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( r e c e i v e d June 20, 1963) 

In t h i s note we do not intend to e s t a b l i s h new r e s u l t s bu t 
only to sugges t a v e r y s i m p l e proof of Lusin 1 s t h e o r e m , d i r e c t 
for <r-finite r e g u l a r m e a s u r e s , a proof tha t b y p a s s e s the u sua l 
p r o c e d u r e of f i r s t e s t a b l i s h i n g th i s t h e o r e m for s e t s of f ini te 
m e a s u r e only. The p r o p o s e d proof u t i l i z e s the not ion of sub -
un i fo rm c o n v e r g e n c e , a me thod which s e e m s not ye t to have 
b e e n u s e d , desp i t e i t s s imp l i c i t y and adap tab i l i t y . ' S imu l t an 
e o u s l y , a useful s u p p l e m e n t to E g o r o f f s t h e o r e m wi l l be 
ob ta ined . 

The note should be e a s i l y u n d e r s t o o d by f i r s t y e a r 
g r a d u a t e s tuden t s and s e n i o r u n d e r g r a d u t e s . 

TERMINOLOGY AND NOTATION. A sequence of ex tended 
r e a l va lued funct ions ' {f } defined on a topo log ica l space S 

is said to c o n v e r g e s ub un if o r m ly on a se t A C S to a funct ion 
f if e v e r y point p 6 S h a s a ne ighborhood G such tha t f -*f 

3) P n 

un i fo rmly on A O G . Nota t ion: f ->f (subunif. ) on A. 
P n 

A s i m i l a r no ta t ion wi l l be used for un i fo rm (unif. ) and " a l m o s t 

1) 

2) 

3) 

A di f fe ren t proof was given by Schaer f in [6] and [7] , for 
funct ions wi th v a l u e s in any space sa t i s fy ing the second 
a x i o m of coun tab i l i ty . F o r the o r i g i n a l t h e o r e m of L u s i n , 
cf. [3 ] ; [4] p . 159; [5] p . 72 . 

i. e . , funct ions whose v a l u e s a r e r e a l n u m b e r s and ( p o s s i b l y ) ! <». 

Th i s i s s t r o n g e r than the u sua l v a r i a n t of th i s concep t a s 
def ined, e . g . , in [4] , p . 44 , Ex . j . 
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everywhere11 ( a . e . ) convergence» In the sequel, m will denote 
a (non-negative) completely additive measu re defined on a 
cr-field M of subsets of S. m is said to be regular if the 
measu re mA of every set A € M is the infimum of the 
m e a s u r e s of all open measurable supersets of A; in this case 
S is re fe r red to as a regular measu re space. S and m are 

00 

said to be cr-finite if S = {j G for some sequence of sets 
k = l k 

G ^ M, with m G, < oo, k = l , 2 , . . . . If, in addition, the 
k k 

sets G can be chosen to be open, we use the t e r m cr -finite 
k 

instead (Schaerf). 

THE THEOREMS. We shall f i rs t prove the supplement 
to Egoroff s theorem, mentioned above. ' 

I. Let the extended rea l valued functions f,{ ,f , , . . 
: I 2 

be defined and measurable on a c* -finite m e a s u r e space S. 
If f is a. e. finite and if f -* f (a. e. ) on S, then, for any 
— n , 
r ea l e > 0, there is a measurab le set A L S such that 
m(S-A) < e and f -*- f (subunif. ) on A. 

n 
00 

Proof. By assumption, S = {J G where the G a re 
k= i k k 

open measurable sets of finite m e a s u r e . Define D = G and 
-, M A 1 

k-1 oo 
D =G - M G , k = 2 , 3 , Then S = () D , with 

k k • A 1 1 A k 

1=1 k= l 
D, € M and mD < oo, k = l , 2 , . . . . Therefore , given e > 0, 

k k 
Egoroff s theorem yields , for each k, a measurab le set 

r k 
A, C D, , with m(D, -A, ) < e/2 and f -> f (unif. ) on each 

k— k k k n 
oo 

A separately. Let A = {J A . Then A 6 M, and 
k k = i k 

( oo oo oo oo 

( J D• - U A I < m ( J (D -A ) < S m(D -A ) 
k = i k k = l N k = l k k k = l k k 

4) 
For the original theorem of Egoroff, see [1]; [2] p. 88; or 
[4] p. 157; [5] p . 18. 
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00 

