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1. Introduction and summary. Consider a two associate 
class partially balanced incomplete blo-ck (PBIB) design [2] 
with parameters of the first kind t, b, r, k, \ Â , X . n , n_ 

1 2 1 2 

and parameters of the second kind p , i, j , k = 1,2. Let 

the letters m, p, I , s represent treatments and define 

A = class of i associates of treatment m, X = number 
m mps 

of times the treatments m, p and s all occur together in the 
same block, X = number of times the treatments m, p, I 

mpi s *° 
and s all occur together in the same block, 

A A 

A = {m,p, s | p e A , s e A , p ^ s } , 
01 m m J 

1 1 
A04 = ( m > P>^ > s I P « A

m - s e A ^ . m ^ s . m ^ i , p + i , p ^ } , 

1 2 
AAc = { m , p , s | p € A , s e A } . 

05 m mJ 

The purpose of this paper is to give explicit expressions 

for AS X , S X and 2 X for some classes 

01 m p S 04 m p 05 m p S 

of PBIB designs. These expressions are useful when one 
studies the robustness of the F- tes t in these designs, as was 
seen in [5], by the line of approach used by Rao [7] and Giri [6], 

2. Singular group divisible designs. A two associate 
class PBIB design is group divisible [3] if the number of 
treatments is t = mn, so that treatments can be separated 
into m groups of n, two treatments in the same group being 

Canad. Math. Bull. vol. 11, no. 1, 1968 

107 

https://doi.org/10.4153/CMB-1968-014-6 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1968-014-6


f i r s t a s s o c i a t e s and two t r e a t m e n t s be longing to d i f fe ren t g r o u p s 
being second a s s o c i a t e s . C l e a r l y we have n = n - 1 , n = n ( m - l ) , 

(P-i ) = ( n / , J and (p ) = ( ). 
jk U n ( m - l ) jk n - 1 n(m-Z) 

The d e s i g n i s s i n g u l a r if X = r . We can p r o v e the 

fol lowing: 

LEMMA 1. In any two a s s o c i a t e c l a s s PBIB d e s i g n of the 
s i n g u l a r g roup d iv i s ib l e type, k = k*n w h e r e k* i s an i n t e g e r 

The proof of th is l e m m a is found in C la twor thy [4] , 

Note tha t the c a s e k* = 1 or X9 = 0 i s wi thout any 

i n t e r e s t s i n c e then the d e s i g n i s d i s c o n n e c t e d . 

T H E O R E M 1. F o r any two a s s o c i a t e c l a s s PBIB d e s i g n 
of the s i n g u l a r group d iv i s ib le type, we have 

b k ( n - l ) ( n - 2 ) . 

= b k ( n - l ) ( n - 2 ) ( n - 3 ) + m ( m - l ) n 2 ( n - 1 ) 2 X 

2 
= m n ( m - l ) ( n - l ) X^ . 

" 0 5 ^ P S 2 

Proof , (i) Cons ide r a po in t (m, p , s) e A . Since 

1 
p € A , t r e a t m e n t s p and m belong to the s a m e g r o u p . 

S i m i l a r l y s and m belong to the s a m e g roup ; then m, p and 
s be long to the s a m e group and a r e f i r s t a s s o c i a t e s by p a i r s . 
Since X = r t r e a t m e n t s m and p occu r t oge the r in r 

b locks and s i m i l a r l y for m and s . T h e r e f o r e t r e a t m e n t s 
m , p and s o c c u r t o g e t h e r in r b locks b e c a u s e t r e a t m e n t 
m cannot occuj>in m o r e than r b l o c k s . It fol lows tha t 

X = r . M o r e o v e r we have m( ^ ) 31 = m n ( n - l ) ( n - 2 ) 
m p s 3 

po in t s in A . T h e r e f o r e 

Z X = m n ( n - l ) ( n - 2 ) r = t r ( n - l ) ( n - 2 ) = b k ( n - l ) ( n - 2 ) . 
A oi m p s 

(i) 

(ii) 

(iii) 

