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EXISTENCE AND UNIQUENESS OF
POSITIVE EIGENFUNCTIONS
FOR CERTAIN EIGENVALUE SYSTEMS

RU-YING XUE anp YI-MIN YANG

Abstract. The existence and uniqueness of eigenvalues and positive eigenfunc-
tions for some quasilinear elliptic systems are considered. Some necessary and
sufficient conditions which guarantee the existence and uniqueness of eigenval-
ues and positive eigenfunctions are given.

§1. Introduction

Let © be a bounded domain in R™ with smooth boundary 9€2. For
p € (1,00), we denote by A, the p—Laplacian defined by Aj,u=div(| v/
ulP~27u). Tt is well-known that, when a(z) € L°°(Q) and max(a(z),0) # 0,
the eigenvalue problem

(1.1) ~Apu = Xa(@)|ufP?u in Qu=0 on 9N

has a unique eigenvalue )y with nonnegative eigenfunctions. More precisely,
the eigenvalue )¢ is simple, i.e., the set of all solutions of (1.1) with A = X\g
consists of {t¢g : t € R}, where ¢ is an eigenfunction of (1.1) correspond-
ing to \g such that ¢g € C1#(Q) for some 3 € (0,1) and ¢g(z) > 0 for all
x € Q (see [1], [2]). In fact we have

(12) Ao = inf {/ |7 ulPda :u e Wol’p(Q),/ a(@)|ulPdz = 1} ,
Q Q

and the solutions of (1.1) for A = A\ are the minimizers of (1.2) (see [2]).

When we consider the existence and uniqueness of nonnegative eigen-
functions for elliptic eigenvalue systems, the following example shows that
the situation is different.

EXAMPLE. Let A(x) bea L*(Q) function satisfying max{A(z),0} # 0
and max{—A(x),0} # 0. For d > 2, we denote by k; and ka two positive
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constants satisfying 0 < k1 < 1 < kg and k=12 + k12 = d. Choose C and
C such that (we assume «g + 2 # 2)

Ciky ™ — Cok?™! = C1ky ™ — k> ™ = d.
Let A\yp and ¢¢ be the eigenvalue and the positive eigenfunction of
—Au=M(z)u in Q,u=0 on O

We choose a1(x) = A(z), bi(x) = —A(x), az(z) = C2A(z), ba(zx) = C1A(z)
and ag + B2 # 2. Then we have max{a;(z),0} # 0 and max{b;(x),0} # 0,
and (k1¢o, ¢o) and (ka¢o, o) are two positive eigenfunctions associated with
eigenvalue \g/d of the following eigenvalue system

—Au = Nay (z)u 2012 + ag(z)u20'=22] in Q,
—Av = Ay (2)u!/?0"/2 + by(z)u'=P202] in Q,
u=wv =0 on 0.

In this article, we shall prove that a similar uniqueness result holds for
certain elliptic eigenvalue systems with nonnegative coefficients. Consider
elliptic eigenvalue systems of the form

~Apu = AYE ai(z)utiPT1m% in Q,
(1.3) —Agv = )\Zé\f:l bi(x)ud= =Fivfi in Q,
u=1v =0 on 0,

where 1 <p < +00,1 <¢g<+00,0<; <p—1(i=1,2,---,K),0<3; <
¢—1(j=12,---,N),ai(z)(i=1,2,---,K) and bj(x)(j = 1,2,---,N) are
nonnegative L*(2) functions.

The main theorems obtained in this article are

THEOREM 1.1. The eigenvalue of (1.3) with nontrivial nonnegative
eigenfunctions is unique. Nontrivial nonnegative eigenfunctions of (1.3)
are positive.

THEOREM 1.2. (1) When ay < p—1land f1 <g¢g—1l,or s =p—1
and 3; < ¢—1fori=1,2,---,K and j = 1,2,---, N, (1.3) possesses a
unique eigenvalue with positive eigenfunctions, the corresponding positive
eigenfunction is unique up to a scalar multiple.
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(2) When oy =p—1foralli=1,2,--- K, 1 =¢—1land §; <g—1
for j =2,---, N, (1.3) has a unique eigenvalue with positive eigenfunctions
if and only if

K
inf{/ |VulPdx : / > ai(@)|ulPde = 1,u € Wol’p(Q)}
Q Q’i:l
< inf {/ Vo|9da - / by (@) o]tz = 1,0 € Wol’q(Q)}.
Q Q

The corresponding positive eigenfunctions, if they exist, are unique up to a
scalar multiple.

