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Abstract

A topological space X is said to be weakly-Lindelof if and only if every open cover of X has a
countable sub-family with dense union. We know that products of two Lindelof spaces need not be
weakly-Lindelof. In this paper we obtain non-trivial sufficient conditions on small sub-products to
ensure the producitivity of the property weakly-Lindelof with respect to arbitrary products.
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Introduction

Let n be an infinite cardinal. A topological space X is said to be weakly oo — n
compact if and only if every open cover of X has a sub-family of cardinality
strictly less than n with dense union. Weakly oo — N, compact spaces are called
weakly-Lindelof spaces.

Let X = J\{Xt: i e / } and let Xr = II{ Â -: / G / '} where each Xi is a topological
space and / ' C /. The topology generated by the sets of the form W =
][{W,\ i£l] where each Wi is open in X, and \R(W)\<k where R{W) =
{i G /: Wl ¥= Xt} is called the k-box topology on the product X and we denote it
by (II Xi )k where S 0 < A ; < | / | + ( = cardinal successor of | /1). If k = X 0, we get
the usual product-topology and if k = | / 1 + , we get the box topology (see [2]).
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144 U. N. B. Dissanayake [2]

If (IIXt)k is weakly-Lindelof, then every sub-product (Xr)k of X is weakly-
Lindelof and the question of interest is to what extent the converse is true. In this
direction we prove the following:

(i) Let X = II{ A :̂ i G / } and let n 3= y 3= k > No. Suppose n is regular and
strongly y-inaccessible, then (IIXt)k is weakly oo — n compact if and only if (Xx,)k

is weakly oo - n compact for all / ' G Py(I) where Py(I) = {/' C / : | / 1 ' < y}.
(ii) Let d(X) denote the density number of a space X (see [8]). Let X =

U.{Xt: i G / } and l e t n ^ y > A : > N 0 and let n be regular and strongly y-inacces-
sible. Suppose d(Xt)<n for all i G / , then (\\Xt)k is weakly oo — n compact.

In particular if we take y = k = No in (i) we obtain the following:
Let X = IIIA",: / G / } with usual product topology and let n be a regular

cardinal. Then X is weakly oo — n compact if and only if every finite sub-product
of X is weakly oo — n compact (see [10]).

1. Basic terminology

In this section we shall define weakly m — n compact spaces and generalized
product topologies on the product II{A1,: i; G / } .

A. DEFINITION. An m-fold open cover of a topological space A' is a collection of
open subsets {Uf. i G / } of Xsuch that X = U {U,,: / G / } and \I\-m.

A topological space X is said to be weakly m — n compact if and only if every
w-fold open cover of X has a sub-family of cardinality strictly less than n with
dense union where m and n are infinite cardinals.

A topological space X is said to be weakly oo — n compact if and only if X is
weakly m — n compact for each m> n.

B. SPECIAL CASES.

(i) Weakly oo — No compact spaces = weakly-compact spaces,
(ii) Weakly oo — H, compact spaces = weakly-Lindelof spaces,
(iii) Weakly m — S o compact spaces = initially weakly w-compact spaces.

C. DEFINITION. A subset E of X is said to be weakly m — n compact relative to
X if and only if every w-fold open cover % of £ by open subsets of X has a
sub-family ^L' of cardinality strictly less than n with E c U %'.

D. REMARK, (i) Let E C X. Suppose E is weakly m — n compact with respect to
its subspace topology, then E is weakly m — n compact relative to X.

(ii) The converse of (i) is not necessarily true except for open subsets.
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E. EXAMPLE. Let E be a discrete subspace of /?Z) — D with D discrete | D | = S o

and | E\= N,. Let X = D U E. Then E is weakly N, — N, compact relative to X
but not weakly S, — S, compact in its own right. Here E is a closed subset of X.

F. DEFINITION. Let X = n{Xt: i G / } and let W = \[{Wt: i G / } where ^ is a
subset of X,. Then &(W) = {i <EI: Wt¥= XJ is called the range of W.

Let Wbe a basis open set in the usual product topology on II{A1,: i £ / } . Then
| "31 (W) | < No. This leads to the following generalization of the product topology
which we called the A:-box topology on the product U.{Xt: i G / } .

