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GRADED BRINGS 

D. D. ANDERSON AND J. MATIJEVIC 

1. Introduction. All rings considered will be commutative with identity. 
By a graded ring we will mean a ring graded by the non-negative integers. 
A ring R is called a ir-ring if every principal ideal of R is a product of prime 

ideals. A 7r-ring without divisors of zero is called a ir-domain. A graded ring 
(domain) is called a graded ir-ring {-domain) if every homogeneous principal 
ideal is a product of homogenous prime ideals. A ring R is called a general 
ZPl-ring if every ideal is a product of primes. A graded ring is called a graded 
general ZPl-ring if every homogenous ideal is a product of homogeneous prime 
ideals. 

In Section 2 we review the known results about (ungraded) 7r-rings and 
general ZPI-rings. Eight characterizations of 7r-domains are given, several of 
which are new. The characterization to be used in Section 3 is that a domain 
D is a 7r-domain if and only if D is locally a UFD (DM is a UFD for every 
maximal ideal M of D) and D is a Krull domain. 

In Section 3 we investigate graded 7r-rings. We show that a graded 7r-ring is a 
finite direct product of special principal ideal rings, graded 7r-domains and a 
special type of graded 7r-ring which is not a 7r-ring. We show that a graded 
7T-domain is actually a 7r-domain. We also show that a graded general ZPl-ring 
is a general ZPl-ring. 

The authors wish to thank the referee for several helpful suggestions. 

Section 2. The ungraded case. Mori has completely characterized the 
structure of 7r-rings in a series of four papers [12]-[15]. We state this charac­
terization as Theorem 1, the proof of which may also be found in [7]. 

THEOREM 1. A ring R is a ir-ring if and only if R is a finite direct product of 
ir-domains and special principal ideal rings. 

Thus the study of 7r-rings is essentially reduced to the study of 7r-domains. 
Next we give eight characterizations of 7r-domains. 

THEOREM 2. For a domain D the following conditions are equivalent: 
(1) D is a ir-domain, (2) every principal ideal is a product of invertible prime 

ideals, (3) every invertible ideal is a product of invertible prime ideals, (4) every 
nonzero prime ideal contains an invertible prime ideal, (5) D is locally a UFD 
and the minimal primes are finitely generated, (6) D is locally a UFD and a 
Krull domain, (7) D is a Krull domain with the minimal primes being invertible, 
(8) D(X) « a UFD. 
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Proof. (1) => (2): Any factor of a principal ideal is invertible. (2) =» (4): 
Let P be a nonzero prime ideal and let 0 ^ x £ P. Then (x) = Pi . . . Pn a 
product of invertible prime ideals. Since P is prime, some Pt C P and P* is 
invertible. (4) => (3) : The proof then is similar to the proof of Theorem 5 [8] 
but using ' 'generalized' ' multiplicatively closed sets. (Also see Theorem 4.6 [2] ). 
As (3) => (1) is trivial, we see that (l)-(4) are equivalent. (1) ==> (5): A localiza­
tion of a 7r-domain is a 7r-domain and in a quasi-local domain, invertible ideals 
are principal. (5) =» (1): Since D is locally a UFD, every nonzero prime con­
tains a minimal prime P, which is by hypothesis finitely generated. Since P is 
finitely generated and locally principal, P is invertible. That (1) implies (6) is 
clear. (6) => (1): Let 0 ^ x G D be a nonunit. We show that xD is a product 
of prime ideals. Since D is a Krull domain, &D = jy**) H . . . PlPs

(w, ) where 
Pi, . . . , P5 are the rank one primes containing x. We show that xD = 
P i n i . . . iY« locally. Let AT be a fixed maximal ideal of D. If Pt (2 M, then 
PiM

{7lt) = DM = PiM
Ui. If Pi Q M, then PiM is a rank one prime in the 

UFD DM and hence is principal. Thus PiM
Ui is primary and hence PiM

ni = 
PiM

{Hi). Since the PiM
Js are principal, 

*z?M = P1M™ r\... n p5M^^ = Pj/i n . . . n ? , / • 
= ? ! / . . . ? , / • = ( P ! ^ . . . P / - ) M . 