(3) Whena; =p—1land 8j=¢q—1fori=1,2,--- K, j=1,2,--- N,
(1.3) possesses an eigenvalue with positive eigenfunctions if and only if

K
inf {/ |Vul|Pdz / [Z ai(x)] lulPdz = 1,u € Wol’p(Q)}
Q@ L
N
= inf /!V’v!"dw:/ S bi(@) | vltde = 1,0 € Wy ()
Q Q|
7j=1

In this case, the corresponding positive eigenfunctions, if they exist, are not
unique up to a scalar multiple.

By a positive eigenfunction of the eigenvalue system (1.3) correspond-
ing to an eigenvalue A we mean a weak solution (u,v) € Wy™(Q) x Wy ()
satisfying u,v € L*>°(Q) and v > 0, v > 0 in Q. A nonnegative eigenfunc-
tion of (1.3) is a pair (u,v) € Wy™(Q) x Wy%(Q), which does not vanish
identically in €2 and satisfies u,v € L*°(2) and v > 0, v > 0 in . A non-
trivial nonnegative eigenfunction is a nonnegative eigenfunction of (1.3),
each component of which does not vanish identically in 2.

This article is organized as follows. In section 2 we recall some well-
known results for the single equation with A,. That (1.3) has a unique
eigenvalue with nontrivial nonnegative eigenfunctions (Theorem 1.1) and
that the positive eigenfunctions are unique up to a scalar multiple are
proved in Section 3. In Section 4 we consider the existence of branches
of nonnegative (or positive ) solutions for some quasilinear elliptic systems.
The existence of positive eigenfunctions (Theorem 1.2) is considered in sec-
tion 5.
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In this article, we shall write (u1,v1) > (ug2,v2) if u1 > ug and vy > ve,
(ui,v1) > (u2,va) if ug > ug and vy > ve. We also denote by |[(u,v)|| =
sup [Ju(z)| + |v(z)]].

e

§2. Some results for a single equation with A,

In this section we recall some well-known results for the single equation
with A,,. Consider the following Dirichlet problem

(2.4) —Apu = f(z) in Q, u=0 on 09,

where p > 1, f(z) € L*>(2) with the norm ||f]| ael sup |f|. By the vari-
€N

ational method we know that the Dirichlet problem (2.4) has a unique
solution u € VVO1 P(Q1). We first introduce the weak comparison principle,
which follows from the same argument as that used in Lemma 4.1 in [3] and
the fact that [¢,(Z) — ¥p(¥)] - (¥ — ¥) = 0 implies & = .

LEMMA 2.1. Assume that uj,us € W1P(Q), respectively, are weak
solutions of

(2.5) —Apuy = fi(z) in Q, u=g; on O0f,
(2.6) —Apus = fo(x) in €, u=gp on 09,

1
with f1 < fo in LY(Q) and g1 < go in WP(0Q), where ¢ = I%. Then
u1 < uo almost everywhere in 2.

Choose Ry so large that Q C {z : |z| < Rg}. Clearly,
0= Ual) = nT7 (R T = [o]7°T) € WP (la] < Ro)
is a positive radial weak solution of the equation
-Ay)U=1 for |z|< Ry, U=0 on |[z]=Ry.
The following lemma comes from Lemma 2.1.

LEMMA 2.2. Assume that there exists a constant M such that 0 <
f(x) < MP~1in Q. Then the weak solution u of (2.4) satisfies 0 < u(z) <
MU (|z|) almost everywhere in 2.
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The following strong comparison principle comes from [4].

LEMMA 2.3. ([4]) Assume up,up € Wy*(Q), respectively, are weak so-
lution of (2.5) and (2.6) with g1 = g2 = 0, fi1,f2 € L*>®(Q) satisfying
0 < f1 < foin Q. Then either u; = ug > 0 in ) or else

(2.7) 0<u;<wug in Q, 0>—-—>—— on 090,

where U denotes the outward unit normal vector at 9S2.

Denote by C(£2) the space of all continuous functions defined on Q with

the standard norm
def.
ul| =" sup |u(z)],
e

and let V4 be the positive cone in C(Q2), Vi = {u € C(Q),u > 0 in Q}.
Let f(x,u,v),g(x,u,v) be nonnegative functions defined in £ x [0, +00) x
[0,+00) and satisfy, for any fixed positive constant M, f,g € L>®(Q X
[0, M] x [0,M]) . For any (u,v) € V4 x Vi, by variational methods there
exists a unique weak solution (7,7) € Wy™P(Q) x W, () satisfying

(2.8) —AgT = g(x,u,v) in Q,

Lemma 2.2 and the regularity result proved in [5] mean there exists a con-
stant § € (0,1) depending solely upon p,q and n, and another constant
C' depending solely upon p,q,n, || f(z,u,v)| and |g(z,u,v)||, such that
7,7 € Cp”(Q) with the Holder norm ||, 55 < C and [[7],, 55 < C.
Define a mapping

(2.9) T : (u,v) — (w,v) = T(u,v).