G. DEFINITION. The topology generated by the basic sets of the form W =
U{W,: i G / } where each Wi is open in A) and | <&{W) | < k is called the A:-box
topology on the product II{A1,: i G / } and we denote it by (J\.Xt)k where
S 0 < A : < | / | + ( = cardinal successor of | /1).

Ilk = Ko, we get the usual product topology on the product ^.{Xt\ i G / } and
if k —\ I\ +, we get the box topology on the product II{A7,: / G / } .

2. Weak-topological sums

In this section we shall study some properties of generalized weak-topological
sums (see [3]).

A. DEFINITION. Let a = (a,.) be a fixed point in X — II{A',: i G / } . Then the
y-weak topological sum of {A",: ; G / } is the subspace {x G X: \ {i G / : x, ¥= a,} |
< Y} and we denote this by Y(II Xt) where y is an infinite cardinal.

B. NOTATION. For each non-empty set / ' of / , we define Xr = II(A",: / G / ' }
and 11/: X -» A"/, is called the projection map onto Xr. In particular if / ' = {/} we
get the usual projection map II,: X -» Xt where A1 = II{Xt: i G / } .

C. REMARK. Let W - I I { ^ : / G / } where each Wt is a subset of Xt. Then we
have the following:

(i) |

(iii) I f K D W , then II,(K) = A; for all / G / -
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D. PROPOSITION. Let l\r: (X)k -> (Xr)k. Then Hr is open, continuous and onto.
Furthermore the subspace X(I') = {x e X: x( = a, for i £ / - / '} of (X)k is
homeomorphic to (Xr)k under the map 11/'.

PROOF. Follows from Remark C.

E. PROPOSITION. The subspace 7(11^",) is dense in (II ^O* provided k < y.

PROOF. Let F F = I I { ^ : i £ / } b e a basic open set in (II Xi)k consider the point

P ~ (.Pi) where

p, = attoriei-<3l(W),

Then | {/ £ / : pt =t a,} | < | <&(W) |< k < y. Hence pGWH y(RXi) and we are
done.

F. EXAMPLE. If Xt is a discrete space for i = 1,2,... and di ^ a, for /' = 1,2,...,
then rf = (rf,.) ^ « 0 (n^ , ) and hence «O(IIX,.) is not dense in

G. DEFINITION. A property '/>' is said to be densely defined in a topological
space A' if whenever one of its dense subsets has the property 'P', then X has the
property 'P'.

H. EXAMPLE, (i) Weak m — n compactness is a densely defined property,
(ii) Let E be the Sorgenfrey line. Then £ X £ is weakly-Lindelof but not

Lindelof.

3. Machinery

In this section we shall establish two special cases of the main theorem.

A. PROPOSITION. Let U=R{Ui: i E / } and V= II{^: / £ / } where Ut, V, are
subsets ofXtfor i £ / . Then the following are equivalent:

(i) t/n v= 0.
(ii) ^ 0 ^ = 0 for some i £ 9l(C/) D <Sl(V).

(iii) <&(U) n ^ ( F ) ^ 0 and Ur(U) n I I r ( F ) = 0 where ID I'D <&(U) D
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PROOF, (i) => (ii). Trivial,

(ii) => (iii). Trivial.
(iii) =» (i). Let / ' = &( t / ) n <3l(F), then U, n Vt = 0 for some / G <SL(U) n

and hence U n F = 0 .

B. DEFINITION. Let /? be a base for a topological space X. Then A' is said to be
fi-weakty m — n compact if and only if for every cover ^L £ ^(/J) of X with
| % |= m there exists a T e <3>(%) such that | T | < n and X = TFV.

We note the following facts about /?-weakly m — n spaces:
(i) If X is weakly m — n compact then X is /?-weakly m — n compact.
(ii). X is /?-weakly oo — n compact if and only if X is weakly oo — n compact.

C. PROPOSITION. Let n and y be infinite cardinals such that n > y. Let y = yify
is regular and let y — y+ if y is singular. Suppose n is regular and strongly
y-inaccessible, then y < n.

