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HARMONIC ANALYSIS ON THE QUOTIENT

SPACES OF HEISENBERG GROUPS

JAE-HYUN YANG

A certain nilpotent Lie group plays an important role in the study

of the foundations of quantum mechanics ([Wey]) and of the theory of

theta series (see [C], [I] and [Wei]). This work shows how theta series

are applied to decompose the natural unitary representation of a Heisen-

berg group.

For any positive integers g and h, we consider the Heisenberg group

Hfh) : = {[(λ, μ), κ]\λ,μβ R(h>g), ic e 2ϋ(Λ Λ ), κ + μ ιλ symmetr ic}

endowed with the following multiplication law

U μ\ κ] ο [(λ\ μ% Kf] = [(λ + λ',μ + μ% κ + κ' + λ'μ' - μ </] .

The mapping

9 [(λ, μ\ κ]

defines an embedding of Η(£Λ) into the symplectic group Sp(g + h, R).

We refer to [Ζ] for the motivation of the study of this Heisenberg group

H%'h\ Hf'h) denotes the discrete subgroup of Η%>/ι) consisting of integral

elements, and L\Hfh)\Hfh)) is the L2-space of the quotient space Hfh)\

H{£>h) with respect to the invariant measure

d*n ' ' άλΛ,8-ιάλ^άμη άμκ^_χάμΚεάκηάκη dfch_l>hdtchh.

We have the natural unitary representation ρ on L2(H(iih)\H(Rfh))

given by

, μ'\ *'])Φ([(1 μ\ *]) = φ(Μ μ), fc] ο [(λ\ μ'), ^]).

λ

0

0

0

Κ
0

0

0

μ

0

Received October 11, 1990.

103

https://doi.org/10.1017/S0027763000003676 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000003676
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The Stone-von Neumann theorem says that an irreducible representation
ρ of H(g>h) is characterized by a real symmetric matrix c e Rih'h) (c ψ 0)
such that

pXm 0), *]) = e x p {πίσ(οκ)}1 κ = ικβ R ^ h ) ,

where / denotes the identity mapping of the representation space. If c = 0,
then it is characterized by a pair (k, m)eR{hg X R{hig) such that

PkM, μ), *]) = exp {2nia{k ιλ + m *μ)}1.

But only the irreducible representations ρ^ with Ji = lJi even integral
and pkim (k, meZ{hig)) could occur in the right regular representation ρ in

In this article, we decompose the right regular representation p. The
real analytic functions defined in (1.5) play an important role in decom-
posing the right regular representation p.

NOTATIONS. We denote Ζ, R and C the ring of integers, the field of
real numbers and the field of complex numbers respectively. F ( M ) denotes
the set of all k X I matrices with entries in a commutative ring F. Eg

denotes the identity matrix of degree g. σ(Α) denotes the trace of a
square matrix A.

Ζ§# = {J= (Jkl) e Z(^\Jkl > 0 for all /e, /},

J ± Ski = {J\U ' ' 9 Jkl ± 1> ' * * ί Jhg) 9

(λ + Ν+Α)< = (λη + Νη + Any« (Xhg + Nhg + Ahgy«.

§1. Theta series

Let Hg be the Siegel upper half plane of degree g. We fix an ele-
ment Ω e Hg once and for all. Let J be a positive definite, symmetric
even integral matrix of degree h. A holomorphic function /: Cihig) -» C
satisfying the functional equation

(1.1) f(W+ λΩ + μ) = exp{- πία(^{λΩ ιλ + 2ktW))}f(W)

for all X^eZ{Kg) is called a theta series of level Ji with respect to Ω.
The set Τ^(Ω) of all theta series of level J( with respect to Ω is a vector
space of dimension (det Ji)g with a basis consisting of theta series
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QUOTIENT SPACES OF HEISENBERG GROUPS 105

(1.2)

^1(ί2, W):= Σ exp {πίσ{^(((Ν + Α)Ω '(Ν + A) + 2W'(N + A))}},

where A runs over a complete system of representatives of the cosets

DEFINITION 1.1. A function φ: C(h'g) χ C(h>g)-+C is called an aux-
iliary theta series of level Ji with respect to Ω if it satisfies the following
conditions (i) and (ii):

(i) <p(U, W) is a polynomial in W whose coefficients are entire
functions,

(ii) <p(U + λ, W + λΩ + μ) = exp{- πΐ(^(λΩιλ + 2λ'Ψ))}φ(υ, W) for
all (λ,μ)βΖ^^ χ Z^s\

The space θ ^ } of all auxiliary theta series of level Ji with respect
to Ω has a basis consisting of the following functions:

(1.3) &/>\Α](Ω\χ,μ + Μ):= £ (λ + Ν + Α)<
L U J

X exp {πίσ(^((Ν + Α)Ω ι(Ν + A) + (μ + λΩ) ι(Ν + A)))}.

where A (resp. J) runs over the cosets JC-lZ^^\Z^e) (resp. Z^g)).

