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A Plancherel formula for Sp,,, /Sp,, X Sp,,
and its application

Zhengyu Mao and Stephen Rallis

ABSTRACT

We compute the spherical functions on the symmetric space Sps,, /Sp,, X Sp,, and derive
a Plancherel formula for functions on the symmetric space. As an application of the
Plancherel formula, we prove an identity which amounts to the fundamental lemma of
a relative trace identity between Sp,,, and Sp,,.

1. Introduction

Let F be a p-adic field with p odd. Let O be the ring of integers in F'. Let 7 be a prime in O and
let ¢ = |7|~!. Let G be a reductive group over F and G = G(F). Let K be a maximal compact
subgroup of G. Unless otherwise specified, the measures on a subgroup G’ of G are normalized
so that the volume of K N G’ is one.

Let H be a closed unimodular subgroup of GG such that there is a Borel subgroup B of G with
BH being open in G. Let x be a unitary character on H that is trivial on H N K. Denote by
CR(H\G, x) the space of all complex functions f(g) on G satisfying f(hgk) = x(h)f(g); denote
by Skx(H\G, x) the subspace consisting of all functions compactly supported modulo H in
CR(H\G, x).

In this paper we study two such spaces Sk, (H;\Gi, xi) (i =1, 2) and the linear maps between
them. In the case we consider, G1 = Spy,,, H1 = Sp,, X Sp,,, K1 =Sp,,,(O) and x; is a trivial
character; Go = é\f)n, the double cover of Sp,,, Hy is the maximal unipotent subgroup of Ga
(which is just two copies of the maximal unipotent subgroup of Sp,,), K2 = Sp,,(O) embedded
in G2 and xz2 is a non-degenerate character on Hy (see § 7 for precise description of x2). In the
case of G we let CF (H2\G2, x2) be a subspace of genuine functions on Gs. The study of linear
maps is used in proving the relative trace identity in [MROS].

1.1 Spherical functions in C (H\G, Xx)

Denote by H(G, K) the Hecke algebra of G with respect to K. It is the algebra of all
compactly supported functions on G satisfying f(ki1gke) = f(g) for any ki, ke € K and g € G.
The multiplication in H(G, K) is given by the convolution product

(1 f2)(g) = /G f1(1) 2 g) dg.
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There is an action of the Hecke algebra H(G, K) on C¥(H\G, x) through
(F=o)o) = [ F)o(ah) dh. € H(G.K). b€ CRH\G ). (1)

A spherical function in C3P(H\G, x) is by definition an eigenfunction ¥(g) in C¥(H\G, X)
under the action by H(G, K) such that ¥ equals one at the identity. We first classify all spherical
functions in CF (H1\G1, x1) and CF, (H2\G2, x2)-

We call an element g in G relevant if x is trivial on gKg~' N H. Clearly if g is not relevant,
then ¢(g) =0 for all ¢ in C$°(H\G, x). Let G™! be the subset of relevant elements in G.
LEmMA 1.1. Let

AF={A=(AnX, .., M) €EZM A > N> >\, >0}

n

For i =1, 2, there are injective maps II; : A} — G, such that G5 = U/\eAi HIL;(MK; as a
disjoint union. Moreover 11;(0) € K;, where 0= (0, ..., 0).

Thus, functions ¢ in O (H;\Gi, x;) are determined by the values of ¢(IT;(\)) for A € A},

Before describing values of spherical functions at II;(\), we recall the definition of the
Macdonald polynomial. Let S be the reduced root system of type C),, let R be the root system
of type BC),. The root systems R and S are inside the same vector space identified with C”.
Let ¢;,i=1,...,n, be the standard basis of C", then

SZ{iGiiej,iei, 1 <1 <n, i<j§n},
R:{:I:eizl:ej,:l:e,;,:lﬁei, 1<i<n, 1<y Sn}

The root systems R and S have the same Weyl group W which is the Weyl group of Sp,,. There
is a natural action of W on C™.

