some ¢ € R™~! the level set

= {2z € B: ®(z) = ¢} is a graph of a smooth map ¢: B; — Bs.
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We now consider two points z; # x3 € C' and look for a small perturbation f of f and Ty of xo
such that 21 and s still belong to the same level set C of @1 () := F1(jLf) but F (jmf) # Fy (jmf)

More precisely, suppose that F(jL, f) = F(jL, f) (otherwise no perturbation is needed). By the
assumption of the lemma, the map F' = (Fy, F5) has constant rank 7 in U. Since rg < m < dim U,
we can find a point Ty € B and a jet A e UnN Jl (]Rm R?) arbitrarily close to jx f such that
Fi(A) =F (]mf) but Fy(A) # FQ(ijf) Since A can be chosen arbitrarily close to ]mf, it can be
represented by a smooth map f that is arbitrarily close to f in the C* norm and differs from it on
a neighborhood of x5 with compact support in B \ {z1} in view of Lemma 2.4. By choosing the
norm || f — f”ck suﬂi(:lently small, we shall preserve the properties that ]m feUforall z € B, the
rank of @ (z) := F1( f) is still ro — 1 and the level set C:={ze B: ®y(z) = c} is still a graph
of a smooth map go Bl — Bg Hence, C is a connected manifold containing two points x1, I9 € C
such that Fg(]zlf) # Fg(jm f). The latter fact implies that the function ®y(z) := Fy(jLf) is not

constant on C and therefore its differential is somewhere nonzero. Putting this property together
with the rank property of ®,, we conclude that the rank of d(x ) == F(jLf f) is 7o at some point
T € B. The required conclusion is obtained by replacing f with f and B with a sufficiently small
open neighborhood of xg. O

")

(C
(consisting of all (k — 1)-jets at 0 of local biholomorphic maps of C™) on the space Jg 1 (CR)
consisting of all (k — 1)-jets at 0 of real m-dimensional submanifolds of C% passing through 0).
R
The dimensions of the jet spaces can be computed directly:

dimRag—l(C"):2n<<k+Z_1>—1), dimg JE ™ (CR) = (2n—m)<<k+m_1> |

(2.3)

Proof of Proposition 2.3. We may assume p = 0. Consider the natural action of the group Gk !

Hence, the inequality (2.1) is equivalent to
dimg Jo "™ (CR) — dimg GE~H(C™) = m. (2.4)

In particular, for any sufficiently large k, all orbits of G&~*(C") in Jg L "™(CE) have their (real)
codimension at least m. In the rest of the proof we shall assume that (2.4) is satisfied.

It is easy to see that G’S_l((C”) is an algebraic group acting rationally on Jg L "™(CE) by calcu-

lating the group operation and the action in local coordinates. Hence, the orbits of Glg_l((@”) form,

on an open dense subset 2 C J(]f Lm

(CR), a foliation into real submanifolds of a fixed constant
codimension > m. Consider any k-jet Ag € J(]f "™ (CE) represented by the graph of a C*°-smooth
map @o: R™ — R?™™ with ¢y(0) = 0, where we choose a suitable identification of CE with
R™ x R2"=™ (after a possible permutation of the real coordinates). Thus, Ag = j&((id x ¢g)(R™)).
By the density of , we can find another C*®-smooth map ¢: R™ — R2"~™ with ¢(0) = 0 and
O := jko arbitrarily close to j¥pg such that the (k — 1)-jet A € Jg_l’m(Cﬁ) at 0 of the graph of
¢ is contained in €. (By this choice, A is also arbitrarily close to Ag.) We can now find an open
neighborhood U of jg_lgo in JE=L(R™ R2"=™) and a smooth map F: U — R™ of constant rank
m and constant on the orbits (recall that m does not exceed the orbit codimension), such that

two (k — 1)-jets A; € Jk_l’m((Cﬁ), j = 1,2, near Ay (where (x;,2) € R™ x R?"™™) which are