Obviously, T is a self-mapping of Vi x Vi, and T : V3 x Vi — Vi x Vy is
continuous and relatively compact.
83. Uniqueness of eigenvalues and eigenfunctions

In this section, we consider the uniqueness of eigenvalues with nontriv-
ial nonnegative eigenfunctions of (1.3). We first prove the uniqueness of
eigenvalues associated with nontrivial nonnegative eigenfunctions.
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Proof of Theorem 1.1. Suppose that (u1,v1), (u2,v2) are two nontrivial
nonnegative eigenfunctions associated with eigenvalues A1, Ay, respectively,
for the eigenvalue system (1.3). Lemma 2.1, Lemma 2.3 and the regularity
result in [5] imply that Ay, Ay > 0; uj,v; € CH8(Q), j = 1,2, are positive
in ; and

8U1 811,2 82}1

vy
1 — — — Q.
(3.10) B <0, ey <0, 5 < 0 and 5 < 0 on d

Thus, without loss of generality, we may assume that (0,0) < (u1,v1) <
(ug,v2) and A1 < Ag. Let us consider the following elliptic system:

(3.11)

j=1 j=1
u=v=0 on 0f.

Observe that (ug,v2) is a solution of (3.11). By Lemma 2.1, we have

(€ur,&vr < T'(€uq,&ur) for all £ € (0,+00) and T'(§uz, §v2) < (Luz,&v2)
for all £ € (1,4+00), where T is the mapping from Vi x Vi to Vi x Vi
defined in (2.9) for

—1—a;

f(z,u,v) Alz:aZ Ju®ioP™ I—ay —|—(A2—A1 T)us vh ,
=1

b(:):)uq 1=5; ﬁj

g(x,u,v) Alzb Jul™ 1= ’6]1}’6]+(A2_A1) 2

Making use of (3.10) and the fact that (0,0) < (u1,v1) < (u2,v2), we can
pick & > 1 so large that (u2,v2) < &(ui,v1). Then, from Lemma 2.1 we
arrive at

(3.12) (u2,v9) < &(ug,v1) < T(€uy,€vr) < ... < TH(Euy, Evy)
< TH(Eug, €vo) < .. < T(€u2,§U2) < &(ug,v2).

The compactness of T implies T%(&us, Evo) — (u3,v3) in Vi as k — +oo
for some (us,v3) € V4 x Vi and

(313) (’LLQ,UQ) S (ﬁul,&)l) S T(Ug,vg) = (Ug,vg) S 5(“27’02).
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Hence (us,vs) is a positive solution of (3.11).We claim that (us,vs) =
(ug,v2). If this is the case, (3.13) implies that (ug,v2) = &(u1,v1), and
hence A1 = Ay as desired.

On the contrary, suppose (us, v3) # (ug,v2). We assume that (ug, vs) <
(ug,v2) is false. Consequently, by (3.10) we can pick t € (1,+o0) which is
the smallest number satisfying

(314) til(u;g,vg) S (UQ,’UQ).
We have

(315) tl_pf(U;g,?)g) (t_lu;g,t_lvg)

<f
< flug,va), t' 7P fug, vg) # f(t us, t vg)

and

—Ap(tilu?,) = tlipf(u?,,’l)g) in Q,
(3.16) —Ap(uz) = f(ug,v2) in Q,

uz =ugy =0 on ON.

By (3.16) and (3.16), Lemma 2.3 implies

t_l
0 <t lus <upin @ and 22 <0 W) o o,
ov ov

Then we find ¢ € (1,¢) such that
0< f_l’u,g < ug in Q,

a contradiction to our choice of £. That nontrivial nonnegative eigenfunc-
tions of (1.3) are positive follows from Lemma 2.3 directly.

Remark 3.1. It is obvious that (1.3) may have a unique eigenvalue for
which the eigenfunctions are of the form (u,0) with v > 0, and a unique
eigenvalue for which the eigenfunctions are of the form (0,v) with v > 0.
If (1.3) has an eigenvalue with nontrivial nonnegative eigenfunctions, we
know that the eigenvalue is unique by Theorem A. Hence, (1.3) has at most
three eigenvalues associated with nonnegative eigenfunctions. It is possible
that (1.3) may have no eigenvalues with nontrivial nonnegative (positive)
eigenfunctions.
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THEOREM 3.1. Except the case that o; = p—1(i = 1,2,---,K) and
Bi=q—1(j =1,2,---,N), positive eigenfunctions of the eigenvalue prob-
lem (1.3) are unique up to scalar multiples.