Thus (^) =>( ) ) . It is clear that (f)-(0) => (7) and that (7) =^ (^). If D is a 
7r-domain, then D[X] is also a 7r-domain as is easily seen from the equivalence 
of (1) and (6). Thus D(X) = D[X]S is a 7r-domain where S = {f £ D[X]\ 
Af = D} and ^4/ is the content of/. Since every invertible ideal in D(X) is 
principal (Theorem 2 [4]), P>(X) is a UFD. Hence ( i ) => (5). Conversely, 
suppose that D(X) is a UFD. By Proposition 6.10 [6], Z) is a Krull domain 
and every rank one prime ideal of D is invertible. Hence D is a 7r-domain. 

Theorem 2 supports our philosophy that a 7r-domain is just a UFD where 
invertible ideals have taken the place of principal ideals. Thus 7r-domains are 
related to UFD's in a manner similar to the way that Dedekind domains are 
related to PID'S. One question of interest is: Given a 7r-domain D, does there 
exist a UFD D' such that D and Df have isomorphic lattices of ideals? (See 
[1] and [3] for a discussion of this question.) 

The equivalence of (1), (5), and (7) appears as Theorem 46.7 [7, page 573]. 
The following theorem characterizes general ZPI-rings. The equivalence of 

(1) and (2) is due to Mori [16] and the equivalence of (1) and (3) to Levitz 
[9], [10]. Also see [7]. 

THEOREM 3. For a ring R the following statements are equivalent: 
(1) R is a general ZP'I-ring, (2) every ideal of R generated by two elements is a 

product of prime ideals, (3) R is a finite direct product of Dedekind domains and 
special principal ideal rings. 
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Section 3. The graded case. In this section we consider graded wrings and 
graded -> general ZPI-rings of the form R = RQ © i?i © R2 © Our 

characterization of graded x-rings will be given by a number of lemmas. Our 

first lemma follows directly from Theorem 1. 

LEMMA 1. Suppose that R = i?0 © Ri © • • • is a graded ir-ring. Then R0 is 

a IT-ring. Moreover, R is a finite direct product of graded IT-rings each of which 

has for its zero component a ir-domain or a special principal ideal ring. 

The case where i?0 is a special principal ideal ring is easily handled. 

LEMMA 2. Suppose that R = R0 ® Ri ® . . . is a graded ir-ring where R0 is 
a special principal ideal ring. Then 0 = R\ © i?2 © . . . . 

Proof. Let 0 ^ pRo be the unique prime ideal of R0 and suppose that 
pn — 0. Let a Ç Ru then aR is a product of homogeneous prime ideals. Since 
the zero degree part of any homogeneous prime ideal must be pR0, we see that 
Ri = pRi. Hence Ri = pnRi = 0. By induction Rm = 0 for m > 0. 

Thus we are reduced to the case where R0 is a 7r-domain. 

LEMMA 3. Let R = Ro © Ri . . . be a graded w-ring. Then any rank zero prime 
P in R is a "homogeneous" multiplication ideal (i.e., A C P with A homo­
geneous implies A = BP for some homogeneous ideal B of R.) Furthermore, 
P C\ R0 is a multiplication ideal of R0. 

Proof. It is well-known that a rank zero prime in a graded ring is homo­
geneous. Let A Ç P be a homogeneous ideal and let A = (xa) where xa is 
homogeneous. Then xaR = Pai . . . Pat is a product of homogeneous prime 
ideals. Now rank P = 0 implies some Pai = P so that xaR = PBa for some 
homogeneous ideal Ba. Hence A = (xa) = J^PBa = P(J^Ba). It is easily 
seen that P Pi Ro is a multiplication ideal in R0. 

LEMMA 4. Let R = Ro © Ri © . . . be a graded ir-ring where R0 is afield. Then 
R is a domain or R tt R0[X]/(Xn) for some n > 1 where X ix an indeterminate 
over Ro assigned positive degree. 