PROOF, (i) If y is regular, then y = y and hence y < n.
(ii) If y is singular, then since n is regular and strongly -/-inaccessible, we have

y < n, cf(y) < y and Ycf<Y> < n. Hence y = y+ < ycf( r ) < n.

D. REMARK, y in Proposition C is regular cardinal.

E. PROPOSITION, (i) Let k < cf(«). Then the fc-fold union of weakly m — n
compact subsets of a given topological space X is weakly m — n compact relative
t o * .

(ii) Let / : X -* Y be a continuous onto map. If X is weakly m — n compact,
then Y is weakly m — n compact.

PROOF. Straightforward.

F. NOTATIONS, (i) | / y = 2{| / 1 * : k < y).

j>

G. LEMMA. Let X = IK*,: / G /} and letm^n^ cf(«) > | 7|^ > y s* k 5= So.
If (X,,)k is weakly m — n compact for all I' G Py(I), then v(II*,) is weakly m — n
compact relative to (JlXi)k.

PROOF. We note that y(IlA^) = U {*(/'): / ' G Py(I)} and since X(I') is
homeomorphic to (Xr,)k, 7(11*,) is the 17|Mold union of weakly m — n compact
subspaces of (IIXt)k. Hence we have the lemma by E — (i).
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The sets W = I I { ^ : / G / } where each Wt is open in Xt and \<&(W)\<k form
the canonical basis for (II Xt)k. Let v4ClI{A^ : / £ / } , then the canonical basis for
lA' consists of all sets of the form A f\W with W as above. In this terminology
we rephrase Lemma G as follows:

H. LEMMA. Let X = II{A,: i G / } and let m>n> cf(«) > | I\y_> y > k > No.
If (Xr)k is weakly m — n compact with respect to its canonical basis for all
I' G Py(I), then y(II-X)) is weakly m — n compact with respect to its canonical basis.

I. THEOREM. Let X = II{*,: / G /}
regular and strongly y-inaccessible and if (Xr)k is weakly m — n compact for all
I' £ Py(I), then y(IIA^) is weakly m — n compact relative to (UXt)k.

PROOF. Consider | I\y_ = 2 { | / | * : k < y) >\ I\> y. Since n is regular and
strongly y-inaccessible we have n = cf(n) and \I\y_< n. Hence m> n = cf(«) >
| / \y > y > k > No and therefore we can apply Lemma G to obtain the theorem.

In the above theorem there is a restriction on the cardinality of the index set /
and we wish to relax this condition in the next section.

4. Weakly m — n compact spaces

In this section we shall study the productivity of weak m — n compactness in a
general setting. Our argument here closely parallels one from [3].

A. THEOREM. Let m>n>y^k>tf0 and let n be regular and strongly
y-inaccessible. Let X = U{Xt: i G /} and let %,= {(/= II{^: / G / } : each U, is
open in Xt and \ tfl(U) \< k) where \ Gll\= m. If (Xr)k is weakly m — n compact
for all I' G Py(I) and yjJlX,) C U%, then there exists a %' C % such that

PROOF. Let y = y, y = regular and y = y+ , y — singular. Then y is regular and
y < n. By Theorem 3-1, y(Xr) is weakly m — n compact relative to (Xr)k for all
/ ' G Py(I). We note that nr(y(IIA;.)) = y(Xr) and hence {Ur(U): U G <%} is an
m-fold open cover of y(Xr) where / ' C /. Let / ' 6 ^ / ) . Then there exists a
9L7, C % such that | %,, \ < n and

(4.1) y(Xr)Qd{Xr)t{U [Hr(U): I / e %.)).
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Let /, C / with | / , |< n and let ̂  = {%r: / ' G P^IX) where % r has the
property (4.1)}. Let I2 = /, U &($",) where ^ C ^ ) = U {&([/): 1/ G %,, and
% r Gf ,} . Trivially &($,) C / and therefore 72 C /.

We note the following:

(ii) %, C %, | %7, |< n for all / ' G P^
(iii) | P^/,) |< | /, |I, Y = regular and | P^IX) | < | /, |I+, Y = singular.