A 2 X 

A o i m P s 

A S >• » 
A

0 4
 m P ^ s 

A 2 X „ _ „ 
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( i i ) D e f i n e A ' and A n to b e t h e f o l l o w i n g s e t s of t h e v 04 04 

a s s o c i a t i o n s c h e m e : 

A ! = { ( m , p , i , s ) e A | m and I b e l o n g to t h e s a m e g r o u p } 

A " = { ( m , p , i , s ) e A i m and i b e l o n g t o d i f f e r e n t g r o u p s } 

T h e n A ' and A " a r e d i s j o i n t s e t s , A ^ = A» + A ' ' a n d 
04 04 J 04 04 04 

2 X = 2 X + 2 X 
( 2 . 1 ) A ^ m p i s A ' - m p i s A»' m p i s . 

04 r 04 r 04 ^ 

C o n s i d e r ( m , p , i , s) e A1 . T h e n t h e f o u r t r e a t m e n t s a r e r 04 
f i r s t a s s o c i a t e s b y p a i r s s i n c e t h e y b e l o n g to t h e s a m e g r o u p . 
S i n c e X = r and s i n c e n o t r e a t m e n t c a n o c c u r m o r e t h a n r 

1 
t i m e s i n t h e d e s i g n , t h e f o u r t r e a t m e n t s m u s t o c c u r t o g e t h e r 
i n r b l o c k s , t h a t i s , X = r . M o r e o v e r t h e r e a r e 

m p i s 

m ( ) 41 = m n ( n - l ) ( n - 2 ) ( n - 3 ) p o i n t s i n A ' . T h e n 

2 X „ = m n ( n - l ) ( n - 2 ) ( n - 3 ) r = t r ( n - l ) ( n - 2 ) ( n - 3 ) 
A ^ m p i s 

( 2 ' 2 ) = b k ( n - l ) ( n - 2 ) ( n - 3 ) . 

C o n s i d e r n o w a p o i n t ( m , p , i , s) € A " . T r e a t m e n t s m 

and p b e l o n g to t h e s a m e g r o u p and t r e a t m e n t s i and s 
b e l o n g to a n o t h e r g r o u p . T h e n t r e a t m e n t s m and i , m and 
s , i and p and s and p a r e s e c o n d a s s o c i a t e s . S i n c e 
X = r a l l t h e t r e a t m e n t s i n t h e s a m e g r o u p o c c u r t o g e t h e r 

i n r b l o c k s . B y l e m m a 1, if k* > 1 t h e n k > n . T h e r e f o r e 
i n a l l t h e b l o c k s c o n t a i n i n g t r e a t m e n t s m a n d p , o n e o r 
m o r e o t h e r g r o u p s of t r e a t m e n t s w i l l o c c u r . And a m o n g t h e s e 
g r o u p s , t h e g r o u p c o n t a i n i n g t r e a t m e n t s i and s w i l l o c c u r 
a s m a n y t i m e s w i t h m and p a s m and I c a n o c c u r 

t o g e t h e r , t h a t i s \ _ t i m e s . T h e n X „ = X^. M o r e o v e r 
2 m p i s 2 

t h e r e a r e m ( m - l ) [( ) 21 ] = m ( m - l ) n ( n - 1 ) p o i n t s i n A f l . 
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Then 

(2 .3 ) S X = m ( m - l ) n 2 ( n - l ) 2 \ 
All m P ^ S Z 

A 0 4 

Combining (2 .1 ) , (2 .2 ) and (2 .3 ) y i e ld s the d e s i r e d r e s u l t . 
(iii) Cons ide r (m, p , s) e A . Since \ = r , t r e a t m e n t s 

m and p o c c u r t o g e t h e r in r b l o c k s . Any block conta in ing m 
wi l l t h e r e f o r e a l so con ta in p, so that t r e a t m e n t s wi l l occu r 
with m and p as m a n y t i m e s as i t can o c c u r with m , tha t 