(z5,7%) J
represented by graphs of sorile smooth maps @1, @s: R™ — R?*~™ are biholomorphically inequiv-
alent (in the sense of Definition 2.1) whenever F(j¥ '¢1) # F(jF '¢,). Here F can be obtained
by taking the first m coordinates in any real coordinate system (x,y) € R™ x R™2, for which
the orbits are given by x = constant. Then Lemma 2.5 can be applied to U, F, f := ¢ and
an arbitrarily small neighborhood of B C R™ of 0. Let B and f B — R>"™ be given by the
lemma.
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We claim that, for any xg € é, the k-jet A(zo) € J¥™(CR) of the graph of fat (:Eo,f(ajo)) is
totally rigid in the sense of Definition 2.1(3). Indeed, fix any 2y € B and consider any C*-smooth

real m-dimensional submanifold V' C Cg passing through (a:o,f(mo)) with jéfmo f(xo))(V) = A(xo).

By shrinking V/, if necessary, we may assume that V' is a graph of a smooth map g: B(xg) — R2r—m,
where B(zg) is a suitable open neighborhood of x. Then jﬁo qg= j];”o f and, therefore, the ranks of
the maps = — F(j*1g) and 2 — F(j’;_lf) coincide at x = xg. (Here is the step, where we use the
different integers k and k — 1 for xy and points nearby respectively.) By property (3) in Lemma 2.5,
the rank of the second map is m and, hence, so is the rank of the first map. However, the latter
fact implies that F(j5~1g) # F(j5'g) for any x1 # 5 sufficiently close to zg. In view of the choice
of F, it follows that the jets jé“x_l’lg(xl))(V) and jé“x_;g(m))(V) are biholomorphically inequivalent for
any such x1 # x9, which is precisely what is needed to show that A(zg) is totally rigid. It remains
to observe that any translation of A(x) is also totally rigid, hence we can also find totally rigid

k-jets in Jg ""(CP) arbitrarily close to the original jet Ag. The proof is complete. O

3. Realization of certain groups as CR stability groups

In the sequel we shall use the same letter for a germ and its representative unless there will be a
danger of confusion. We begin with a standard lemma, whose proof is given here for the reader’s
convenience.

LEMMA 3.1. Let (Gk)k>1 be an increasing sequence of finite groups of germs of local biholomorphic
maps of C™ in a neighborhood of a point p fixing that point. Let M be a smooth real submanifold
of C" passing through p. Let (Dy)i>1 be a sequence of domains containing p and such that, for
each k, the germs from Gy, can be represented by biholomorphic self-maps of Dj. Then there exist
a sequence of points p, € M, k > 1, converging to p and a sequence of mutually disjoint open
neighborhoods Vi, of py in C" such that V' C Dy, and, if (V) NV # () for some k, | and g € G,
then necessarily k =1 and g = id.

~Note that the existence of domains Dy easily follows from the finiteness of each Gj. Indeed,
if Dy is any domain where all germs from Gy biholomorphically extend, it suffices to take Dy :=

ngeGk g(Dk)

Proof. We shall construct p, € M and Vj, C C™ inductively. Let k = 1. Since (57 is finite, the set of
points x € Dy, such that there are two elements ¢, # go € G with g1(x) = g2(z), is a complement
of a proper analytic subset. Hence, we can choose p; € M and a neighborhood V; CC Dq of pp in
C™ with p € V1 such that g(V1) NV # () for g € Gy implies g = id.

