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1. Introduction and summary. This paper is a continua
tion of two papers [4], [5] and brings out the solution of the 
ballot problem in its general form. 

In [5], Narayana has considered a generalised occupancy 
problem which can be viewed as a problem in compositions of 
integers. In what follows, we use the definitions of [6]. 
Furthermore, we say that an r-composition (t (m), . . . ,t (m)) 

1 r 
of m dominates an r-composition (t (n),.. . ,t (n)) of n 

j r 

(m > n) if and only if 

( 1 ) S t (m) > S t (n) , f or i = 1, . . . , r . 
(2 = 1 tf = l 

r r 
Evidently 2 t (m) =m and 2 t (n) = n. For integers 

A a A a 

n , . . . ,n such that n > . . . > n . we are required in [5] 
I k 1 — — k 

to determine the number of r-composition s of n that dominate 
1 

r-compositions of n , that in turn dominate r-compositions of 

n , and so on. In other words, we are looking for the number 

of elements in the set C = C(n , . . . ,n ; r) 
1 k 

{(t (n ) , . . . ,t (n,)) , . . . ,(t (n ), 1 (n )) : 
1 1 r l I K r k 
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(2) 2 t (n ) > 
a j -

a~i 

2 t (n ) 
, a j+1 

for i = 1, . . . , r and j = l , . . . , k - l } . 

Now, c o r r e s p o n d i n g to C, c o n s i d e r the se t of l a t t i ce 
pa ths in a k - d i m e n s i o n a l Euc l idean space wi th a x e s X * s 

such tha t the ( k ( i - l ) + i )th s e g m e n t (i = 1, . . . , r and 
i = 1, . . . , k) of any pa th i s the d i s t a n c e t . (n ) on X . 

Suppose a s t ep in a path r e p r e s e n t s k c o n s e c u t i v e s e g m e n t s 
beginning f r o m the s e g m e n t on X . Then the se t c o n s i s t s of 

1 
pa ths f r o m the o r ig in to (n , . . . , n ) not c r o s s i n g the r e g i o n 

bounded by X = 0 , X. = X. , j = 1, . . . , k- 1 and having exac t ly 
* 3 J + 1 

r c o m p o n e n t s . Denote t h i s se t by L*(n , * . . , n ;r) o r b r i e f ly 
1 k 

L*. Thus the above c o n s t r u c t i o n h a s e s t a b l i s h e d a 1:1 c o r 
r e s p o n d e n c e be tween C and L*. Le t t ing N{ . } r e p r e s e n t 
the n u m b e r of e l e m e n t s in the se t { . } , it i s shown in [5] t ha t , 

(3) N { C } = N { L * } = (n n ) 
1 k r 

w h e r e 

(4) (n , . . . , n ) 
1 k r 

n - 1 
1 
r - 1 

v1 

r - 2 

v1 

r ~ k 

V1 

V1 

r - 1 

v1 

r - k + 1 

(V1 

n - 1 * 
k 

r+k-3> 

v1 

r - 1 

The d e t e r m i n a n t (4) p l ays an i m p o r t a n t ro l e in t h i s p a p e r . It i s 
a l s o p roved tha t (n , . . . , n ) s a t i s f i e s the fol lowing: 

1 k r 
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V1 vr1 V1 

< 5 > 2 2 ••• 2 ( X 1 V r s | a l V r + l ' 
* £ * x

k . l^Xk X1^X2 

In section 2, we define a partial order on C and establish 
an isomorphism between C and a set of compositions of 
M > n - r + k, which is specified later . We also show that 

for r = 2, it leads to an interesting correspondence among two 
different sets of lattice paths and a set of lattice points. A s a 
special case , the number of recompositions of n that a re 
[p]-dominated by a given r-composition of m has been evaluated 
(for definition see [4] section 4). Section 3 deals with the appli
cation of resul ts in section 2, in order to provide a solution to 
a generalised class of the ballot problem [2, p. 66]. Finally, 
some identities which a r i se as a natural consequence of the 
above are included in the last section. 