Proof. Suppose that R is not a domain. Now M = Ri © R2 © . . . is the 
unique maximal homogeneous ideal of R. We show that rank M — 0. Now 
since (0) is a finite product of (homogeneous) primes, R has only a finite 
number of minimal primes Pi, . . . , Pn, each of which is homogeneous. Assume 
that Pt £ M for i = 1, ._. . , n. We set A = Px C\ . . . C\ Pn and R = R/A. 
It is easy to see that Z(R) = Pi/A \J . . .\J PJA (here Z(R) denotes the 
zero-divisors of R.) By Prop. 8 [5, p. 161] there exists a homogeneous element 
m G M — (Pi U . . . W Pn) and m = m + A is a regular element of R. Let 
(m) = Qi . . . Qt be a prime factorization of (m) into a product of homo­
geneous prime ideals. Then (m) = Qi . . . Qt is a prime factorization of (in) in 
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P. Since m is regular, the ideal Qi is invertible and Qi properly contains some 
Pi. Therefore Pt = P,Çi and hence Pt = i \ M . Suppose that Pt ^ 0. Then 
there exists a nonzero homogeneous element y £ Pt. By Lemma 3, (y) = BP t 

for some homogeneous ideal B. Hence (y) = BPt = B(PtM) ={BPt)M= 
(y)M. Thus P = M" + (0:y). But since 3/ is a nonzero homogeneous element, 
(Ô:y) is a proper homogeneous ideal and hence (0:y) C M, the unique 
maximal homogeneous ideal of P. Thus P f = 0. Hence Pt = A so R has a 
unique prime P of rank zero. Thus R/P is a graded 7r-domain, in fact since 
(R/P)o = Ro is a field, i?/P is a graded UFD and hence a UFD (Theorem 5). 
Choose a homogeneous non-zero prime element q + P of i?/jP. If (9) = <2i. . . 
Qt is a homogeneous prime factorization of (g) in P, then (q) = Qx . . . Qt is 
the prime factorization of (g) in i?/P. Consequently / = 1 and (q) is a homo­
geneous prime ideal of R with P £ (g) Ç M. Hence P = P(q) and so P = PAf. 
As before, this implies that P = 0. This contradiction shows that M is the 
unique minimal prime ideal of R and hence the unique homogeneous prime 
ideal of P. We show that M is principal. Let M = (xa) where xa is homogen­
eous. By Lemma 3, (xa) = MBa where Ba is some homogeneous ideal. Hence 
M = £(*«) = ZMBa = M(E5„). If E 5 a = R, then some 5ao = R so 
i¥ = (xao) is principal. Otherwise Af = M2 and the argument used above 
shows that M = 0. Let X be an indeterminate over P0 assigned the degree of 
xaQ. Then the graded homomorphism/ : R0[X] -> R given by X —> x0 is clearly 
onto. Since If is the unique homogeneous prime of R} there exists an n > 0 
such that Mw = 0, but Mn~l * 0. Thus ker/ = (Xw) so R « P0[X]/(ZW). 

LEMMA 5. Le£ R = R$ ® R\ ® . . . be a graded ir-ring where (R0y M0) is a 
quasi-local domain but not afield. Then R is either a domain or R0 is a DVR and 
R œ RQ[X]/A where A is a homogeneous ideal with \JA = XM0[X], 

Proof. First suppose that dim R0 > 1. Then P 0 is a quasi-local UFD with 
an infinite number of principal primes. Assume that R is not a domain, so that 
R has a finite number of minimal primes Pi , . . . , Pn. By Lemma 3, Pt C\ P 0 is 
a multiplication ideal, so each Pt C\ R0 is either 0 or a principal prime. Thus 
we can choose a homogeneous element in Mo ® Ri ® R2 ® . . > , but not in 
Pi , . . . , Pn. Proceeding as in Lemma 4, we get that R must be a domain. Thus 
we may suppose that dim R0 = 1, so that R0 must be a DVR. Since P 0 is a 
domain, Q = P i © R2 ® . • . is a prime ideal. We show that rank Q = 0. 
Let 5 = Po — {0}, t h e n P s = Ros ® Ris 0 . . . is a graded 7r-ring with P0<s a 
field. Hence by Lemma 4, P s contains a unique minimal prime, and hence P 
must contain a unique minimal prime P with P Pi P 0 = 0. Let M0 = £Po-
Now pR is a product of homogeneous primes and hence itself must be prime. 
Now pR must be minimal. For if P' £ pR is a prime, then either P' C\ P 0 = 0 
s o ^ D P ' D P or P ; Pi Po = pPo so P r 3 />P. If pR D P , then P would be 
the unique minimal prime of P . Passing to R/P we see that this would imply 
that P = (0) and thus P would be a domain. Thus P has exactly two minimal 
primes: pR and P . As in Lemma 4, we see that P is principal. Suppose that 
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Q^. P. Then by Proposition 8 [5, page 161], there exists a homogeneous ele­
ment m £ pR0 © Ri © . . . , but not in pR or P. Proceeding as in Lemma 4, 
we see that R/pR C\ P must have a unique minimal prime. This contradiction 
shows that Q = P. Thus P = Q = i?i © i?2 © . . . is principal. The result now 
follows as in Lemma 4. 