DEFINITION 1.2. A real analytic function φ: Rih'g) χ R^g) -> C is
called a mixed theta series of level Ji with respect to Ω if φ satisfies the
following conditions (1) and (2):

(1) φ{λ, μ) is a polynomial in λ whose coefficients are entire functions
in complex variables Ζ = μ + λΩ;

(2) φ(λ + I μ + β) = exp {- πΐσ(^(λΩ Γλ + 2(μ + λΩ) Γλ))}φ(λ, μ) for all
(2,/0eZ (A"> X Ζ ( Λ '^ .

If AeJe-W^IZ*'* and JeZ^g\

(1.4) ^ f ^ l ( f l U ^ + >lO):= Σ tt + tf+A)'
L O J 8L O J

X exp {iaa(Jt((N + Α)β 4(iV + A) + 2(μ + ίΛ) έ(Ν + A)))}

is a mixed theta series of level Ji.
Now for a positive definite symmetric even integral matrix Ji of de-

gree h, we define a function on Η(£Λ).

(1.5) Φ^ \Α](Ω I [ α /ι), *]) := exp { Μ ^ ( ^ - λ ιμ))} Σ W + Ν + A)J

X exp {πΐσ(^(^ + ΛΓ + A)Q % + iV + A) + 2(λ + Ν + A) 'μ))},
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where A&J(-'Z

PROPOSITION 1.3.

= exp {2πίσ(^μ (Α)ψ/> [ ° ](β | [(λ, μ), κ] ο [(A, 0), 0])

(1.7) ΦΡ [ Α ] (β | [ α # , if] ο [(A, /<), *]) = ΦΥ> [ Α ] ( f l I [(λ, μ), κ]) .

([(λ, β), at] e Η%«\ [(λ, μ), κ] 6 Η%>'\ A e ^Τ-'Ζ» *>/Ζ»

Proo/.

= exp {πίσ(^(κ - Λ Ά - (λ + A) ιμ))} J ] (A + A +

X exp {πίσ(~£((λ + A + JV)fl '(ί + JV + A) + 2(λ + iV + A) ιμ))}

A= exp {- 2«ff(ur/i Ά))Φ</>[A](fl I [0, /.), *]).

On the other hand, if [Q, μ), α] e H%>g\

X θχρ{ττίσ(α + λ + iV+ A)fl£(3 + λ + iV+ A) + 2(λ + λ + Ν+ A) <

Here in the last equality we used the facts that a{J((ji — l\tj) e 2Ζ and

a(JiA ιμ) e Ζ. q.e.d.

Remark. Proposition 1.3 implies that Φ ^ ί ^ Ι φ Ι Κ ^ , μ), fc])(Je

are real analytic functions on the quotient space H%'h)\H(g'h\

The following matrices

0 0 0 0

° ° ° Ε"ο ο ο ο
ο ο ο ο
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form a basis of the Lie algebra jf?%*h) of the Heisenberg group H(£th).

Here 2?^ (k Φ ΐ) and h X h symmetric matrix with entry 1/2 where the

£-th (or Z-th) row and the Z-th (or &-th) column meet, all other entries 0,

E°hk is an h χ h diagonal matrice with the £-th diagonal entry 1 and all

other entries 0 and EiS is an h X g matrix with entry 1 where the i-th

row and the j-th column meet, all other entries 0. By an easy calcula-

tion, we see that the following vector fields

jyH = _ 2 _ , l < k < l < h ,

+ Σ> μ*ρ-ζ—)>
d

Σ

form a basis for the Lie algebra of left invariant vector fields on H%th).

THEOREM 1.