Since n is strongly -/-inaccessible \P^(I\)\< n for all y < n. Hence we have the
following:

Inductively we define % = U {%7,: / ' G / ^ / J } and / a + 1 = Ia U €l(^,) for
a < y. Let /* = U {/a: a < y} and %' = U {S^: a < y}- Since « is regular and
| /„ | < n for all a < y we have

(4.3) | / * | < « and | % ' | < « .

Each %7, C % and therefore each §a C % and hence %' C %. We shall prove
that

Let x G y(IIA )̂ and let V =][{Vi: i G /} be a basic open neighborhood of x in
(IIA^. Then we have | tfl(V) |< k < y < y and hence there exists a a < y such
that

(4.4) & ( K ) n /* = R(v) n / a .

Let i/ = <3l(F) n 7a, then i7 C Ia C / and | H\< k < y. By (4.1), there exists a
( / 6 l H c 5 , such that

(4.5) nw(t/)nn//(F)^0.

Since C7 G 9^, ̂ (17) C Ia+{ and by (4),

n €l(K) = (&(£/) n /a+1) n

(4.6)
= €1(1/) n€l(K) n / o

cff.

Hence by 3-A, U n F ̂  0 and therefore F n (U %') ^ 0 . This is true for
every neighborhood V of x and therefore we have y(III,) C U %'.

For k < y, yfll-Xj) is a dense subspace of (J\Xt)k and we are ready to give the
main theorem.
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B. THEOREM. Let m>n>y^k>t$0 and let n be regular and strongly y-
inaccessible. Let X = II (A',: i G / } and suppose (Xr)k is weakly m - n compact for
all I' G Py(I). If fi is the canonical base for the product space (IIXt)k, then (IT A", )fc is
fi-weakly m — n compact.

5. Weakly <x> — n compact spaces

We recall that the concept of /?-weak oo — n compactness is equivalent to the
weak oo — n compactness and hence we obtain product theorems for weakly
oo — n compact spaces as special cases of Theorem 4B.

A. THEOREM. Let X = IKA7,: i G / } and let n > y > k > No. Suppose n is
regular and strongly y-inaccessible, then (II-^,-)* is weakly oo — n compact if and
only if(Xr)k is weakly oo — n compact for all / ' G Py(I).

B. COROLLARY. Let X = U{Xt: /' G / } with the usual product topology. Let n be a
regular cardinal then X is weakly oo — n compact if and only if every finite
sub-product of X is weakly compact (see [10]).

PROOF. ' =» '. This follows from the fact that IIr: X -> Xr is continuous for
every / ' C /.

' <= '. We note that regular cardinals are infinite and every infinite cardinal is
strongly S0-inaccessible. Hence taking y = k = Ko in Theorem A, we obtain the
corollary.

C. DEFINITION. Let k be any cardinal. A space X is said to be ^-separable if
and only if X contains a dense subset of cardinality k.

The density of a space X, which we denoted by d{X) = min{| D\: D C X,
D = X) = min{&: X is /c-separable}.

D. REMARKS, (i) Let R = reals, X — discrete space, Y = indiscrete space. Then
= K0,d(X)=\X\,d(Y)=\.

(ii) If d( X) < n, then Z i s weakly oo — n compact.

(iii) Let X = n ^ , : / G /} and let A = II{^,: / G / } . Then

where \I\+> k > Ko.

If n is strongly y-inaccessible and if d{Xt) < n for each / G /, then each Xt has
a dense subset Ai with |^4,|< n and hence Ar is a dense subset of (X,.)k and
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\A,,\<n for all / ' G Py(I) where y < n and A = 11(̂ 4,: i e / } . Therefore d(Xr)
< n and hence (A7,)* is weakly 00 - n compact for all / ' E Py(I). Thus we have
the following theorem:

E. THEOREM. Let X= Î A",: i G /} and let n>y>=k> Ko. Suppose n is
regular and strongly y-inaccessible. If d( Xt)<n for all i E /, then (II Xt )k is weakly
00 — n compact.

Author wishes to thank the referee for his helpful suggestions towards the
improvement of the paper.
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