2. Isomorphism between two sets of compositions. 
Recalling the definition of a composition vector [6] (that i s , 
defining 

T.*(n.) = S t (n.)), 
a = l 

it is remarked that the set C is trivially in 1:1 correspondence 
with the set T* = T*(n , . . . ,n ; r) = { (T *(n ), . . . ,T *(n )), . • . 

1 k 1 1 r 1 
( T * ( n ) , . . . , T *(n )): 

I k r k 
(6) T.*(n.)> T.*(n ) 

i j - l J+1 

for i = 1, . . . , r and j = 1, . . . , k- 1} . Because of this c o r r e s 
pondence and somewhat relative advantage of T* over C, we 
refer frequently to T* instead of C. 

Definition: Given two elements T * = { (T *(n ), . . . , 
I 11 1 

T *(n ) ) , . . . (T , ,* (n ) T , *{n j ) : T. *(n.) > T. *(n ) 
r l 1 11 k r i k i l j — i l j+1 

for all i and j} axid T * = { ( T * ( n ) , . . . . T _*(n ) ) , . . . , 
L Id 1 XC. 1 

( T « * ( n J « " - ' T , * ( \ ) ) : T . > . ) > T . * ( n . .) for all i and j} 12 k r2 k i2 j — i2 j+1 
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of T* , we say tha t T * d o m i n a t e s T * if and only if 

T. *(n.) > T *(n.) for i = l , . . . , r and j = l , . . . , k . 
i l J - i2 j 

It can be shown tha t t h i s r e l a t i o n i s a p a r t i a l o r d e r defined on 
e l e m e n t s of T*. P r o c e e d i n g in a m a n n e r a s in [6 ] , we can 
a l s o p rove the following l e m m a . 

LEMMA. The e l e m e n t s in T* f o r m a d i s t r i b u t i v e l a t t i c e . 

Next , i t i s e a s y to ve r i fy tha t the i nequa l i t i e s (6) for a l l i 
and j a r e sa t i s f i ed if and only if 

(7) T > T for i = l , . . . , r - l and j = l , . . . , k , 

w h e r e T = T *(n ) - i - j + k + 1 and T = n - r - j + k + l . 
ij i j - r J J 

Since T < . . . < T fol lows f r o m (7), we now c o n s i d e r k+1 
ik i l 

compos i t i on v e c t o r s (T. , , • . . , T. . M) for i = 1, . . . , r w h e r e 
ik i l 

M > n - r + k is a c o n s t a n t . B e c a u s e of the i n e q u a l i t i e s in (7), 
1 

we not ice tha t M > T for i = l , . . . , r . Le t T = T ( n . . . . , n : r ) 
i l I k 

be the se t 

{ ( T , , . . . , T . M ) , . . . , ( T . . . . , T M): 
r k r l I k 11 

T. J . > T . . for i = l f . . . , r - l and j = 1, . . . , k} . 
i+l J - ij 

In t e r m s of c o m p o s i t i o n s , it m a y be s een tha t T i s the se t such 
tha t (k+1) -compos i t ion (n, - r + l , n - n + 1 , . . . , n - n + 1 , M-n + r - k ) 

k k - 1 k 1 Z 1 
of M d o m i n a t e s (k+1) -compos i t ion s of M, e a c h of which again 
d o m i n a t e s (k+1) - compos i t i ons of M and so on. Us ing the s i m p l e 
t r a n s f o r m a = T *(n ) - i , define the se t S = S(n , . . . , n ; r ) 

ij i j I k 
to be { (a =n - r , . . . , a = n - r ) , . . . , (a , . . . , a ): 

r k k r l l I k 11 

(8) a > a . . for i = 1, . . . , r - 1 and j = 1, . . . , k} 
i+l J - ij 

w h e r e (a , . . . , a ) i s a v e c t o r of n o n - n e g a t i v e , n o n d e c r e a s i n g 
ik i l 
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integers . The relation of domination on T* through 1:1 t r a n s 
formations used above is extended to T and S and therefore 
we have the theorem. 