Let C[g%, ¢ *]" be the space of functions F(z), with z = (21, 22, ..., 2z,) € C", that are
polynomials in variables ¢* and ¢~ %, satisfying F'(z) = F(wz) for all w € W. Macdonald defined
sets of basis for this space. A Macdonald polynomial has the form [Mac00, (10.1)]

Qi) = P = ()" w@ 11 1‘“) (1.2)

weW acr+ 1—1t2 e~

Here \ € A, is identified with the dominant weights of R, R* is the set of positive roots, and e
are the independent variables of the polynomial P/{; f\ and Pﬁ are related through the equation

1
e“ = ¢~ %. The data t, are parameters such that when « is not a root in R, t, =t2 = 1. Thus,
1

the parameters ¢ are determined by values of t, when « is a long root in S, and t, with t2,
when « is a short root in S. Here V)\(t) are nonzero constants independent of variables e; they
are defined in [Mac00] (and denoted by Wy(t) there).

Then {Q4(2) | A € A} forms a basis of Clg?, g%

THEOREM 1.2. For i =1, 2, there are choices of real number parameters t', for a roots in R,
and nonzero values a;(\) for A € A}, such that for all z=(z1,...,2,) € C",

TLIL(N) = a(NQ5 (2), €A, (1.3)

determines a spherical function ¥’ in Cg (H\Gi, Xi)-
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The exact descriptions of parameters ¢!, and functions a;(\) are given in Theorems 3.2 and 7.1,
respectively. We make the remark that, when ¢ =2, the above is a restatement of the main
theorem in [BFHO91].

1.2 Consequences of Theorem 1.2
For f € H(G, K), let f(z) be the eigenvalue of f*(g) = f(g!) acting on ¥, through (1.1):

f(z) = / o T2 (g) dg. (1.4)

Then f — f(z) is an algebra homomorphism from f € H(G, K) to C[qzz, ¢ *". We can consider
Cl¢?, ¢ %]V as a H(G, K) module through the multiplication by f(z). It is easy to verify
the following.

LEMMA 1.3. Fori=1,2, the map f — f(z) is onto C[¢%, ¢ %]V from H(G;, K;).

Define the measure dg on H\G so that H\K H has volume one. When ¢ € Sk (H\G, x), we
define its Fourier transform ¢(z) by

P(z) = (¢, ¥.) = (9)V(g) dg. (1.5)

H\G

Clearly ¢(z) € Cl¢?, ¢ %]V Recall that Si(H\G, x) is a H(G, K) module through (1.1).
THEOREM 1.4. Let (G, H, x, K) be such that Lemmas 1.1, 1.3 and Theorem 1.2 hold.
(a) If V¥ is a spherical function in C(H\G, ), then ¥ = V¥, for some z = (z1, ..., z,) € C™.
(b) (Isomorphism between Sk (H\G,x) and Cl¢%,¢ ?|") The map S:¢— ¢ gives an
isomorphism between H(G, K) modules Si(H\G, x) and C[q?, ¢~ *]"V.
If, moreover, the property
fr®=f"%® forall®cC¥(H\G,x) and f € H(G, K), where f*(¢)=f(g7") (%)
holds, then we have the following.
(c) (Volume formula) The volume of H\HII(A)K is a(0)%Vy(t)/a(\)?Vo(t).

(d) (Plancherel formula) Assume further that the parameters t, satisfy condition (5.1.1)
in [Mac71]. Define Al(z) as in (2.1). Denote by D, the direct product of n copies of
V—1R/((27/ log q)Z), then for ¢ € Sk (H\G, X),

d(g)= | d(2)V:(g) dpu(z) (1.6)

D"L
with measure d,(z) = (1/|W])Vo(t)Al(z) d=.

Obviously condition (*) holds in the case of Gy since f(g) = f(g~!) in our case. We state
condition (%) in this form since it is also satisfied in the three cases considered in [Off04],
owing to the existence of automorphism g — g* = w(g?)“*w™! of G such that ®(g*) = ®(g) and
f(g*) = f(g~"); here w is the longest Weyl element in G.