LEMMA 6. Let R = Ro © Ri © . . . be a graded ir-ring where P 0 is a domain 
but not a field. Then either R is a domain or R œ R0[X]/A where A is a homo­
geneous ideal of Ro[X] with \/A = XM\ . . . Mn[X] where Mi, . . . , Mn are 
invertible maximal ideals of Ro. 

Proof. Assume tha t R is not a domain. Let S = Ro — {0}, then Rs is a 
graded 7r-ring with R0s a field, so t h a t J?s is a domain or is isomorphic to 
Ro[X]/(Xn) and hence contains a unique minimal prime. Hence R contains a 
unique minimal (necessarily homogeneous) prime P with P C\ P 0 = 0. Let 
Mo be a maximal ideal of Ro and pu t S (Mo) = Ro — Mo- Then RS(M0) is a 
graded 7r-ring so i? S ^ Q ) is a domain or P S ( M 0 ) = (Pi © R2 © . . .)<S(M0)- In the 
la t ter case P = Ri © P 2 © . . . (for both are prime ideals of R). Suppose t h a t 
P 9^ R\ © Ri © . . . . Then we may assume tha t RS(MQ) is a domain for every 
maximal ideal Mo of P 0 . Thus P S ( M 0 ) = 0 S(MQ) for every maximal ideal Mo of 
P 0 , so t ha t PM = 0M for every homogeneous maximal ideal of R. Hence 
P = 0 and R is a domain. This contradiction shows tha t P = Ri © P 2 © . . . 
is the unique minimal prime ideal of R contract ing to 0 in R0. 

Suppose tha t P, Pi, . . . , Pn are the minimal prime ideals of R (n > 0 since 
R is not a domain) . Then P( = Pt C\ R0 ^ 0 is a multiplication ideal in the 
domain R0. T h u s P( is invertible [7, page 77]. Let Af be a maximal ideal of R0 

containing P( and put S = Ro — M. Then P ^ s and P,s are distinct minimal 
primes in Rs. By Lemma 5, i?0^ must be a D V R and hence we see t ha t each 
Pi is also a maximal ideal in Ro. Also, P / i ? and Pz- are homogeneous ideals 
t ha t are equally locally a t the maximal homogeneous ideals of R. T h u s P/R = 
Pt. We next show tha t P = P i © P 2 © . . . is principal. Let i f be a maximal 
homogeneous ideal containing P . Let Mo = M C\ Ro and S = R0 — Mo. If 
Pi ^ M for some i, then P # contains two minimal prime ideals. By L e m m a 5, 

M = Pi © P i © P 2 © If Pz £ M for a l i i = 1, . . . , n, then Ps is the 
unique minimal prime ideal of P s and hence P s is a domain. Then PM =0M. 
T h u s PM = 0M for almost all maximal homogeneous ideals M of P . An easy 
modification of Theorem 2 [3] shows tha t P is principal. Thus P œ P0[X]/^4 
where 4̂ is a homogeneous ideal of Ro[X]. Since \ / 0 = PC\PiC\...C\Pn 

in P , we have V-4 = (X) H P / [ X ] H . . . C\ Pn'[X] = XPif . . . Pn'[X] in 
i^o[X]. 

LEMMA 7. P^/ P 0 ^^ a ^-domain that is not afield. Suppose that A is a homo­
geneous ideal of R0[X] with \A4 = XMi . . . Mn[X] where {Mi, . . . , Mn\ is a 
(possibly empty) set of invertible maximal ideals of Ro. Then R = R0[X]/A is a 
graded ir-ring if and only if A = XsMiSl . . . Mn

Sn[X]B where s, Si, . . . , sn are 
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positive integers, B is a (possibly vacuous) product of MJ[X] + (X)-primary 
ideals and s = 1 unless {Mi, . . . , Mn) is the set of all maximal ideals of R. R is a 
Tv-ring if and only if A = (X). 

