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NOTE ON SUPPORT WEIGHT DISTRIBUTION OF LINEAR
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Abstract

Let R = Fp + uFp, where u2 = u. A relation between the support weight distribution of a linear code C of
type p2k over R and its dual code C ⊥ is established.
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1. Introduction

Let R = Fp + uFp, where u2 = u. Then R is a commutative ring and has ideals (u) and
(1 − u) as its maximal ideals, which implies that R is a finite nonchain ring. By the
Chinese remainder theorem, we have that R = uR ⊕ (1 − u)R = uFp ⊕ (1 − u)Fp. Let Rn

be the set of n-tuples over R. Then Rn = uFn
p ⊕ (1 − u)Fn

p. Any nonempty R-submodule
C of Rn is called a linear code of length n over R. According to the Chinese remainder
theorem, C = uC1 ⊕ (1 − u)C2, where C1 and C2 are Fp-subspaces of Fn

p, that is, linear
codes of length n over Fp. Therefore, we have that |C | = |C1| |C2|. Let |C1| = pr1 and
|C2| = pr2 . Then we say that C is a linear code of length n over R of type pr1+r2 .

Let B ⊆ C be a subcode. The support of B is defined as

χ(B) = {i | ci , 0 for some (c0, c1, . . . , cn−1) ∈B}.

The support weight of B is defined as

ws(B) = | χ(B)|.

For any nonnegative integers t1 ≤ r1 and t2 ≤ r2, let A(t1,t2)
i be the number of subcodes

of type pt1+t2 with support weight i. The (t1, t2)th support weight distribution is the
polynomial

A(t1,t2)(z) = A(t1,t2)
0 + A(t1,t2)

1 z + · · · + A(t1,t2)
n zn.
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Wei [6] introduced the notion of generalised Hamming weights, that is, the support
weights in his analysis of the wire-tap channel of type II. His paper has sparked
renewed interest in the subject, indicating its importance in both the theory and the
applications of coding theory. Kløve [4] gave the relation between the support weight
distribution of a linear code over the finite field Fq and that of its dual code. Simonis
[5] gave another method for deriving the relation obtained in [4]. Following the
approaches given in [4] and [5], Cui [1, 2] obtained the relation between the support
weight distribution of a linear code over the ring Z4 and that of its dual code.

Recently, much work on the coding theory over the finite nonchain ring Fp + uFp

has appeared (see, for example, [3, 7, 8]). It is natural to ask if there is similar relation
between the support weight distribution of a linear code over the ring Fp + uFp and
that of its dual code. The goal of this short note is to give such a relation.

2. Some lemmas

Let C be a linear code of length n and type p2k over R. Let {a1, a2, . . . , ak} be a
free basis of C over R. Then, for any i = 1, 2, . . . , k, there exist bi, ci ∈ F

n
p such that

ai = ubi + (1 − u)ci. Let

G =


a1
a2
...

ak


be the generator matrix of C . If C has an Fp-subspace, it has the following matrix as
its generator matrix:

Ĝ =



ub1
ub2
...

ubk

(1 − u)c1
(1 − u)c2

...
(1 − u)ck


.

For any subcode C ⊆ C of type pt1+t2 , where t1, t2 ≤ k, define

SC = {(x1, x2, . . . , xk) ∈ Rk | (x1, x2, . . . , xk)G ∈ C}.

Clearly, SC is an R-submodule of Rk. Define

F (t1, t2) = {C | C is a subcode of type pt1+t2 of C }

and
T (t1, t2) = {U | U is a submodule of type pt1+t2 of Rk}.
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Define the map

φ : Rk → C

(x1, x2, . . . , xk) 7→ (x1, x2, . . . , xk)G.

One can verify that φ is an R-module isomorphism. Therefore, for any nonnegative
integers t1, t2 ≤ k, if C ⊆ C is a subcode of type pt1+t2 , then SC ⊆ Rk is an R-submodule
of type pt1+t2 . Moreover, the map C → SC is bijective between the set F (t1, t2) and the
set T (t1, t2).

Let SC be a linear code of length k and type pt1+t2 over R, where t1, t2 ≤ k. Then the
dual code

S⊥C = {(y1, y2, . . . , yk) ∈ Rk | (y1, . . . , yk) · (x1, . . . , xk) = 0 for any (x1, . . . , xk) ∈ SC}

is a linear code of length k and type pk−t1 pk−t2 = p2k−t1−t2 over R.
The above discussion immediately gives the following lemma.

Lemma 2.1. For any nonnegative integers t1, t2 ≤ k, C → S⊥
C

is a bijection between the
set F (t1, t2) and the set T (k − t1, k − t2).

For any x ∈ Rk, let µ(x) be the number of occurrences of x as a column in the
generator matrix G of C . Then

ws(C ) = n − µ(0).

Lemma 2.2. Let C ⊆ C be a subcode of length n over R. Then ws(C) = n − µ(S⊥
C

).

Proof. Let C ⊆ C be a subcode of length n and type pt1+t2 , where t1, t2 ≤ k. Then
SC ⊆ Rk is an R-submodule of type pt1+t2 . As an Fp-subspace, let

{ub1, ub2, . . . , ubt1 , (1 − u)c1, (1 − u)c2, . . . , (1 − u)ct2} (2.1)

be a basis of SC, where bi and c j ∈ F
k
p. Let M be the (t1 + t2) × k matrix whose rows are

the transposes, ubT
1 , . . . , (1 − u)cT

t2 , of the column vectors in (2.1). Then the columns
of the matrix

MG = {ubT
1G, ubT

2G, . . . , ubT
t1G, (1 − u)cT

1G, (1 − u)cT
2G, (1 − u)cT

t2G}

form an Fp-basis of C and MG is a generator matrix of C, which implies that

ws(C) = n −
∑

Mx=0

µ(x)

= n −
∑
x∈S⊥

C

µ(x)

= n − µ(S⊥C). �
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Let

[m]a,b =

a−1∏
i=0

(pm − pi)
b−1∏
j=0

(pm − p j).