THEOREM 1. Sets T*, T and S are isomorphic 
distributive lat t ices. 

We have shown in section 1 that T*(n , . . . ,n ; 2) through 
1 k 

C ( n . . . . , n , ; 2) is 1:1 to L*(n . . . . , n ; 2). Also 
I k I k 

T*(n , . . . , n ; 2) is 1:1 to S(n , . . . ,n : 2) by the theorem. 
I k I k 

But S(n , . . . ,n • 2) is the set { (a. , . . . , a. )} of all vectors 
I k k 1 

of non-negative and nondecreasing integers such that 

(9) 0 < a . < n . - 2 for j = l , . . . , k . 
- J - J 

Now, using the construction of lattice paths from non-negative 
nondecreasing vectors [4, p. 253], we notice that 
S(n , . . . ,n ; 2) is 1:1 to the set L(n , . . . , n ) of lattice paths 

I k I k 
from (0, 0) to (n - l , k ) not crossing the boundary given by the 

1 
points (0 ,0 , ) , (1,1), ( n - n +1,2), (n -n +1, 3), . . , (n -n +1, k), 

1 Ù 1 3 I k 
Here we have two r emarks to offer: 

(a) The above lattice paths a re equivalent to paths from 
(0, 0) to (n., k) not touching the same boundary; 

(b) The set of paths a r e , in general, also equivalent to 

paths from (0,0) to (n +e-2,k) [or ( n + e - l , k ) ] not cross ing 

[or not touching] the boundary (0, 0), (e, 1), (n - n + e , 2), 
1 2 

(n -n 4-e; 3), . . . , (n -n +e, k), where e is a positive integer. 

From section 1, 

(10) N { L * ( n l f . . . , n k ; 2 ) } = < V • • • ' nk>2 * 

We observe from (4) and (5) that 
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(11) 
V1 v r 1 

v1 \-i-\ 

V1 

X l - X 2 

1 = ( n j . - . - . n ^ 

The e x p r e s s i o n on the left hand s ide of (11) r e p r e s e n t s the 
n u m b e r of l a t t i ce po in t s in the r eg ion R(n , . . . , n ) of 

1 k 
k - d i m e n s i o n a l Euc l idean space bounded by h y p e r p l a n e s 

\ = 2 ' X k = n k " 2 ' X l 1 1 
k - 1 ~ \ ~ 2 ' \ - l ~ n k - l " 2 

1 1 
X = X - - , X = n - -

1 2 2 1 1 2 

T h u s , a s a c o r o l l a r y of T h e o r e m 1, we see tha t : 

COROLLARY 1. N{ L*(n , . . . , n : 2)} = N { L(n , . . . , n ) 
I k I k 

= N { R ( n i > . . . , n k ) } - ^ ^ . 

It i s not difficult to o b s e r v e t ha t T(n , . . . , n ; 2) 
1 k 

r e p r e s e n t the se t of (k+1) -compos i t ion v e c t o r s (T , . . . , T , M) 
1 k 

which a r e domina t ed by the (k-f 1 ) - c o m p o s i t i o n v e c t o r 

( n - l , n . . . . , n + k - 2 , M ) , M > n + k - 2 . 
k k - 1 1 1 

Thus a c c o r d i n g to [6] , the n u m b e r N{ T(n , . . . , n ; 2)} i s give 
j . JK. 

by D, in the r e c u r s i v e f o r m u l a 
k 

i DQ = 1 

[12) 
u 

D = S (-1) 
U « = 1 

cH-1 

n +u-2 
k -u+a 

D 

We know f r o m T h e o r e m 1 tha t 

N { T ( n l f . . . , n k ; 2)} = ( x y . . . . n ^ 
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T h e r e f o r e , w e h a v e 

C O R O L L A R Y 2 . A s o l u t i o n of D in (12) i s 
u 

k - u + 4 k~u-f2 k 2 

A d i r e c t p r o o f i s a l s o p o s s i b l e . We i n d i c a t e i t h e r e . 