Proof. Suppose that A = XSMS' . . . M8»[X]B. Then the ideals XR, MXR, 
. . . , MnR are prime ideals in R. If TV is another invertible prime ideal in i?0, 
then N[X] and MiSl . . . Mn

Sn[X]B are comaximal. Thus 

N[X] + Mi S l . . . Mn'»[X]B = R[X] so 

XN[X] + XM^ . . . Mn'»[X]B = (X). 

Since in this case s = I, N[X] + A = N[X] + (X) so NR is also a prime 

ideal in R. Since every homogeneous element of R has the form rXm where 

r Ç RQ and Z = X + .4,i?isa graded 7r-ring. 

Conversely, suppose that R is a graded 7r-ring. Now A has a homogeneous 

primary decomposition with minimal primes (X), Mi[-X], . . . , Mn[X], Since 

each of these primes is invertible, the primary ideals belonging to these minimal 

primes are prime powers. From Lemma 5 we see that Mi[X] + (X), i = 1, 

. . . , n are the only possible embedded prime ideals. Thus 

A = (xy r\ M^ix] n...n Mn
six] r\ Q1 r\... n Qn 

where Qt is either Mt[X] + (X)-primary orR0[X]. Since (X)s, M^^X], . . . , 
M"n

Sn[X] are invertible primary ideals, we have 

(x)s n Misi[x] n ... n Mn*»[x\ = (xyM^^x]... Mn'*[X]. 
Hence 

^ = (X)'M^[X]... Mn*[x] r\Q1r\...r\Qn 
= (xyMs^x]... MUHX](Q1 r\...r\Qn: (xyM^[x\... MU-[X\). 

But 

(<2i n ... r\ Qn: (xyM^[x]... Mnnx\) 
= n i _ i (Qt: ( I ) ' ¥ i " [ I ] . . . Mn'-[X] and 

QS = Qt:(X)'M^[X] . . . Mn"[X] 

is either M"t[X] + (X)-primary or R0[X], Since (V, . . . , Qn' are comaximal, 
Qi C\ . . . r\ Qn = Qi • • . Qn> Suppose that M is a maximal ideal of R0 other 
than Mi, . . . , Mn. Then R(BQ-M) = ROM[X]/(X)8R0M is a graded 7r-ring. By 
Lemma 5 this is not possible unless R(R0-M) is a domain, that is, 5 = 1. 

Clearly if A = (X), R = R0[X]/A is a 7r-domain. If A ^ (X), then R is 
not a domain. Since R is indecomposable, it* cannot be a 7r-ring. 

Thus we have established 

THEOREM 4. Let R = R0 ($ Ri ® . . . be a graded \-ring. Then R is a finite 
direct product of graded ir-domains and special graded ir-rings of the following 
types: 
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(1) special principal ideal rings (ungraded), (2) k[X]/(Xn), k afield, X an 
indeterminate assigned positive degree, (3) D[X]/A where D is a ir-domain, X is 
an indeterminate over D assigned positive degree and A is a homogeneous ideal of 
D[X] with 

A = XSM^[X] . . . Mn
8»[X]B 

where s, . . . , sn are positive integers, {Mh . . . , Mn\ is a (possibly empty) set of 
invertible maximal ideals of D and B is a (possibly vacuous) product of M{[X] 
+ (X)-primary ideals. If Mi, . . . , Mn are not all the invertible prime ideals of 
D, then s = I. 

We are now reduced to the case where R = R0 © i?i © . . . is a graded 
TT-domain. 

THEOREM 5. Let R = R0 © Ri © . . . . / / R is a graded UFD, then R is a 
U F D . If R is a graded ir-domain where R0 is quasi-local, then Ris a graded U F D 
and hence a U F D . 

Proof. We may assume tha t R ^ Ro. Let S be the set of homogeneous 
non-zero elements of R. Now 5 is a multiplicatively closed set in R generated 
by the non-zero homogeneous principal primes. By Lemma 1.2 [11], Rs is 
isomorphic to K[u, u~~l] where K is a field and u is t ranscendental over K. 
T h u s R s is a U F D . By .Nagata 's Lemma to show tha t R is a U F D it is sufficient 
to show t h a t R satisfies ACC on principal ideals. Let (/i) C (J2) CI (/3) CZ . . . 
be an ascending chain of principal ideals in R. Surely R satisfies ACC on prin­
cipal homogeneous ideals. I t is easily verified t ha t R[X] satisfies ACC on 
homogeneous principal ideals when X is an indeterminate assigned degree 1. 
We homogenize the chain of principal ideals to R[X] and then de-homogenize 
them back into R (for the process of homogenization see [11] or [17, p. 179]). 
T h u s (fi)h C (f2)

h C (fz)h Ç . . . is an ascending chain of homogeneous 
principal ideals in R[X]. Hence the chain becomes stable, say (fn)

h = (fn+i)h 

= . . . . De-homogenizing the chain we get tha t (fn)
ha = (fn+i)ha = . . . in R. 