Now suppose that p; and V; with p € V; have been chosen for all | < k. Since G}, is finite, we
can choose a neighborhood U of p in Dy, such that g(U) N V; = () for all | < k and g € G. Using
the same argument as before we can choose pj, arbitrarily close to p and Vj, with p ¢ V. such that
pr € Vi, C Vi, C U and, for any g # id € G, g(Vi) NV} = 0. Since V C U and g(U)NV; = 0
for all | < k and g € Gy, it follows that g(V) NV, # () can hold for some [ < k and g € G1(D G))
if and only if £ = [ and g = id. It is easy to see that the sequences (px) and (Vi) so constructed
satisfy the required properties. ]

Proof of Theorem 1.1. Since the statement is local, we fix an identification Cg = R™ x R2"~™ near
p such that M is represented by the graph of a smooth map : R”™ — R?"~" with ||¢||c1 sufficiently
small. We shall write B, (a) for the open ball with center a and radius r with respect to the product
metric of the Euclidean metrics of R™ and R?"~™. With this choice of the metric on R™ x R27~™
and ||¢||c1 sufficiently small, we have the property that, for any a € M, the intersection B,(a) N M
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coincides with the graph of ¢ over the projection of B, (a) to R™ (which is an Euclidean ball in R™).
In the course of the proof we shall consider small perturbations of M obtained as graphs of small
perturbations of . We shall always assume that the C'' norms of these perturbations are still small,
so that the mentioned relation between ball intersections with their graphs and graphs over balls
still holds.

By the assumption, G = |J,, Gj, where Gy, k > 1, is an increasing sequence of finite groups of
local biholomorphic maps of C™ in a neighborhood of p, fixing p and preserving the germ (M, p).
As indicated above, we can choose a decreasing sequence of open neighborhoods Dy of p in the
unit ball Bi(p) in C™ centered at p, such that, for each k, all germs in G}, can be represented by
biholomorphic self-maps of a neighborhood of Dj,. In the sequel we shall identify the germs from
G, with their biholomorphic representatives.

Let pr. € D N M and Vi be given by Lemma 3.1. Moreover, we can make the above choice of
Pr, Di, Vi inductively such that, in addition,
SUpP.ev;,, [# — Pl

inf.cy, |2 — pl

max( s ¢, sw  [gG)) ~0, koo, (31)

2€D11,9€G k41 2€Dy,,9€Gy,

where ¢’ is the Jacobian matrix of g.

For an l-jet A € JL™(CP), we denote by Orb(A) C JH™(CZ) the set of all I-jets A € Jy™(CR) for
all y € Cg that are biholomorphically equivalent to A (in the sense of Definition 2.1). Then it follows
from (2.3) that, for [ sufficiently large, the subset |J,cr/p, Orb(jLM) c J™(CZ) has Lebesgue
measure zero and therefore its complement is dense in J4™(CR). The same argument obviously
applies to any other real submanifold of C™ of the same dimension as M. We shall use this property
to choose jets that are not in the certain unions of orbits. We shall consider [ sufficiently large so
that this choice is always possible.

We next consider a sequence ¢, 0 < €. < 1, converging to 0 and such that

o sw lg@)) =0, k- o (3.2)
rE€Dy,geGY,

Then, as a consequence of Lemma 2.4 and Proposition 2.3, we can find a sequence of neighborhoods
Uy of p, in Vi, with U C Vi, and a sequence of graphs Ny of smooth maps ¢ : R™ — R27=™ with

lex — ellor < ek, Np\Up=M\Uy, (3.3)

and such that the following holds. There exist points g € N, and real numbers §; > 0 such that,
for each k, the 20;-neighborhood of ¢gj, in Ny, Bas, (qx) N Nk, is contained in Uy, totally rigid (in the
sense of Definition 2.1) and

JaNe ¢ |J  Orb(jLM). (34)
zeMNDy
As the next step, we define X3 C Ny N Uy to be the subset of all points y # ¢ for which there
exists a CR-diffeomorphism from B, s, (v) N N}, into Bs, (qi) N Nj, sending y into gi. Since the CR-
manifold Bas, (qx) N Nj, is totally rigid by our construction, it is clear that for any y; # y2 € X, the
neighborhood B, s, (y1) N N}, cannot contain y». Hence, the neighborhoods B, s, j2(y) N Nk, y € X,
do not intersect and so Xj must be a finite set. It is also clear that X} N Bas, (qx) N N, = () again
by the total rigidity of Bas, (qx) N Ni. Furthermore, we must have X C Nj, N Uy, in view of (3.3)
and (3.4).
We next choose a sequence 1, 0 < np < €0 and again apply Lemma 2.4 to obtain a sequence
of graphs Mj, of smooth maps v, : R™ — R?"™™ with