2 
i s X t i m e s , s ince s e A . Hence X = X . M o r e o v e r 

2 m m p s 2 
t h e r e a r e m n ( m - l ) ( n - l ) po in t s in A ; thus 

05 
Z X = m n 2 ( m - l ) k l ) L . QED 

A m P S 2 

A 0 5 

3. S e m i - r e g u l a r g roup d iv i s ib l e d e s i g n s . A two a s s o c i a t e 
c l a s s PBIB d e s i g n i s of the s e m i - r e g u l a r group d iv i s ib l e type 

r k 
[3] if i t i s g roup d iv i s ib l e and if X < r and X = — . The 

1 2 
p a r a m e t e r s n . n . p ., , p ... ; j , k = 1, 2, a r e the s a m e as in 
^ 1 2 *jk *jk J 

the p r e c e e d i n g s e c t i o n . B o s e and Connor [ l ] p r o v e the fo l lowing: 

LEMMA 2. In any two a s s o c i a t e c l a s s PBIB d e s i g n of the 
s e m i - r e g u l a r g roup d iv i s ib l e type , k i s d iv i s ib l e by m . 
M o r e o v e r , if k = cm, then e a c h b lock con ta ins c t r e a t m e n t s 
of each g r o u p . 

We can now p r o v e the fo l lowing: 

T H E O R E M 2. In any two a s s o c i a t e c l a s s PBIB d e s i g n of 
the s e m i - r e g u l a r g roup d iv i s ib l e type, we have 

b k ( c - l ) ( c - 2 ) . 

: b k ( c - l ) [ ( c - 2 ) ( c - 3 ) + c ( m - l ) ( c - l ) ] . 

b k c ( m - l ) ( c - l ) . 
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(iii) 
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Proof, (i) Let (m ,p , s ) e A and write 

th 
1 if the i block contains t reatments m, p and s 

ô .(m, p, s) 
0 otherwise. 

Then X = 2 6. (m, p, s) and 2 \ = 2 2 6.(m, p, s). 
m p S i-H 1 A m p S î - 1 A 1 

1 - 1 A o i ^ A o i 
We are going to compute 2 ô.(m, p, s), the number of points 

A o i X -

of A which occur in block i. By lemma 2, block i contains 

c t reatments of each group; and (m,p, s) € A if and only if 

m, p and s belong to the same group. Thus ô.(m,p, s) will 

take the value 1 in A as many times as we will find, in 

block i, tr iplets belonging to the same group, that is 

m.( ) 3'. = mc(c- l ) (c-2) = k(c- l ) (c -2) . And that is independent 

of i . Hence 2 \ = bk(c- l ) (c-2) . 
A o i m p s 

(ii) Define A' and A'' as in theorem 1. Then 04 04 

A A m p i s = A' m p i s + A'' m p i s . Write 
04 r 04 04 r 

6 .(m, p , i , s) 
l 

1 if block i contains t reatments m, p, I and s 

0 otherwise. 

Then \ = 2 ô.(m, p , i , s ) and 
m p i s . . l 

(3.1) 2 \ „ = 2 2 6 ( m , p , i , s ) + X 2 ô.(m, p , i , s) . 
K* ^ i = 1 A' X i=l A- X 

04 04 04 

We have ( m , p , i , s) € A* if and only if t reatments m, p, I 

and s belong to the same group. Then ô . ( m , p , i , s) will take 
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the va lue 1 in A' as m a n y t i m e s as we wi l l find in block i, 

po in t s be longing to the s a m e g r o u p . By l e m m a 3, th is n u m b e r 

i s m ( ^ ) 4 ! = m c ( c - l ) ( c - 2 ) ( c - 3 ) = k ( c - l ) ( c - 2 ) ( c - 3 ) . 