Proof. By Theorem 1.1, an eigenvalue of (1.3) with positive eigen-
functions is positive and unique. Assume that (¢1,71) and (¢2,19) are
two positive eigenfunctions of (1.3), associated with an eigenvalues \. It is
sufficient to prove that (¢1,v1) and (¢p2,1)2) are colinear. By Lemma 2.3 |

oi(x) >0, Pi(x)>0 for ze€i=1,2,

0p; oY;
ov <0, ov

Thus, we can choose two positive numbers C7 < Cy such that

<0, for z€0Ni=1,2.

C1(1,v1) < (¢2,12) < Co(d1,v1).

Without loss of generality, we assume that C7 = 1 and (¢1, 1) < (¢2,12).
We claim that (¢1,11) and (¢p2,1)2) are linearly dependent. Indeed, other-
wise there exists the smallest number ¢3 > 1 such that

(3.17) to(¢1,¥1) > (¢2,v2), to(d1,v1) # (P2,72).

Let

K

F(z,u,v) = A Z a;(z)u®ipP1=a
i=1
N

G(z,u,v) = A Z by (x)ud 1Pyl
j=1

They satisfy
F(z,tog1,tot1) > F(x, ¢2,v¢2), G(x,tod1,to1) > G(x, d2,12).
We claim that

(3.18) F(x,top1, to1) # F(x, dp2,v2), Gz, tod1, o) # G(x, 2, 12).

In fact, if
F(z,todr, toh1) = F(x, ¢2,¢2),
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we deduce from (3.10) that g1 = ¢2. It is obvious that tgyy and 9 are
two positive solutions of the following elliptic problem

(3.19) —Agu=G(z,92,v) z€Q, v=0 ze€.

When 3; < ¢ — 1 for some j € {1,2,---, N}, the same argument as that in
the proof of Theorem 2.1 in [3] shows that (3.19) possesses at most one posi-
tive solution. Thus, we have tgyq = 19, hence (tgp1, tor1) = (¢2,12), which
is impossible because of (3.17). When §; = ¢—1 for all j =1,2,---, N,
the uniquness of nonnegative eigenfunctions for the following eigenvalue
problem

N
—Aqu =\ [Zb](x)] viTl 2eQ, v=0 z€0dQ
j=1

shows that tgi; and vy are linearly dependent, and then there exists Cj
such that tgw; = Cp. But in this case we must have o; < p—1 for some i €
{1,2,---, K}, so we obtain Cy = 1 from the hypothesis F(x,to¢1,tot1) =
F(z,¢2,1%2). Thus (top1,tot01) = (¢p2,12), which is impossible because of
(3.17). Hence (3.18) holds.

By Lemma 2.2 and the regularity result of Lieberman [5],
(3.20) (¢i(2), ¥(x)) € CHP(Q) x CHP(Q), i=1,2

with some 8 € (0,1). A combination of (3.17) and (3.18) with Lemma 2.3
yields that

to(@1,¥1) > (¢2,v2) x €,

(8(t0¢1) 8@0%)) < (% Oy
ov ' v ov’ Ov

) <(0,0) wedn
Hence, there exists a positive number ¢; € (0, %) such that

t1(o1,91) > (¢2,12),

a contradiction to our choice of the number ty. Hence (¢1,%1) and (¢a,1)2)
are linearly dependent. 0
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§4. Bifurcation properties of nonnegative solutions

In this section, we consider the bifurcation properties of nonnegative
solutions of the following elliptic system

—Apu = AYE ai(z)uoP= 1 4 f(u,0,)), @€ Q,
(4.21) § —A =AY bi(a)ut 1 Fivfi 4 g(a,u,0,N), z€Q,
u=uv=>0, x € 00.

We assume that

(F). For any given M > 0, f(x,u,v,A) and g(x,u,v,\) are two non-
negative L functions defined in Qx [0, M]x [0, M| x [0, M], f(z,u,v,0) =0,
g(z,u,v,0) =0, and

1im+ f(x, tu, tv, )t P =0, lim+ gz, tu, to, )t =7 = 0,
t—0

t—0

uniformly with respect to (z,u,v) € Q x (0,1] x (0,1] and A on bounded
intervals.

THEOREM 4.1. Assume f(x,u,v,A) and g(x,u,v,\) satisfy (F). If
(X0, 0,0) is a bifurcation point of nonnegative nontrivial solutions for (4.21),
then )¢ is an eigenvalue of (1.3) with nonnegative eigenfunctions.

Proof. Let
K
F(z,u,v,\) =\ Z ai(z)u® P17 4 f(z w0, N),
=1
N
G(z,u,v,\) = A Z b;(x)u? Pl 4 gz, u,v,\).