U s i n g i n d u c t i o n , D c a n b e w r i t t e n a s t h e d e t e r m i n a n t 
u 

(13) 

n + u - 2 N 

k - u + 2 

k - u + 2 

V u 

'Vu-3\J 

u - 1 , 

V1 

Sub t r ac t i on of the i row f rom the ( i - l ) s t row (i = 2, . . . , u) , and 
r e p e t i t i o n of th i s p r o c e s s r e d u c e s (13) to (n, . n . . . . , n, )_. 

k- u+1 k- u+ 2 k 2 

We now c o n s i d e r a p r o b l e m , the solut ion of which is 
obta ined with the he lp of C o r o l l a r y 1. It i s r e q u i r e d to d e t e r m i n e 
the n u m b e r of r - c o m p o s i t i o n s of n tha t a r e [ s ] - d o m i n a t e d by 
the r - c o m p o s i t i o n (t ( m ) , . . . , t (m)) of m (m > sn) [4, page 

1 r "~ 
254] . The r - c o m p o s i t i o n (t ( m ) , . . . , t (m)) of m [ s ] -

d o m i n a t e s an r - c o m p o s i t i o n (t (n), . . . , t (n)) of n if and only 
1 r 

if 

(14) T.(m) > sT (n) 
l •— i 
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for i = 1 r . Inequalit ies (14) are equ iva len t t o 

'T.(m) 
1 > T.(n) 

— 1 

for i = 1, . . . , r , w h e r e [z] i s the g r e a t e s t i n t e g e r l e s s than or 
equal to z. Thus we a r e i n t e r e s t e d in the se t of r - c o m p o s i t i o n s 
of n tha t a r e domina ted by the r - c o m p o s i t i o n 

l T l ( m ) " 
L s » 

' T 2 ( m ) " 
s -

-T^mr 
s i=i -

r - 1 j 

s J 

of [ — ]• T r a n s f o r m i n g the se t to the set of n o n - n e g a t i v e and 

n o n - d e c r e a s i n g v e c t o r s , a s done e a r l i e r , we o b s e r v e tha t the 
above set i s 1:1 wi th the se t of v e c t o r s (a , . . . , a Â) such tha t 

1 r - 1 

(i) a . ' s a r e n o n - n e g a t i v e i n t e g e r s , 
i 

(ii) a < . . . < a 
1 — — r - 1 

(iii) 0 < a. < m i n 
T. (m) 

1 i , n - r J for i = 1, . . . , r - 1. 

F r o m the d i s c u s s i o n following T h e o r e m 1, we can get the n u m b e r 
of such v e c t o r s , wh ich i s s t a t ed a s a t h e o r e m . 

THEOREM 2. The n u m b e r of r e c o m p o s i t i o n s of n tha t 
a r e [ s ] - d o m i n a t e d by the r - c o m p o s i t i o n (t ( m ) , . . . , t (m)) 

of m (m > sn) i s 

min I 
rT ,(m)" 

r - 1 
- r + 1 , n - r I -f 2 , 

m m 

T r - 2 ( m ) 

- r + 2 , n - r / + 2 , 
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m m (m—) 
3. Generalised ballot problems. The ballot problem 

[2, p. 66] and its extension have been discussed by several 
authors [ l ] , [4], [7]. We state it as follows: 

If in a ballot, Candidate A scores a votes and Candidate 
B scores b votes, where a > bu, u being a positive integer, 
what is the probability that at each instant Af s vote exceeds 
u t imes Bf s vote? 

Representing each vote for A by a unit horizontal step 
and each vote for B by a unit ver t ica l step, one of the solutions 
suggested in [4] uses the correspondence between lattice paths 
and non-negative non-decreasing vec tors . In fact, the ballot 
problem with two candidates, in a generalised form, involves 
counting of lattice paths not touching a certain boundary which 
l i e s to the left of the paths. Recalling r emarks (a) and (b), we 
have obtained the solution to such a problem in Section 2. In 
this context, we present below two theorems, the proof of 
which obviously follows from the preceeding resu l t s . 