T h e r e f o r e 2 6 . (m, p , i , s ) = k(c - l ) ( c - 2 ) ( c - 3) and 
A ' 1 

A 0 4 

b 
(3 .2) 2 2 ô . ( m , p , i , s ) = b k ( c - l ) ( c - 2 ) ( c - 3 ) . 

i=l A» X 

04 

F o r any po in t (m, p , i , s ) € A' ' , t r e a t m e n t s m and p 

belong to one group and t r e a t m e n t s i and s to a n o t h e r . 
T h e r e f o r e ô . ( m , p , i , s) wi l l take the va lue 1 in A" as m a n y 

t i m e s as we wi l l find in b lock i, po in t s with two c o o r d i n a t e s 
in one group and with the o the r two in a n o t h e r g r o u p . By 

l e m m a 2, th is n u m b e r i s ( ) 21 [( 9 ) 21 ] = m ( m - l ) c (c- 1) 

2 
= k c ( m - l ) ( c - l ) . 

2 
T h e r e f o r e 2 6 . (m, p , i , s ) = k c ( m - l ) ( c - l ) and 

A" 1 

04 

b 2 
(3 .3 ) 2 2 ô . ( m , p , i , s ) = b k c ( m - l ) ( c - l ) . 

i = l A" 1 
04 

F i n a l l y ( 3 . 1 ) , (3 . 2), and ( 3. 3) y ie ld the d e s i r e d r e s u l t . 

(iii) Le t ( m , p , s) € A and 6 (m, p, s) be as defined in (i) 
05 i 

b 
Then A 2 \ = 2 2 6 . ( m , p , s ) . But for ( m , p , s ) e A ^ . 

Anr. m p s . A A^r l 05 
05 ^ i = l 05 

m and p be long to the s a m e group and s to a n o t h e r g r o u p . 
T h e r e f o r e Ô . ( m , p , j) wi l l t ake the va lue 1 in A as m a n y t i m e s 

l 05 
as we wi l l find in b lock i, t r i p l e t s wi th two c o m p o n e n t s be longing 
to the s a m e group and the o t h e r to ano the r g r o u p . By l e m m a 2 , 
th is n u m b e r i s 
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( J 1 ) 21. (^) 21 c - m ( m - l ) c 2 ( c - l ) = k c ( m - l ) ( c - 1 ) 

Hence 

2 
A ô . ( m , p , s ) = k c ( m - l ) ( c - l ) 

and 2 S ô.(m, p , s ) = b k c ( m - l ) ( c - 1 ) QED. 
i = l A 0 5 * 

4 . S imple d e s i g n s . A two a s s o c i a t e c l a s s PBIB d e s i g n i s 
s i m p l e if X. = 0 or X = 0. The c a s e X = 0 is a t r i v i a l 

1 2 1 
c a s e . Although des igns with X = 0 can b e c o m e 

d e s i g n s with X = 0 by i n t e r chang ing the n a m e s of the a s s o c i a t e 

c l a s s e s , the following t h e o r e m i s of p r a c t i c a l i m p o r t a n c e . 

THEOREM 3. In any two a s s o c i a t e c l a s s PBIB d e s i g n s 
with X9 = 0 we have 

(i) 2 X = b k ( k - l ) ( k - 2 ) . 
A^M m p s 

(ii) A 2 X . - bk (k - l ) (k -2 ) (k -3 ) . 
A

0 4
 mP* s 

(iii) 2 X = 0 . 
A 0 5 m p s 

The proof i s s i m i l a r to that of t h e o r e m 3 . 

5 . Des igns of o ther t y p e s . F o r m u l a s for 2 X , B ^— A Q 1 m p s 

A 2 X a nd 2 X have not been obtained for the 
A 0 4 m p i S 05 m p S 

following types of d e s i g n s : r e g u l a r group d iv i s ib l e , t r i a n g u l a r , 
la t in s q u a r e and c y c l i c . But d e s i g n s of t hese types being at the 
s a m e t i m e s i m p l e or having k = 2 a r e covered by the four 
p r e v i o u s t h e o r e m s . It i s a l so w o r t h noting that the v a l u e s 
of . 2 X , 2 X and 2 X can be obtained 

A^ t m p s A m p i s A__ m p s 
01 r 04 05 ^ 

by e n u m e r a t i o n al though tha t i s l abo r ious and s o m e t i m e s 
p r a c t i c a l l y i m p o s s i b l e . 
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