(1.8) Β>ηΦγ\ ο ](β I [(Λ, μ), *]) = ffMr«<Py«[

(1.9) Dm,<P^[^](flI [α μ), «]) = 2« g ^.»Φίΐ.,,[^](βI U μ),

(1.10) β»,Φ^Γ^1(βI [α /<), *]) = 2πίΣΣ Λ^ΩηΦΊβΑήλίΩ\ [(λ, μ), κ])
L O J ϊ=ιβ=ι L O J

(l<k<l<h, l<m<h, 1<ρ < g)

Proof. (1.8) follows immediately from the definition of

μ), *])•
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= - πί Σ <**&&¥> Vt](Ω I U μ), *])
ι-\ L O J

+ 2πί{πίσ(~£(κ - λ ιμ))} Σ (λ + Ν + A)J Σ ^Μ + Ν + A)lp
z^S^ 1=1

X exp {πίσ(^((λ + Ν + Α)Ω ι(λ + Ν + A) + 2(λ + Ν + A)

+ πί Σ ^.ΛρΦ^Γ ^ 1(β I [ft Αί), *])

= 2πΐ Σ ^

We compute

9

Σ

Σ ί;
fcll

+ 2πί Σ ^^μ,ΡΦ
{Α^](Ω | [(I μ), κ]).

Therefore we obtain (1.8) and (1.10). q.e.d.

COROLLARY 1.4.

(pmp -1 β Α

Le£ £Γ^Ι Q be ί/ie completion of the vector space spanned by Φ(/}\ ^ \(Ω\

[(λ,μ\κ\) (JeZ^s)) and let H ^ f ^ l be the complex conjugate of #

THEOREM 2. i?y }
 Λ and Η(/Α Q are irreducible invariant subspaces

of L\H{zig)\H{R'g)) with respect to the right regular representation p. In

addition, we have
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μ&Ρ, 0), Φφ = exp [πί

O, 0), ΦΦ = exp {- ^

(φ e # ^ ] ) >

Proof. It follows from Theorem 1, Proposition 1.3 and the definition

of Φ ^ ] ( β I W,/<),*]). q.e.d.

§ 2. Proof of the Main Theorem

We fix an element Ω e Hg once and for all. We introduce a system

of complex coordinates with respect to Ω:

(2.1) Ζ = μ + λΩ , Ζ = ^ + ^ β , , /i real.

We set

dZn dZig

I dZhl dZhg

Then an easy computation yields

dZ

dZ
η

d _ d g
g/i az a z '

Thus we obtain the following

(2.2)
3λ 3μ

LEMMA 2.1.

= exp

Proof. It follows immediately from (1.4) and (1.5).
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LEMMA 2.2. Let Φ([(λ, μ), κ]) be a real analytic function on H(i'h\

Hfh) such that

i) exp {— πΐσ(Λκ)}Φ([(λ9 μ), fc]) is independent of κ,

ii) (Dmp - 2f=1 QpqDmq)0 = 0 for all l<m<h and l<p<g, where

Ji is a positive definite symmetric even integral matrix of degree h. Let

(2.3) Ψ(λ, μ) = exp {- πίσ(^(λΩ ιλ + λιλ + κ))}Φ([(λ, μ), tc]).

Then Ψ(λ, μ) is a mixed theta function of level Ji in Ζ = μ + ΙΩ with re-

spect to Ω.

Proof. By the assumption (i), we have

+ 1μ + μ)

= exp {- πίσ(^((λ + λ)Ω %λ + X) + (λ + λ) ι(μ + μ) + κ + it + λ ιμ - β *λ))}

= exp {- πίσ(^{λΩ Γλ + 2(μ + λΩ) Γλ))}Ψ(λ9 μ) ,

where [(λ,β), κ] e Hfih\ In the last equality, we used the facts that

a(Jf(/c + λ ιμ)) 6 2Ζ because κ + β ll is symmetric. This implies that ¥(λ, μ)

satisfies the condition (2) in Definition 1.2. Now we must show that

Ψ(λ, μ) is holomorphic in Ζ = μ + λΩ, that is,

(2.4) •?• = 0, Ζ = μ + Μ.
dZ

By (2.2) the equation (2.4) is equivalent to the equation

(2.5)

But according to (1.9) and (1.10), we have

3 — 2 Dpq — = Dmp — 2 QpqDmq + Ρ,

where

dlmp β-ι

h g

2-i 2_ι ΩpqAkqDmk .

We observe that ΡΨ(λ,μ) = 0 because Ψ(λ, μ) is independent of /c by the

assumption (i). We let
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μ), κ\) =

Then Ψ(λ, μ) = f([(k, μ), κ])Φ([(λ, μ), κ]). Then in order to show that Ψ(λ, μ)

is holomorphic in the complex variables Ζ = μ + λΩ with respect to Ω,

by the assumption (ii), it suffices to show the following:

(2.6) (Dm, - £ QMDm)f(U μ), *]) = 0 .