Jj=1

For a function h € L>(2), we denote by u the weak solution of the following
elliptic boundary value problem

—Ayu=h(z), ze€Q, u=0 xe€dN.

Let T}, be the mapping defined by T),(h(z)) = u(z). Lemma 2.1, Lemma
2.2 and the regularity results of Lieberman [5] imply T, : V4 — V4 is a
completely continuous mapping. Let J be the mapping defined by

JN u,v] = [T (F(z,u,v, X)), Ty (G(z,u,v, \))].
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and let {(Ag,ug,vr)} be a sequence of nonnegative nontrivial solutions of
(4.21) satisfying klim Ak = Ao, klim (ug,vg) = (0,0) in V3 x Vi and
— 00 — 00

(4.22) (ug, vi) = J[ Ak, ug, vg]-

Denote tj, = ||(ug,vx)|. Let (Wk, k) = t; " (ug,v). It follows from (4.22)
that

(4.23) (g, ) = (Tplty PF(x, i, ter, \)], Tylty Gz, tyn, tiTr, Ak)])-

Notice that ||(ug,vg)|| = 1 and ¢ — 01 as k — oo. For any € > 0, the
hypothesis (F') shows that there exists ko so large that

1— _ — 1— — .
(4.24) |tk pf(I,tkuk,tkvk,)\k)| < €, |tk qg(x,tkuk,tkvk,)\kﬂ < €,

as k > ko. (4.23) and |[(ux,vg)|| = 1 imply that F(z,txuy, tx0k, \x) and
G(z, tyug, tyUk, A\x) are bounded sequences in V.. It follows from the reg-
ularity results of Lieberman[5] that {(@,7x)} is a bounded sequence in

the Banach space C’é’ﬁ (Q) for some positive constant 3. Thus there exist
(ug,v0) € CZ(Q) x CL(Q) and a subsequence ( still denoted by {(ux,vx)} )
such that

(4.25) klirgo(ﬁk,ﬂk) = (ug,vp) in C&(ﬁ) X C’é(ﬁ),

and |[|(uo,vo)|| = klln;o ||(Tg, Tx)|| = 1. Combining (4.24) with (4.25) yields

(4.26) lim (tllc_pF(l‘, e, LE Uk, )\k), tli_qG(l‘, tplr, LE Uk, )\k))

k—o00

N
= (Mo ai(@)uf ol % N Z bj(ac)ug_l_ﬁjvgj) in Vi xV,.
i=1 j=1

Since T}, and Tj, are completely continuous operators mapping V. into itself,
it follows from (4.23) and (4.27) that

K N
(u0,00) = (TyPo D as(w)ug e ™ =], Tyl D2 by o)),
i=1 =

with ||(ug,v0)|| = 1. Hence Ag is an eigenvalue of (1.3) with a nonnegative
eigenfunction (ug,vp). We complete the proof of Theorem 4.1. b
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For z € Q, we denote ﬁ = inf{|z —y| : y € 9N}, Let {(Ag,uk,vr)}
be a branch of nonnegative solutions of (4.21) such that klim Ak = Ao and
—00
klim (ug,v) = (0,0) in V x V. Denote by (Tg, D) = || (ug, vi)|| ™" (g, vi).
— O
From the proof of Theorem 4.1 we know that

(4.27) Jim (@, Bx) = (uo,v0)  in Ca(Q) x C¢(Q),

and that Ao is an eigenvalue of (1.3) with a nonnegative eigenfunction
(uog,vo) satisfying ||(ug,vo)|| = 1. (4.27) implies

(4.28) kli_)rgo(d(x)ﬂk, d(z)vg) = (d(x)ug,d(z)vg) in Vi x V.

When (ug,vp) is a nontrivial nonnegative eigenfunction of (1.3) and
when there exists some i € {1,2,---,K} (or j € {1,2,---,N}) such that
a; <p—1(or f; <q—1), Theorem 1.1, Theorem 3.1 and Lemma 2.3
mean that there exists a positive constant § > 0, which is independent of
{(A\k, uk, vg)}, such that inf{d(z)ug(z)|z € Q} > ¢ and inf{d(z)vo(z)|x €
Q} > 0. By (4.28) we can choose two positive constant C < Cy satisfying

0 — |d(z) (ug () — uo(x))| < u(2)

S D0 @)] + 4@ (@) — @]~ wl)
d(u(e) _ |d@)uo(@)] + d()(us(x) — uo())]
SdDue S - @) —w@)] -

for k large enough.

