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SOME WEIGHTED ESTIMATES FOR
IMAGINARY POWERS OF LAPLACE OPERATORS

HENDRA GUNAWAN

We study the boundedness of singular integral operators that are imaginary powers
of the Laplace operator in R", especially from weighted Hardy spaces if£(Rn) to
weighted Lebesgue spaces L^(R") where 0 < p ̂  1. In particular, we prove some
Hw — Lw estimates for these operators when 0 < p ^ 1 and w is in the Muckenhoupt's
class Aq, for some q > 1.

1. INTRODUCTION

We shall study a class of singular integral operators that are imaginary powers of the
Laplace operator in Rn. But first let us review some basic properties of singular integral
operators in general.

It is well-known that every singular integral operator T defined on <S(Rn) by

Tf = K*f,

where if is a tempered distribution on R" with K £ L°°(Rn), extends to a bounded
operator on L2(Rn). Provided that the kernel K is locally integrable away from 0 and
satisfies the Hormander condition

/ \K(x-y)-K(x)\dx^CK,
\x\>2\y\

such an operator will also extend to a bounded operator on L"(Rn) for 1 < p < oo. For
p = 1 and p = oo, weaker results are available.

Moreover, for p = 1, one may also show that T extends to a bounded operator from
Hl(Kn) to Ll(Rn). In fact, with some extra conditions on K, the operator T can be
extended to a bounded operator from Hp(Kn) to Lp(Rn) for 0 < p < 1. Here, for each
0 < p ̂  1, Hp(Rn) denotes the Hardy space, whose members can be written as Yl^iaj
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where the a/s are p-atoms and A/s are real numbers such that Y2 l-\y|p <
j

p-atom in R" is a function a supported in a finite cube Q C R " such that Halloo ^ |Q|~1/p

and / a(x)xadx = 0 for every multi-index a — (ot\,..., an) with |Q | = ai + • • • + a n

^ n{l/p - 1).) See [3, Chapters II and III].

Now let w be a nonnegative measurable function or a weight on R" and L£,(R") be

the space of all functions / : R n -» C for which | | / | | t j , = / |/(a;)|pu;(a;)(ia; < oo.

Then one may show that T extends to a bounded operator on L? (Rn) for 1 < p < oo
provided that w G Ap, that is, w satisfies the Ap condition

for all cubes Q in R". (For example, | • |° £ Ap, 1 < p < oo, if and only if —n < a <
n(p — 1).) As in the unweighted case, there is also a weaker result for p — 1 and w € A\,
satisfying the Ai condition

hlQ
w{x)dx

Cw(y), almost everywhere y 6 Q,

for all cubes Q in R", which can be viewed as the limit of Ap conditions for p —> 1 + . (For
example, | • |a € Ax if and only if -n < a ^ 0.) See [3, Chapter IV].

In this note, we shall study the boundedness of singular integral operators that are
imaginary powers of the Laplace operator in Rn , especially from # P ( R " ) to LPW(Rn)
where 0 < p < 1. Here H^(Hn) denotes the weighted Hardy space, defined just as
i / p (R n ) but with measure w(x)dx replacing the usual Lebesgue measure dx. These
operators were studied by Muckenhoupt [6] and used by Cowling and Mauceri [1] to
prove the boundedness of Stein's spherical maximal operator [9]. What we are interested
in here is how their norms, especially from H^(Rn) to IPW(Rn) where 0 < p ^ 1, actually
depends on the imaginary power.

Recent works indicate that the study of imaginary powers of operators in general

have some applications in the theory of spectral multipliers. See, for example, [2] and

[7]-

2. MAIN RESULTS

For each u 6 R \ {0}, let Ku be the tempered distribution on R n such that
Kl(£) = |£ | - i u . Here K~u is defined via (Ku,f) = (Ku,f) V / e <S(Rn), with
/(£) = / R n f(x)e2nixidx being the usual Fourier transform in Rn. Explicitly, Ku may be
given by

Ktt(x) = C(u)\x\~n+iu
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where C(u) = 7i-"/2 + i tT(n - iu/2)/T(iu/2) (see [8, p.117]). Then define the singular
integral operator Iu on <S(R") by

By Plancherel's theorem, we see that /„ extends to an isometry on L2(Rn) , and that

= (27r)4»(A-«/2 /Hfl ,

n
that is, /„ is an imaginary power of the Laplace operator A = — £] d'j.