But since for any ideal / in R, Iha = I, we have (fn) = (fn+i) = . . . . Thus R 
satisfies the ascending chain condition on principal ideals. We remark t ha t 
this same proof also applies to Z-graded UFD ' s . 

Suppose tha t R is a graded 7r-domain where R0 is quasi-local. Then every 
homogeneous invertible ideal of R is principal. Hence R is a graded U F D and 
hence a U F D . 

T H E O R E M 6. A graded ir-domain R = R0 © Ri © . . .is a ir-domain. 

Proof. Let M be a maximal ideal of R and let M0 = M H R0. Then 
R(R0-M0) is a 7r-domain with R(RQ-MQ) quasi-local. By Theorem 5, R(RQ-MO) is a 

U F D and hence RM is a U F D . T h u s R is locally a U F D . We show tha t R is a 
Krull domain. Since R is locally a U F D , RP is a D V R for every rank one prime 
P in R and R = C\ RP where the intersection runs over all rank one primes of 
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R. Let 0 ^ x £ R be a nonunit. We must show that x is contained in only 
finitely many rank one primes of R. If x is homogeneous, the result is clear, so 
suppose that x is not homogeneous. Since a homogeneous component of x can 
be contained in only finitely many rank one homogeneous prime ideals, x can 
be contained in only finitely many rank one homogeneous prime ideals of R. 
Now any rank one non-homogeneous prime ideal Q containing x must satisfy 
Q H i?0 = 0 (since rank Q = 1, Q*, the prime ideal generated by the homo­
geneous elements of Ç, must be 0). Putting S = i ? 0 - {0}, Rs = Ros © 
Tis © . . . is a graded 7r-domain with Ros a field, so R s is a graded UFD and 
hence a UFD. Thus xRs is contained in only finitely many rank one primes and 
hence the same is true of xR. 

THEOREM 7'. Let R = RQ © Ri © . . . be a graded ring in which every ideal 
generated by two homogeneous elements is a product of homogeneous prime ideals. 
Then Ris a general ZPI ring. Further, R is a finite direct product of the following 
types of (graded) general ZPI rings: (1) R0 a special principal ideal ring and 
0 = Ri © R2 © . . . , (2) R0 a Dedekind domain and 0 = i?i © R2 © . . . , 
(3) RQ afield (a) 0 = Rx © R2 © . . . , (b) R « R0[X], (c) R « RQ[X]/(Xn). 

Proof. It is easily seen that in i?0 every ideal generated by two elements is a 
product of prime ideals. Hence i?0 is a general ZPI-ring and hence by Theorem 3 
is a finite direct product of special principal ideal rings and Dedekind domains. 
Thus we see that R is a finite direct product of graded rings where the zero 
coordinate is either a special principal ideal ring or a Dedekind domain. If 
RQ is a special principal ideal ring, then 0 = i?i © R2 © . . . by Lemma 2. 
Thus we may assume that i?0 is a field or a Dedekind domain. If R0 is a field, 
but R is not a domain, then i? œ i? 0 [^ ] / (^ ) by Lemma 4. So suppose that i? 
is a domain and 0 ^ Ri © i?2 © . . . . By Lemma 4.8 [2], we see that Ri © 
Ri © . . . is a principal prime ideal and hence R œ i?o[-X']. We are reduced to 
the case where Ro is a Dedekind domain. It is easily seen that the rings occur­
ring in case (3) of Theorem 4 do not satisfy the hypothesis of the Theorem. 
Thus R must be a domain. By Theorem 4.9 [2] we see that every homogeneous 
non-zero prime ideal in R is maximal. Thus since 0QRi@R2®...(^M® 
Ri © R2 . • . for any maximal ideal M of i?0, we must have 0 = Ri © R2 © . . . . 
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