When (ug,vp) is a nonnegative eigenfunction of (1.3) with vy = 0, it
is obvious that nonnegative eigenfunctions of (1.3) of the form (u,0) and
l(w,0)|| = 1 are unique. As above we get

ve(z) _ d(@)up(z) _ |d(z)vr(2)]
ug(z)  d(@)u(x) = 6 = |d(x)(ur(z) — uo(x))]

for k large enough, which shows that vg(z) = o(ug(x)) uniformly for z € Q
as k — oo. Thus, we have

Remark 4.1.  Assume that (), 0,0) is a bifurcation point of (4.21)
and that {(Ag, ug, vg)} is a branch of nonnegative solutions bifurcating from
(Xo,0,0). Then,

(1). If Ao is an eigenvalue of (1.3) with nonnegative eigenfunctions of

the form (u,0), then limg_, o Z’;Eg = 0 uniformly for z € Q.
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(2). If Ao is an eigenvalue of (1.3) with nonnegative eigenfunctions of

ug(x)
v ()

the form (0,v), then limg_ = 0 uniformly for z € €.

(3). If Ao is an eigenvalue of (1.3) with nontrivial nonnegative eigen-
functions and there exists some i € {1,2,---,K} (or j € {1,2,---,N})
such that o; < p—1 (or 3; < ¢ — 1), then there exist positive numbers
C; < Cy, which are independent of the sequence {(Ag,ug,vk)}5e;, such

that Crug(x) < uk(z) < Covg(z) for z € Q and k large enough.

In the sequel, we shall consider the existence of a branch of nonnegative
solutions of (4.21). Denote by P. = {(u,v) € Vi x Vi« Ju|| + ||v|| < €}
Using an argument similar to that in proof of Lemma 2.4 of [7], we have

LEMMA 4.2. Assume the functions f(z,u,v,A) and g(z,u,v, \) satisty
(F). Suppose that there is a positive number ) such that, for A > X, (},0,0)
is not a bifurcation point for (4.21) and deg(l — J[A, ], P, (0,0)) = 0 for
¢ small enough. Then there exists Ao € (0, A] such that the set of nontrivial
nonnegative solutions of (4.21) contains an unbounded subcontinuum bifur-
cating from (Ao, 0,0), where J is a completely continuous mapping defined
in the proof of Theorem 4.1.

Let Ay be the eigenvalue of the problem
—Apu=Aay(@)[ulf*u in Qu=0 on 0990,

with the positive eigenfunction ¢(z) satisfying ||¢|| = 1. Let Ay be the
eigenvalue of the problem

~A=Aby(z)|v]7 %0 in Qu=0 on 99,

with the positive eigenfunction ¢ (z) satisfying ||¢|| = 1. It is obvious that
¢,1p € C1P(Q) and that there exist two positive constant C'; < Cy satisfying
0 < Ciy(z) < ¢p(x) < Cotp(z) for all x € Q. Let

A3 = max{\ : X is an eigenvalue of (1.3) with nonnegative eigenfunctions}
A = max{A;CE 17 A,CP T AgY
By Remark 3.1 we deduce that 0 < A < co.

LEMMA 4.3. Let A > A. For any ¢ > 0 small we have deg(l —
JA -], Pe, (0,0)) = 0.
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Proof. Define

K
Fy(z,u,v) = A Z ai(2)u® P~ 1% ot f (2, u, 0, N),
=1

N
Gi(z,u,v) = A Z b;(x)u?™ Pl 4 tg(a, u, v, \).
j=1

Ht,u,v] = (Tp[Fi(x,u,v)], T4 [Ge(x, u, v)]).

Clearly, H : [0,1] x V4 x Vi — V. x V, is a completely continuous mapping.
We claim that the operator equation (u,v) — H[t,u,v] = (0,0) has no solu-
tion on {(u,v) € Vi x Vi, |lul| + ||v|| = €} for t € [0,1] and € small. Indeed,
otherwise there exist {(ug,vg)} and {tx} such that (0,0) # (ux,vx) — (0,0)
in Vi x Vi, tx, — tg € [0,1] and (ug,vr) = H[tk,ur, vg]. Using the same
argument as that in the proof of Theorem 4.1, we can prove that A is an
eigenvalue of (1.3) with nonnegative eigenfunctions. Thus A < A, which is
impossible. We have

(4.29)  deg(I — J[A,-, ], P.,(0,0)) = deg(I — H[1,-,], P, (0,0))
= deg(I — H|O,-,], P., (0,0))

Define

K
Ay(z,u,v) = A Z ai(x)u“ivP~ 17 ¢,
i=1

Bi(z,u,v) = )\g: b;(x)u? =Pl 4t
i=1
S(t,u,v] = (Tp[Ae(x, u,v)], Ty [ B (z, u, v)]).