To be able to say more about /„, let us examine its kernel Ku. Clearly Ku is locally
integrable away from 0 and, since C(u) = Of (l + |u|) j , we see that Ku satisfies

(a) \Ku(x)\^C(l + \u\)n/2\x\-n, z / 0 , and

(b) \Ku(x-y)-Ku(x)\^C(l + \u\)n/2+l\y\\x\-*-\ \x\ > 2\y\ > 0,

whence (by interpolation)

(c) \Ku(x-y)-Ku(x)\^C(l + \u\)nf2+t\y\l\x\-»-t, \x\ > 2\y\ > 0,

for any 0 ^ 6 ^ 1. From (c), one may check that Ku satisfies the Hormander condition

j \Ku(x-y)-Ku(x)\dx^Cs(l + \u\ n/2+6

whenever 0 < 6 ^ 1. Hence, our operator Iu extends to a bounded operator on
for 1 < p < oo, and also from Hp(Rn) to Z/(Rn) for n/(n+ 1) < p ^ 1. Indeed, one may
verify that

114/IILP ^ Cp,,(i + \u\){n/p-n/2l+6\\f\\LP, f e L»(R"),

for 1 < p < oo, and

Pu/llip ^ CP>S{1 + \u\)n/p-n/2+6\\f\\HP, f G ff'(R»),

for n/(n + 1) < p ^ 1 and 0 < <S < 1. By observing that, for every jfc G N = {1,2,3, . . . },
A'u is of class Ch away from the origin, and satisfies

(d) | Z ? ^ u ( a ; ) | ^ C ( l + |u | ) n / 2 + / : | x | - n -^ , x ^ O ,

for every multi-index /? with \j3\ ̂  /c, one can show that /„ extends to a bounded operator
from Hp(Rn) to L^R") for n / (n + k) < p ^ 1, and hence for every 0 < p ^ 1 (see [3,
pp.320-322]).

2.1. UNWEIGHTED HP - IP ESTIMATES. AS recently shown in [5], we can actually get
rid of 6 in the Hl — L1 estimate for /u (and hence, by interpolation with the L2 result
and duality arguments, we can also get rid of 6 in the LP — U estimate for 1 < p < oo).
This is the best we can achieve in the sense that we cannot have the exponent of (l + \u\)

less than \n/p - n/2\. See also [7] for similar results.

The following theorem states that the same is also true for 0 < p ^ 1.
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THEOREM 1 . The Hp - V inequality

holds for 0 < p < 1.

P R O O F : Suppose first that n/{n + 1) < p < 1. By the atomic decomposition, it
suffices to show that

\\Iua\\LP^C{l + \u\)n/p-n/2

for any p-atom a. So, let a be a p-atom, supported in a cube Q, such that ||a||oo ^ |<3|~^p

and / a(y) dy = 0, and assume that |u| > 2 (so that (b) holds for \x\ > \u\\y\ > 0). By

translation-invariance, we may assume that Q is centred at the origin, say Q = [-R, R]n.

Now, to estimate ||/ua||i,P, write

f \lua{x)\pdx= f \lua(x)\"dx+ f \lua(x)\pdx = I + II.
JR.* ./|I|<|U|H J\X\>\U\R

(Note the difference from the usual trick: instead of splitting the integral at 2R, we split
it at \u\R, just as in [5].) For the first integral, we use the fact that 7U is an isometry on
L2(R") and apply the Cauchy-Schwarz inequality to get

IP/2r /• 1 l - p / 2 r /• -i

I«* / dx\ \ |/ua(a0|2d2:
U\x\<\u\R J U\x\<\u\R J

For the second integral, we first observe that by using (b) we have

i-np/2

\lua(x)\ = / Ku{x - y)a(y) dy
J\v\<R

f [Ku(x~y)-Ku{x))a{y)dy
J\y\<R

f \Ku(x-y)-Ku{x)\\a{y)\dy
J\v\<R

C(l + \u\)nlW\x\-n~l f \y\\a(y)\dy
J\y\<R

whenever \x\ > \u\R. Hence, since p > 71/(71 + 1), we get

II ^ Cp(l + \u\)np/2+pRnp+p-n f \x\'np-pdx ^ Cp(l + |ii|)"~np/2.