THEOREM 3. Let x and y respectively represent 
votes for A and B at a part icular instant. Suppose that A 
scores a votes and B scores b votes such that a > bu + v , 
(a and v being non-negative numbers . The number of ways 
in which x > yu + v happens is given by 

(a-[u+v ]+l, a-[2u+v]+1, . . . ,a-[bu+v ]+l) -

At this point we note that Takacs [7] gives a solution 
for general \i and v = 0. When u is a positive integer and 
v = 0, the ballot problem reduces to the case stated at the 
beginning of this section. Therefore, the required number is 
(a- u+1,. . . , a- b}jL+1 ) = (a, b, JJL) say. We have to show that 

/ u \ a-bjjL ,a- fb 
( a , b , f i ) = I T b - ( b > • 

For b = 1, the resul t is t rue for all a and u. Adding 
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e a c h r o w t o t h e p r e v i o u s r o w in t h e d e t e r m i n a n t ( a , b , u ) , we 

o b t a i n 

( a , b , u ) = ( a + l , b , ( j t ) - ( a + l , b - l , | j L ) . 

H e n c e 

(12) ( a + l , b f | i ) = ( a + l , b - l f M . ) + ( a , b , | i ) 

= ( a + 1 , b - 1 , u ) + ( a , b - l , u ) + ( a - l , b , ^ ) 

= ( a + 1 , b - 1 , |JL) + ( a , b - 1 , \i) + . . . + ( b u - i , b - 1, \i) , 

b e c a u s e (b^i,b,f±) = 0 . A p p l y i n g i n d u c t i o n , wre g e t f r o m (12) t h a t 

a- ( b - 1 ILL cH-b- 1 
( a + l . b . n ) = S < « . b - l , n ) = 2 - ^ 7 ? " ^ ( b - 1 ) 

a=bn+ 1 a=b|ji+ 1 

a + 1 . » , 9 a + 1 .u ? 

J < b " ! v « W 

a=b(jL+ 1 a=b(a+ 1 

, a + b , a + b . a - b u + 1 . a + b + 1 , 

b b - 1 a + b + 1 b 

a n d t h e r e s u l t f o l l o w s . 

A n o t h e r v a r i a t i o n of t h e b a l l o t p r o b l e m i s g i v e n b e l o w , 

a n d t h e r e s u l t w i l l be u s e d in t h e n e x t s e c t i o n . 

T H E O R E M 4 . F o r A a n d B h a v i n g a a n d b v o t e s 

r e s p e c t i v e l y , w h e r e a > b |i + v + ( b - b ) \± + v , u. . v , a 
1 1 1 1 2 2 1 " 2 

a n d v b e i n g n o n - n e g a t i v e n u m b e r s a n d b < b a n o n - n e ;ra*:ïve 

i n t e g e r , t h e n u m b e r of w a y s in w h i c h x > yfji + v w h e n 

0 < y < b , a n d x > b a + v + ( y - b )u + v w h e n 
— — 1 1 1 1 1 2 2 

b < y < b c a n h a p p e n i s 
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(a - [^ + V J + 1, . . . , a - [ b ^ + v ^ + 1, 

a - [ b l ( x 1 + vi + n 2 + v 2 ] + l 

a - f b
1 » * l + V l + ( b - b l > , l 2 + V 2 1 + 1 , 2 -

The above theorems i l lustrate the use of the re su l t s 
developed in Section 2, in some simple boundary c a s e s . 