Clearly, S : [0,1] x Vi x Vi — V4 x V4 is a completely continuous mapping
too. The choice of A means that (u,v)—S[0,u,v] = (0,0) has no solution on
{(u,v) € VXV, |lul]|+]|v|] = €} for € small. We claim that (u,v)—S[t, u,v] =
(0,0) has no solution on P, for ¢ € (0,1] and e small. Indeed, otherwise there
exist to € (0,1] and (ug,v9) € P. such that (ug,vg) = S[to, ug, vo]. Lemma
2.3 shows

3’LLO 8@0
(4.30)  (ug,v0) > (0,0) z€Q, (E’E) <(0,0) =z € o0
Moreover, (up,v9) is a supersolution of (1.3). The fact that A > A >
AMCE7 and A > A > ACPT 9 means that (¢,10) is a subsolution
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of (1.3). Choose § > 0 so small that d(¢,9) < (ug,vg) for all z € Q.
Thus, §(¢, 1) is a subsolution of (1.3), and by the supersolution-subsolution
method, (1.3) possesses a nonnegative solution (@,7) satisfying d(¢,v) <
(w,v) < (up,vo) for all x € Q. Hence, A is an eigenvalue of (1.3) with
a nonnegative eigenfunction (@,v). This is contrary to A > A. Hence
(u,v) — S[t,u,v] = (0,0) has no solution on P, for ¢t € (0,1] and € small, by
(4.30)

deg(I — J[\, ], P.,(0,0)) = deg({ — HI0,,-], P, (0,0))
= deg(I — S[0,-,], P.,(0,0)) = deg( — S[1,-,-], P, (0,0)) = 0.

O

A combination of Theorem 4.1 with Lemma 4.2 and Lemma 4.3 yields

THEOREM 4.4. Assume f(z,u,v,\) and g(z,u,v,\) satisfy (F). Then
(4.21) contains an unbounded component of nonnegative solutions bifurcat-
ing from (Ao, 0,0), where A\ is one of eigenvalues of (1.3) associated with
nonnegative eigenfunctions.

85. The existence of positive eigenfunctions

In this section we shall consider the existence of positive eigenfunctions
for the elliptic eigenvalue system (1.3).

Proof of Theorem 1.2. (1). Consider the following elliptic system
—Apu = AYE ai(z)utioPT i Pt 2 e Q,
(5.31) —Aw =AY bi()ut il 4 dttl x e Q,
u=1v=0. x € 0N.

By Theorem 4.4 and Lemma 2.3 the system (5.31) possesses a sequence
of positive solutions {(ug, vk, Ax)} such that kh_)r{)lo e = Ao, kli_)n{r)lo(uk,vk) =
(0,0) in V4 x V4, and Ag is an eigenvalue of (1.3) with nonnegative eigen-
functions. Thus, Ay > 0. What we want to prove is to show that Ay is an
eigenvalue associated with nontrivial nonnegative eigenfunctions of (1.3).
Denote by

K
v e _
B (z) :Zai(x)(_k)p 1 az+vz+1ull€ P

=1 Uk

ol Ug 11
Cr(z) =) bj(l')(%)q_l_ﬁj +uf o

j=1
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By Lemma 2.3, By (z), Cr(x) € L*(2) and satisfy

(5.32) —Apu, = M Bi(a)ld ' 2 €Q, up=0 x€dQ
and
(5.33) —Agp = MOkl 2€Q, v, =0 zed.

The uniqueness of eigenvalues with nonnegative eigenfunctions for a signal
equation shows (for example see [2]) that

. Jo |VulPdx 1
Ap =inf{ U WP
Lo {fQBk<x>|u|pdw’ we W (@)

. Jo |Vv|ldx 1
A =infd —2— KOS
b {fgck<x>|vrqu’ veWo(Q)

We claim that )\ is an eigenvalue of (1.3) with nontrivial nonnegative eigen-
functions. Otherwise, Remark 4.1 shows

. u . v .
lim =~ =0 or lim — =0 uniformly for x € €Q,
k—o0 U k—oo U

hence, for any € > 0
Uk

— <€ or Yk < e uniformly for x € Q2 and for k£ large enough.
Uk Uk

When a1 < p—1 and 7 < g— 1, without loss of generality, we consider
the case

Yk < e uniformly for z € 2 and k large enough.
Uk

We deduce from the definition of B, and Cj

K
B <1+ Zai(x) and Oy > by(z)ePr 91
i=1

for all x € Q) and k large enough. Thus we get

. fﬂ |VulPdz 1,p
e { s s €W (@)
C1_a . |Vulidx 1,
)\kgeq 1 ﬂllnf{W’ UEWO (I(Q)}’
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which is impossible for € small enough and k large.