Combining with the previous estimate and then taking the p-th root, we obtain
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as desired.

Suppose now that n/(n + k) < p ^ n/(n + k - 1) for some k € N . Take a p-atom a
which is supported in Q = [—R, R]n. We wish to show that

For this, we split again the integral at \u\R, with \u\ > 2. The estimate for the first
integral will be exactly the same as before. For the second integral, we use the fact that
Ku is of class Ck away from the origin and satisfies (d). We subtract from Ku{x — y) the
Taylor polynomial of Ku at x of degree [n(l/p — 1)] = k — 1, to obtain

\u\R.

The estimate for the second integral will then follow immediately from this. D

2.2. WEIGHTED HP-LP ESTIMATES. AS for the unweighted case, one may easily verify
that the weighted inequality

I|/»/IIL& < CP>W,S(I + M)n/2+'||/||tp, / € i£(R"),

holds whenever w € Ap, 1 < p < oo, and 8 > 0 sufficiently small. The proof reduces to
establishing the pointwise estimate

1/q(Cq,s(l + \u\)n/2+S[M(\f\")]1/q(x)

for some q > 1 such that w 6 Ap/q. (Here / i-» / * denotes the sharp maximal operator
(see [10, p.146]), while M is the standard Hardy-Littlewood maximal operator.) See
[3, p.411], for why, and [10, pp.157-158], for how. See also [4] for an alternative proof.
Further, as in the unweighted case, we can also get rid of 6 here to obtain the sharp
estimate (see [5]).

We shall now show that our operator Iu can also be extended to a bounded operator
from / / P ( R " ) to L£(R") where 0 < p ^ 1 and w 6 Aq, for some q > 1. More precisely,
we have the following result.

THEOREM 2 . Let 0 < p ^ 1. Suppose that n/(n + k) < p ^ n/(n + k - 1) for
some k e N and letO<e<n + k- n/p. Then, the inequality

holds whenever w 6 Ai+cp/n.

PROOF: We shall only prove the case where k = 1. As usual, we shall use the atomic
decomposition, which will reduce our task to showing that
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for any p-atom a with respect to w € Ag> where q = I + ep/n. Let a be a p-atom

with respect to w, supported in a finite cube Q, such that ||a||oo ^ w(Q)~l^p and

/ a(y)w(y)dy — 0, and assume that \u\ > 2. We may also assume that Q is centred at
JR."
the origin, say Q = [-R,R]n. Now write

f \lua(x)\'w(x)dx = f \lua(x)\pw(x)dx+ [ \lua{x)\pw(x)dx = I + II.

To estimate I, we use Holder's inequality and the fact that /„ is bounded on L^(Rn),
with norm < CQtW(l + |u|)n/2- Precisely, we have

"\[ \l{)\q{)dY "w(x)dx] "\[ \lua{x)\qw{x)dx

by [3, Lemma 2.2, p.396] (applied to QH, the |u|-dilate of Q). But

\a{x)\"w{x)dx^ [
JQ

and so \\a\\lw < w(Q)p/«-1, whence

T s n ft J_ i \\ni-nvl2

To estimate II, we first observe that

\lua(x)\

so that

But, since 9 < p(n + l)/n, we have

^ ' J \ A n i ' + P X

Cp(l
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and hence
II ^ C p ( l + |u|J

Combining the two estimates, we get

Finally, substituting q = 1 + ep/n and then taking the p-th root, we obtain

III II < C [\ -\-\ h"/p~n/2 + £

This completes the proof. D

R E M A R K . Notice that as e tends to 0, the exponent of (l + |u|) tends to n/p - n/2 and
the set of weights w for which the inequality holds tends to the Muckenhoupt's class A\.
However, we do not know whether the estimate

holds for 0 < p ^ 1 and w €
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