4. Some combinatorial identi t ies . The two A. P. c a s e 
of [4 , p. 256-258] i s a spec ia l c a s e of Theorem 4, with 
\i , v , |ji and v as non-negative in tegers . Using the 

1 1 2 2 
same notation a s in [4 ] , we therefore get 

(13) N { A ( a + l , b + l ; c + l , d + l ) } = N ( a + i , b + l ; c+1 , d+1) 
P> q P> q 

= (a+(p- l )b+c+(q- l )d+2, a+(p-l)b+c+(q-2)d+2; . . . , 

a+(p- l )b+c+2, a+(p- l )b+2, a+(p-2)b+2, . . . , a+2) 

1 , n ^ a+1 a+l+(p+q-k)(b+l) 
k = Q

 l" ' a+l+(p+q-k)(b+l) l p+q-k ' ' 

(q -k+l )b-c - (q-k)d (q -k+ l )b -c -qd 
(q -k+ l )b -c -qd * k ' 

by Theorem 4 and Theorem 3 of [4], Put b = l , c = l , d = 0. 
Then A (a+1 ,2 , 2, 1) i s 1:1 with the set of paths from (0, 0) 

p>q 
to (p+a, p+q) not touching the line x + q + 1 = y , and the 
number of such paths i s equal to 

2p+q+a 2p+q+a 
{ P+q ' p - i ' 

by [3] . Therefore , we have an identity 
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(14) (a+p+2„.. . , a+p+2,a+p+l,a+p,. . . , a+2) 

= S ( 4 \ k a + 1 a+ l + 2(p+q-k) f q - k 
k = Q

 K~ a + l + 2(p+q-k) l p+q-k M k ' 

2p+q+a _ 2p+q+a 
p+q p- 1 

C o n s i d e r (p+a,p+q) a s the o r i g i n , x = p+a, y = p+q a s 
x»ax i s and y - a x i s r e s p e c t i v e l y , such tha t the old o r i g in b e c o m e s 
(p+q, p+a) . Thus the p r e v i o u s se t of pa th s i s the s a m e a s the 
set of pa ths f r o m (0 ,0 ) t o (p+q, p+a) not touch ing x + a + 1 = y . 
The n u m b e r in the l a t t e r se t g ives r i s e to the iden t i ty 

S / ! \ k q + 1 q+ l+2(p+a-k) a - k 
, r ' q+l+2(p+a-k) k p + a - k M k ' 

2pfq+a _ 2p+q+a 
p+a p - 1 

E i t h e r f r o m the r e m a r k p r e c e d i n g (15) o r f r o m the obvious 

ident i ty ( P + q a ) = ( ^ q E ) , we see tha t (14) e q u a l s (15). 
p+q P+ a 

We can show tha t 

p+q 
MM V I 1 \ k a + 1 ,a + l + 2 (p fq -k ) q - k 
( 1 6 ) = ( _ 1 ) T^K^^) ( p+q-k ) ( k > 

.K. — U 

^ ( l \ k q + 1 q+ l+2(p+a-k) a»k 
k _ 0 q+l + 2(p+a-k) l p + a - k M k ' 

2p+q+a _ 2p+q+a 
p+q p+a 
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by f o r m u l a (17) in [9] . T h e r e f o r e 

ryj-Q 
IAI\ T l n k a + 1 ,a+l+2(p+q-k) q-k 
( 1 7 ) S (-i] a + l + 2 ( P + q - k ) { p fq-k ) { k > 

k = q + l 

p+a 

k = a + l 

s / n
k 1+ 1 q+ l+2(p fa -k ) , a - k 

l~ ; q+l+2(p+a-k) l p+a -k M k ' 

2p+q+a 
1 P - l 

P e r h a p s s o m e of the i den t i t i e s migh t have b e e n p r o v e d o r 
can be p roved d i r e c t l y . A l e s s obvious ident i ty a r i s e s a s fo l lows . 
In the ba l lo t p r o b l e m s ta ted in T h e o r e m 3 , se t v = 0 and 

jj, = w h e r e a and b-f-1 a r e r e l a t i v e l y p r i m e n u m b e r s . 

Then an app l i ca t ion of the r e s u l t of T h e o r e m 2 of [8] y i e l d s 

1 / a + b + 1 x 
""a+b+1 a ' 

In conc lus ion , we r e m a r k tha t the solut ion in the f o r m 
of a d e t e r m i n a n t migh t not r e d u c e to a s i m p l e r e x p r e s s i o n , 
excep t in s o m e s p e c i a l c a s e s . 
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