< 2 e/2 = e . It remains to show that f -*• £ (subunif. ) on A. 
k = i 

For this purpose, fix any p € S. Then p is in some G , call 
k 

it G . By definition, all sets D with k > k are disjoint 

from G, . A fort iori , so are the sets Â  ( D, (k > k). 
k k— k — 

Hence G, ^ U A = 0 so that 
k , , k - k > k 

k 

(i) Ar^GS U V 

Now, as f -> f (unif. ) on each A , we also have f -> f 
n , k 

k 
n 

(unif.) on the finite union {J A and, by (1), also on A r\G . 
k = l k -

Thus every point p * S has a neighborhood G, with f -* f 
k n 

(unif.) on A ^ \ G , as required. This completes the proof. 

The significance of this proposition lies in that it re laxes 
the finiteness res t r ic t ion contained in Egoroff s theorem 
(namely the requirement that mS < oo) to that of cr - f ini teness , 
at the expense of replacing uniform convergence by its weaker 
subuniform variety. This is probably the most that can be done 
in this respect since, as is well known, the ordinary variant of 
Egoroff s theorem cannot be extended to o* -finite or o-°-finite 
m e a s u r e s . (Cf. [4], p. 158, Ex. e - i. ) It is now easy to obtain 
the cr-finite version of Lusin' s theorem. 

II. If f is an a. e. finite extended rea l valued function, 
defined and measurable on a cr-finite regular measure space S, 
then, for every z > 0, there is a closed set F £ S such that 
m(S-F) < t and f is continuous when res t r ic ted to F . 

For the proof, we note the almost obvious fact that the 
limit of every subuniformly convergent sequence of continuous 
functions on a set A is itself a continuous function on A, and 
that, for regular m e a s u r e s , the notions of cr-finiteness and 
cr°-finiteness coincide. With these facts established, our 
Theorem II follows from I in exactly the same way as the 
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original theorem of Lusin is deduced from Egoroff s theorem. 
To obtain it, it suffices, e. g. , to verbally repeat the proof 
given in [4], pp. 159-160, with uniform convergence replaced 
by subuniform convergence. Thus the cr -finite vers ion of 
Lusin' s theorem can be obtained with no more effort than its 
finite var iant , and with practically no change in its standard 
proof, once our Theorem I has been established. 

FINAL REMARKS. For simplicity, we have limited 
ourselves to extended rea l valued functions. However, a look 
at the proof shows that the same method could be applied to 
measurab le functions with values in any space which admits 
Egoroff s theorem-5 ' and an approximation of measurab le 
functions by simple functions. °) Indeed, these a re the only 
pre requis i t es of the standard proof of Lusin' s theorem (quoted 
above), and nothing more is required for our theorems I and II. 
These requi rements can certainly be satisfied in separable 
pseudometr ic spaces and, more generally, in separable uniform 
spaces whose uniformity has a countable b a s e ' ' (since such 
spaces a re pseudo-metr izable ; cf. [8], p. 186). Thus this 
method of proof is sufficiently general (though probably less 
general than Schaerf s) and is so simple that it is easily 
adaptable to any course in m e a s u r e theory. 

5) . 
l. e. , in any uniform space T such that Egoroff s theorem 

6) 

7) 

remains valid, with rea l functions replaced by functions 
taking values in T. 

i. e. , functions which take only a finite number of values 
(each value on some measurab le set). 

It is not necessa ry that such a space be a T - space . 
1 
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