When o; =p—1land 8j <g—1fori=1,2,---,Kand j=1,2,---,N
(we assume (; < [31), we have

K
z) <1+ Zai(:r), Ci(z) > by (z)P—at!

or

Jj=1

K N
> al@). Cila) < (1 t 2 bﬂ‘(“")>
=1

for x € Q) and k large enough. We deduce that

. |Vu|Pdx 1
Ap > inf Jo L wewhr(Q }
b= {fg[uzflaim] e € W0t
13 . [Vv|9dz 1,
)\k S el 1=p inf {W, NS WO Q(Q)}
or
. |Vu|pdx 1
Ak < mf{fQ f“ e Y e W, ’p(Q)}
fﬂ |Vu|ldx

A\, > éPr—atlinf

J [HZ }\ j1dz’ vs WOLQ(Q)}’

which is impossible when k large enough and € small enough. Hence we
prove that A\g is an eigenvalue of (1.3) with nontrivial nonnegative eigen-
functions, and by Lemma 2.3 g is an eigenvalue with positive eigenfunc-
tions. The uniqueness of eigenvalues with positive eigenfunctions and the
uniqueness of positive eigenfunctions of (1.3) follow from Theorem 3.1 and
Theorem 1.1.

(2). Suppose that (1.3) possesses an eigenvalue Ao with a positive eigen-
function (¢,v). It is obvious that A\g > 0 and Ao is an eigenvalue with
positive eigenfunctions of the following eigenvalue problems

K
(5.34) —Apu =\ lz ai(x)] wPt oz eQ, u=0 ze€dQ,

and

Mz

(5.35) — [

z)pI™ 1- 5J¢ﬁ]+1 q]vq 1 zeQ, v=0 z €.
7j=1
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The uniqueness of eigenvalues with positive eigenfunctions for (5.34) or
(5.35)(see [2]) shows

K
Xo :inf{/ VulPdz :/ S ai@)|ufPde = 1,u € Wol’p(Q)}
@ im1
N
— inf / |Vl?dz :/ D bj(@) 11601 Bilyldr = 1,0 € Wy ()
Q Q7

7j=1
< mf{/ |Voldda :/ by (z)|v|9dz = 1,v € ngq(ﬂ)} .
Q Q

Now we prove that (1.3) possesses positive eigenfunctions. Denote by A\g > 0
the unique eigenvalue of (5.34) with positive eigenfunctions, and let ¢(z) €
CYA(Q) € L>(Q) be the positive eigenfunction associated to g satisfying
llp(x)|| = 1. By the existence results in [2], the following problem

(5.36)

—Av = Aby(z)p? 712071 2 e Q)
v=20 x € 09,

has a unique eigenvalue \; > 0 associated with positive eigenfunctions. Let
us denote by 11 (x) the positive eigenfunction of (5.36) satisfying ||11] = 1.
On the other hand, the condition implies

Ao < inf {/ |Vol9dx / by (z)vidr = 1,v € Wol’q(Q)} ,
Q Q

and hence we can choose a positive constant by so small that

Ao < inf {/ |Voulldz /[bl(x) + bplvldx = 1,v € Wol’q(ﬂ)} .
Q Q

Then the following eigenvalue problem

(5.37) { —Agv = Albi(z) + btz eQ,

v=20 x € 01,
has an eigenvalue, Ao > A, associated with positive eigenfunctions. We
denote by 12 () a positive eigenfunction of (5.37) associated to Ay satisfying

|t2(z)| = 1. By Lemma 2.3,

o(x) > 0,91(z) > 0,92(x) >0 for z€Q,
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0 0Py Oy
8u< B <0, £y <0 for €09,

and hence we can choose two positive constants C7 and Cy such that

P1(x) < Cro(x), Pa(z) > Cop(x) for x € Q.

Choose M > 0 large enough and € > 0 small enough such that

N
Aobo > Ao Y bj(a)(CoM)Pit1=a, Al 1Pt =1=02 < 5
=2

My (z) > etp1(z) for =€ Q.

Then ey(x) and M1py(z) are a subsolution and a supersolution, respec-
tively, of the following elliptic problem

(5.38) —Agv = X X5, ()t 0P for z € Q,
v=0 for €00

The subsolution-supersolution method shows (5.38) possess a positive so-
lution ¢ (x). Obviously, Ao and (¢,) are the eigenvalue and the positive
eigenfunction of (1.3), respectively. The uniqueness of the eigenvalue with
positive eigenfunctions and the uniqueness of positive eigenfunctions of (1.3)
follows from Theorem 3.1 and Theorem 1.1.

(3). The result is obvious, we omit its proof.
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