Property (*) does not hold in the case of G. However, in that case the volume of H\ HII(\) K
is easily computed and we can again obtain the Plancherel formula from the volume formula (see

§7).
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COROLLARY 1.5. Fori =1, 2, there are isomorphisms between H(G;, K;) modules Sk (H;\Gi, Xi)
and C|q¢®, ¢~ %]V given by S;: ¢+ ¢.
For i =1, 2, there are measures d! 1.(2) on Dy, such that

/qb )U(g) di,(2). (1.7)

1.3 Linear maps between Sk, (H;\G;, x:)

We consider the linear maps 7' from Sk, (H1\G1, x1) to Sk, (H2\G2, x2) that preserve spherical
functions, namely satisfying 7'(¥!) = ¢(z)¥2. Then from (1.7), formally we have

T(¢p1) = $1(2)W2e(2) di(2), Vo € Sk, (H1\G1, x1). (1.8)
Dy,
LEMMA 1.6. Let T be a linear map satisfying:

(1) Equation (1.8) holds for some function c¢(z);
(2) T(ST(1) =83 (1);
then Sl == S2T on SK1 (Hl\Gl, Xl)'

Proof. Let ¢; € Sk, (Hi\Gi, xi) such that S;(¢1) = Sa(¢2); we show that ¢pg =T (¢1).
By (1.7),

b= [ G (o)
Since ¢1(z) = d2(z), we obtain a function ¢/(z) on D,, with

T(¢1) — o= [  ¢a(2)¥2¢(2) dz. (1.9)

Dy,
When ¢2(z) = 1, condition (2) implies

/ T2(My(M\)d(2)dz=0, VA€AS. (1.10)
When z € Dy, z2= —z; thus, we can consider §Z§2(Z) as a polynomial in C[g?, ¢~*]". For any
A € A} and any ¢9, ¢2(2)¥2(I12()\)) € C¢?, ¢~#]"W. Thus it can be written as a linear combination
3 ¢ U2(Iz(\;)). From (1.9) and (1.10), we obtain (T'(¢1) — ¢2)(Il2(\)) = 0; thus, T'(¢1) = ¢2. O

In §8, we construct an explicit map 7" from Sk, (H1\G1, x1) to Sk,(H2\G2, x2). Conditions
(1) and (2) in the lemma are then verified. Thus, we obtain the conclusion S; = S2T'. The identity
(Proposition 8.1) is related to the fundamental lemma of the relative trace identities between G
and G studied in [MRO08]. In essence the identity S; = ST is the fundamental lemma for general
Hecke algebra elements, and condition (2) in Lemma 1.6 is the fundamental lemma for the unit
elements in Hecke algebras. Thus, from the lemma with condition (1), the fundamental lemma
for general elements follows from that of the unit elements.

The proof of Theorem 1.2 follows the ideas of [Hir99]. The new ingredient we need is an idea
to show the vanishing of some intertwining operators. While working on the proof we benefited
a lot from discussion with Omer Offen, who was writing a thesis (under Jacquet’s advice) on a
similar problem, the case when G = GLg,, and H = GL,, x GL,, (see [Off04, Off08]).

The paper is organized as follows. In § 2 we prove Theorem 1.4. In § 3 we transfer the question
of spherical functions in C% (H1\G1, x1) to the equivalent question of spherical functions on a
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symmetric space X. In §4 we give the integral representation of the spherical functions on X.
The integral is computed in §5 where we prove case (1) of Theorem 1.2, pending a function
equation that is established in §6. The spherical functions in CF (H2\G2, x2) are studied in
§7. In §8 we construct a map between two spaces and establish Proposition 8.1 which is the
fundamental lemma needed in [MROS].

2. Proof of Theorem 1.4

2.1 Preliminary on Macdonald polynomial

We first recall some facts about the Macdonald polynomial P)t\. The results are included
n [Mac00], we state them in terms of the polynomials @ in C[¢%, ¢~*]". Here C[¢?, ¢~*]"
is the space of symmetric polynomials

{f(¢*) € Cla”, ¢ 1| f(¢"%) = f(¢), we W}
The space C[¢?, ¢~*]" has a basis (where we let e = ¢~%)

{mA: Z et AEArf}.

pneWA

Let

Alz) = Al(z) = TT L=t (2.1)

1
a€ER 1-— t;ataea
Then on Cl¢?, ¢*]" we can define a scalar product [Mac00, (3.4)]
{f,9)=I1W|"'[fgAl (2:2)

where the notation is the same as in [Mac00, §3].