By an easy computation, we obtain (2.6). This completes the proof of

Lemma 2.2. q.e.d.

The Stone-von Neumann theorem says that an irreducible representa-

tion pc of H^h) is characterized by a real symmetric matrix c e R{h>h) (c Φ 0)

such that

(2.7) ρ£[(λ, μ), κ]) = e x p {nia(cic)}I, κ = 'κβ R ^ h ) ,

where I denotes the identity map of the representation space. If c = 0,

it is characterized by a pair (k, m)eRihig) X R{h'g) such that

(2.8) ρ*,Α(λ, μΐ fc]) = exp {2nia(k ιλ + m <μ)}1.

If Φ e D(H<i>h\H$>h)) and a = liteZ^h\ then

= Pc([(0, 0), κ])Φ([(λ, μ), *])

= exp {ττί(7(̂ )}Φ([(̂ , //), κ\).

Thus if c φ 0, a(c^) e 2Ζ for all κ = ^ e Ζ ( Λ 'Λ ). It means that *c = c = (cti)

must be even integral, that is, all diagonal elements cu (1 < ί < h) are

even integers and all ci3 (ί Φ j) are integers. If c = 0, a(k *λ + πι*μ)β Ζ for

all λ,μβ Z{h'g) and hence k,me Z(h>g). Therefore only the irreducible re-

presentation ρ^ with Ji = lJt even integral and pktm (k, m e Z{htg)) could

occur in the right regular representation ρ in L\Hfth)\H(gih)).

Now we prove

MAIN THEOREM. Let Jf Φ 0 be an even integral matrix of degree h

which is neither positive nor negative definite. Let R(Jf) be the sum of irre-

ducible representations ρ^ which occur in the right regular representation

ρ of H{i>h). Let HtfA Q be defined in Theorem 2 for a positive definite

even integral matrix Jt > 0. Then the decomposition of the right regular

representation ρ is given by
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\JtyA L O J /

θ ( © C exp {2nia(k ιλ + m *μ)}).

where JC (resp. Jf) runs over the set of all positive definite symmetric, even

integral matrices of degree h (resp. the set of all even integral nonzero

matrices of degree h which are neither positive nor negative definite) and A

runs over a complete system of representatives of the cosets JZ~lZ^g)/Z{hig).

HtfA Q and H\fA ~ are irreducible invariant subspaces of L2(H(i'h)\

Hfh)) such that

ρ([(0, 0), Ζ])φ([(λ9 μ\ *]) = exp {πίσ(^κ)}φ([(λ, μ), κ]) ,

ρ([(0, 0), κ])φ([(λ, μ), κ]) = exp {- ππ{Λκ)}φ([{λ, μ), *])

for all φβΗ¥>\^\- And we have

This result generalizes that of Η. Morikawa ([Μ]).

Proof Let si be the space of real analytic functions on L2(H{g>h)\

Hfh)). Since si is dense in V(Hfh)\Hfh)) and si is invariant under ρ,

it suffices to decompose si. Let W be an irreducible invariant subspace

of si such that ρ([(0, 0), ic])w — exp {2πίσ(^('ii)}w for all we W, where Jt =
lJi is a positive definite even integral matrix of degree h. Then W is

isomorphic to fly>Γ^Ι Π si for some A e J('lZ^g) /Z^g) and Ω e Hg. Since

i i ^ i ^ l n ^ contains an element Φ^Γ^ΙίβΙΚ^/ί),^) (see Corollary 1.4)

satisfying

fj βΜό.,)φ^[^](β| U μ), *]) = ο

for all 1 < m < h, 1 < ρ < g, there exists an element Φ0([(λ, μ), κ]) in W

such that

(A** - Σ ΩΜΟη9)φ0([(λ9 μ), κ]) = 0
\ 5 = 1 /

for all 1 < m < h, 1 < ρ < g. On the other hand, we have
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M i * , μ), *]) = ί>([(0, 0), *])Φ,([(ί, μ), 0])

= exp {πίσ(.//«:)}Φ0([α ;«), 0]).