[k = prllor < ek (3.5)
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and finite subsets )Zk C M, with

My ¢ ) Orb(iLN) Yy € X, (3.6)
rENRND,

and such that, for W}, := Uyef{k By, (y),
XeN My =0, Mg\ Wip=N\Wg, WinBs,(qr)=0. (3.7)

We may in addition assume that 7 is sufficiently small so that W C Vj..

Finally, we define the new generic submanifold MccCr by replacing g(M NV}) with g(M NVy)
for every sufficiently large k and every g € Gy, i.e.

where kg is sufficiently large. (Note that all nelghborhoods g(Vk) g € G, k > ko, are disjoint
together with their closures since they are given by Lemma 3.1.) Then M is a smooth submanifold
through p and, if €; have been chosen sufficiently rapidly converging to 0, M is tangent to M of
infinite order at p in view of (3.3) and (3.5). Consequently M is also of finite type at t p. Furthermore,
the germ (M p) is clearly invariant under the action of G, i.e. the group AthR(M p) of germs at
p of all local CR-automorphisms of M fixing p contains G.

We now claim that AutCR(M p) = G. Indeed, fix any f € AutCR(M p) and its representative
defined in some neighborhood of p in M denoted by the same letter. Then for k sufficiently large, f
is defined in Dy N M with f(DpNM ) C Ds. By the construction, each g € N NUy is not contained
in Wy, hence it is in Mj, NV, and therefore in M so that we can evaluate f(qj). Then (3.4) implies
that f(qr) ¢ M and hence f(qr) € g(Us) C g(Vs) for some s and some g € G. Thus, we have the

estimates
- Vinfev, |2 —pl _ [flaw) =2 _ sup_cy, [z — p|
(supll(gy))) === < sup g/ || . (3.9)
D. Sup.ev; |2 P S Ta—pl D. inf.ey, [z —p|
On the other hand, since f is a local diffeomorphism of M fixing p, there exist constants 0 < ¢ < C
such that
e I [{C e (3.10)
Z—p

for z #£p € M sufficiently close to p. Then if k is sufficiently large, we must have s = k in view of
(3.1). Hence, f(qx) € gx(Uy) for suitable gy € Gy. Setting fi, := g; ' o f € Autcr(M,p), we have
felar) € Up N M. In view of (3.8), this means fi(qx) € Ux N M.

We now claim that, for k& sufficiently large, we must have B, s, (fr(qx)) N M C Nj,. Indeed,
otherwise, in view of (3.7), we would have W}, N B, 5, (fr(qx)) # 0 and, since n, < €0y, it would
imply X, N Boe,s, (fr(qr)) # 0. However, in view of (3.2) and (3.10), this would mean that, for &
sufficiently large and some point y € Xk, the inclusion f,_ ( ) € Bs, (qx) N M would hold. By our
construction, By, (gx) N M C Ny, and hence we would have a contradiction with (3.6). Hence, we
have Be, s, (fr(qr)) N M C Ny as claimed. Thus, Be,s, (fi(qx)) N M = Bes, (fi(qr)) N Ni. Again,
using (3.2) and (3.10), we conclude that, for k sufficiently large, fk_1 sends B, s, (fu(qr)) N Ni
into By, (qx) N Ni. By our construction of the set X C Nj, the latter conclusion means either
fr(ar) € Xk or fr(qr) = qr. The first case is impossible in view of the first condition in (3.7). Hence,
we have fr(qx) = qr and, since a neighborhood of g in M} is totally rigid, this means f; = id
in a neighborhood of ¢;. Since (M ,p) is of finite type, we have f; = id as germs at p, and hence
f = gx € G implying the desired conclusion. O
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