We make the convention that
∏a−1

i=0 (pm − pi) = 1 if a = 0 and that
∏b−1

j=0(pm − p j) = 1 if
b = 0. Denote by GR(R,m) = Fpm + uFpm the mth Galois extension ring of R. Let ξ be
a primitive element of the finite field Fpm . Any element r ∈ GR(R,m) can be expressed
uniquely as

r = r0 + r1ξ + · · · + rm−1ξ
m−1,

where r0, r1, . . . , rm−1 ∈ R.

Lemma 2.3. LetU ⊆ Rk be an R-module of type pt1+t2 and Û = {y ∈ GR(R,m) | y · x = 0
for x ∈ Rk if and only if x ∈ U}. Then

(i) |Û| = [m]k−t1,k−t2 .
(ii) {Û | U is a submodule of Rk} is a partition of GR(R,m)k.

Proof. (i) This follows from the proof process of Lemma 3 in [4].
(ii) From the definition of Û, we have that ifU1 ,U2, then Û1 ∩ Û2 = ∅. For any

(y1, y2, . . . , yn) ∈ GR(R,m)k, define

U = {(x1, x2, . . . , xk) ∈ Rk | (x1, x2, . . . , xk) · (y1, y2, . . . , yk) = 0}.

Then U is an R-submodule of Rk and (y1, y2, . . . , yk) ∈ Û, which implies that
{Û | U is a submodule of Rk} is a partition of GR(R,m)k. �

Similar to [1, Lemma 7], we also have the following result.

Lemma 2.4. If a1, a2, . . . , ak ∈ Rk are free over R, then a1, a2, . . . , ak are free over
GR(R,m).

3. Main results

Recall that C is a linear code of length n and type p2k over R, and {a1, a2, . . . , ak} is
the free basis of C with G as its generator matrix. Denote by D the linear code over
GR(R,m) with generator matrix G.

Proposition 3.1. The Hamming weight enumerator ofD is

WH(z) =

m∑
t1=0

m∑
t2=0

[m]t1,t2 A(t1,t2)(z).

Proof. From Lemma 2.4, we know that for any y1, y2 ∈ GR(R,m)k with y1 , y2, we
have y1G , y2G, whence WH(z) =

∑
y∈GR(R,m)k zw(yG). From Lemma 2.3(ii),

WH(z) =

k∑
t1=0

k∑
t2=0

∑
U∈T (t1,t2)

∑
y∈Û

zw(yG).
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For y ∈ Û,
w(yG) =

∑
x∈Rk

µ(x)w(y · x) = n −
∑
x∈U

µ(x) = n − µ(U).

Therefore,

WH(z) =

k∑
t1=0

k∑
t2=0

∑
U∈T (t1,t2)

∑
y∈Û

zn−µ(U)

=

k∑
t1=0

k∑
t2=0

∑
U∈T (t1,t2)

[m]k−t1,k−t2 zn−µ(U)

=

k∑
t1=0

k∑
t2=0

∑
U∈T (k−t1,k−t2)

[m]t1,t2 zn−µ(U).

From Lemmas 2.1 and 2.2, ∑
U∈T (k−t1,k−t2)

zn−µ(U) =
∑

C∈F (t1,t2)

zn−µ(S⊥
C

)

=
∑

C∈F (t1,t2)

zws(C)

= A(t1,t2)(z),

which implies that

WH(z) =

k∑
t1=0

k∑
t2=0

[m]t1,t2 A(t1,t2)(z).

If m ≤ k and t1, t2 > m, then [m]t1,t2 = 0. If m > k and t1, t2 > k, then A(t1,t2) = 0. Hence,

WH(z) =

k∑
t1=0

k∑
t2=0

[m]t1,t2 A(t1,t2)(z) =

m∑
t1=0

m∑
t2=0

[m]t1,t2 A(t1,t2)(z). �

Let C ⊥ ⊆ Rn be the dual code of C and (C (m))⊥ ⊆ GR(R,m)n be the dual code of
C (m). Clearly, (C (m))⊥ is also generated by the parity-check matrix of C . Denote by
Wm

H (z) the Hamming weight enumerator of (C (m))⊥ and B(t1,t2)(z) the (t1, t2)th support
weight distribution of C ⊥. Then, by Proposition 3.1,

Wm
H (z) =

m∑
t1=0

m∑
t2=0

[m]t1,t2 B(t1,t2)(z). (3.1)

Theorem 3.2. For all m ≥ 1,
m∑

t1=0

m∑
t2=0

[m]t1,t2 B(t1,t2)(z) =
1

p2mk (1 + (p2m − 1)z)n
m∑

t1=0

m∑
t2=0

[m]t1,t2 A(t1,t2)
( 1 − z
1 + (p2m − 1)z

)
.
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Proof. Recall the MacWilliams-type identity for the Hamming weight of the linear
code over GR(R,m):

Ham(C (m))⊥(x, z) =
1
|C (m)|

HamC (m) (x + (p2m − 1)z, x − z).

From this identity,

Wm
H (z) =

1
|C (m)|

(1 + (p2m − 1)z)nWH

( 1 − z
1 + (p2m − 1)z

)
(3.2)

and the desired result follows by substituting (3.2) into (3.1). �
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