Therefore Φ0([(λ, μ), κ]) satisfies the conditions of Lemma 2. Thus we have

μ), κ]) = exp {ττίν^αβ Μ + * V + *))} Σ « ^ j ^

, /Ο, *]) (by Lemma 2.1) ,= Σ «^Γ^
A,J L 0

where A (resp. J) runs over Ji~xZ^g) \Ζ^8) (resp. Ζ^/ }) Hence Φο e

© ^ ί ί ^ Γ ^ Ι . By the way, since W is spanned by DO

U0O) Dmp0Q and Dmp0o,

we have ffc®, ^ ^ } [ ^ 1 So W = i i ^ i ^ l Π s/ for some A e

Ji-W-ujZ^. Similarly, W = ί^^ί^Ι Π ̂ . Clearly for each (Λ, m) e

Wk,m:=

is a one dimensional irreducible invariant subspace of U(H(£ig)\H{£'h)).

The latter part of the above theorem is the restatement of Theorem 2.

This completes the main theorem. q.e.d.

COROLLARY. For even integral matrix Jl — lJt > 0 of degree h, the

multiplicity m^ of ρ^ in ρ is given by

m^ = (det Jt)8 .

CONJECTURE. For any even integral matrix Jf Φ 0 of degree h which

is neither positive nor negative definite, the multiplicity m^ of ρ^ in ρ is a

zero, that is, R(J^) vanishes.

% 3. Schrodinger representations

Let Q e Hg and let j f = V/ be a positive definite even integral matrix

of degree h. We set Ω = Ωχ + ίΩ2 (Ω19 Ω2β &*>*>). Let L\R^g\ μ%>) be

the L2-space of R(hig) with respect to the measure

μ%>(άξ) = exp {- 2πσ(^ξΩ2 <ξ)}άξ .

It is easy to show that the transformation /(£) >-> exp {πίσ(^ξΩ2 ^^f^) of

L\R^8\ μ%>) into D(Rih**\d£) is an isomorphism. Since the set {£ ' | Je

Z^s)) is a basis of L\R<h>*\ μ%>), the set {exp ( ^ ( ^ f β ^ ) ) ^ | Je Z(^g)} is

a basis of L\R^g\ άξ).
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LEMMA 3.1.

I, μ), *]), Φ&\^ ](Ω I [(λ, μ), *])

» I [λ, μ), κ

_ ί f ,/ + * exp {- 2na(J(yQ2

 cy)}dy if Jt = Λ, A ΞΞ A (mod ^ ) ,

\0, otherwise .

It is easy to prove the above lemma and so we omit its proof. Ac-

cording to the above argument and Lemma 3.1, we obtain the following:

LEMMA 3.2. The transformation of U(R{h>g\ μ%>) onto Η^λ^λ given

by

(3.1) ^ '—> Φ'/\^\(Ω\ [(J, μ), *]), J e Zg^

is an isomorphism of Hilbert spaces.

Now we define a unitary representation of ff^ on L2(R{htg\ άξ) by

where [(λ, μ\ ic]eHfh) and /e L\R^g\ άξ). U^ is called the Schrodinger

representation of ii$' g ) of index Ji.

PROPOSITION 3.3. // we set /j(f) = exp {ττίσ(^ίΩ ιξ)}ξJ (JeZ(^g)), we

have

(3.3)

(3.4)

(3.4)

Proof

lim
ί-»0

e x P {—
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A
dt
d_
dt

A
dt

p, 0), ο])Λ

exp tEmvy

h g

2«ΣΣ
1 = 1q=l

Finally,

A
dt

d
ί=0

exp

THEOREM 3. Lei

q.e.d.

transform of L\R(h'g\dO onto

(3.6)

T/ien Φ^Ί 0 is an isomorphism of the Hilbert space L\Rih's\ άξ) onto the

Hilbert space HtfA „ such that

(3.7)

(3.8)

μ), *])° W

= e x p

is the unitary representation of H(£'h) on HtfA Q defined by

λ, μ), κ\)φ = ρ([(λ, - μ), - κ])φ , φ 6 Η
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Proof. For brevity, we set /,(<?) = exp {πίσ(^ξΩ 'ξ)}^ (Je Ζ{^8)). Using

Proposition 3.3, we obtain

= πί

h

1 = 1

Σ
i = l

μ),

μ), *])

Σ Σ ̂ ..fl^^f ί
ι=ι?=ι L U

2πί t Σ ̂ , 0 , , ^ . I f f ^
1=1q=l L U

^ [ ^ Y μ),
Finally, we obtain

4 , μ), κ])

where 1 < k < I < h, 1 < ρ < g. The last statement is obvious. q.e.d.
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Remark 3.4. Theorem 3 means that the unitary representation ρ of
) on HtfA Q is equivalent to the Schrodinger representation £7, of

index Jt. Thus the Schrodinger representation C7, is irreducible.
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