Define a partial order on Af: A >y if A # p and 25:1 Ai > Zle wi. The following theorem
is shown in [Mac00].

THEOREM 2.1. For any choice of parameters t:
(1) let Xe A}, QL =my + Doxspenr WA, p)my, for some constant coefficients u(A, p);
(2) (@4 QU—OﬁA#MAMGA
(3) (@4, Q% =Wa(t);
(4) {Q)\ | A€ At} is the unique basis of Clg?, ¢=*]V satisfying parts (1) and (2).
We remark that Q} = mg = 1; thus, a(0) = 1 in Theorem 1.2. For the root systems (R, S) w

consider, there is an element in w € W such that w(z) = —z. Thus, for f € C¢?, ¢~ ]W f= f
and we obtain

{f:9)=1(fg,1). (2.3)

2.2 Hecke algebra isomorphism

For X € A}, define ch) to be a function in Sk (H\G, x) such that chy(II(\)) =0 unless A =\,
in which case chy(II(\)) = 1. Then {chy} is a basis of Sk (H\G, x).

Proof of part (b) of Theorem 1.4. Since chy = vol( H\HII(\)K)a(\) QL (2) € Clg?, ¢ =V, we
obtain a bijection between the basis of Si (H\G, x) and C[¢?, ¢~%]"V. Thus, the Fourier transform
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is a bijection. We show it is also a homomorphism. Taking f € H(G, K), ¢ € Sx(H\G, x), then
@)= [ [ 5@otg)Tm dndg
H\G

Changing h +— hg~!, we obtain

/ F(9)é(h) - (hg™T) dh dg
H\G

/H . / YU (hg) dh dg

= [(2)9(=).

Thus, the Fourier transform is a homomorphism and an isomorphism. O

Proof of part (a) of Theorem 1.4. We can proceed as in the proof of [HS88, Theorem 2|. Let ¥
be a spherical function and w : H(G, K) — C be the algebra homomorphism defined through the
equation

/ Flg~H)U(g) dg = w(f).
If f(2) =0, then f/*\¢ =0 for all ¢ € Sk(H\G, x) by the above proposition, and we obtain
w(f){p, ¥y =(f*¢,¥)=0

where (-, -) is defined in (1.5). We obtain w(f) =0, in particular the homomorphism w must be
of the form f(z9) for some zy € C". It is now easy to see that ¥ must be a multiple of ¥,
from Lemma 1.3. O

2.3 Volume formula and Plancherel formula
In this subsection we assume that property (%) in Theorem 1.4 holds.
Given any f € H(G, K), since f * chg € Sk(H\G, x), we have
f*chg= Z c(p)chy, (2.4)
HEAT

where all but finitely many constants c¢(\) equal zero. We use this equation in two ways. First
we use it to compute f x U (H()\)):

fe( qu 1)) f * chy, (TI(N))
= U, (T1(0))c(N) + > W.(TI(1)):
u#0

where d(u) are some constants, and all but finitely many of them are zero. On the other hand,
using property (x):

I *Ua(g) = f(2)T:(g).
We obtain f * ¥, (II(\)) = f(z)a()\)Qg\( ). Thus, as functions of z, we obtain
a(A\) f(2)Q5(2) = c(A)a(0 )+ d(u (2.5)

u#0
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for some other constants d’(x). Taking the scalar product (2.2) of the equation with Qf, we
obtain

a(N)(f(2)Q%, Qo) = c(N\)a(0)Vo(t) ™. (2.6)
Here we have applied Theorem 2.1. We now apply (2.4) again, this time in computing

[ *cho(9)¥.(g) dg.
H\G

The integral equals f (z)az\o(z) by part (b) of Theorem 1.4. Thus, this integral equals
vol(H\HK) f(2)a(0) Q5 (2).

On the other hand, from (2.4), we find that the above integral equals }_, C(M)C/}—L;, which is

> VOI(HN\HII(p) K)e(p)a(p) @), (2). Thus, we obtain

vol(H\HK)fa(0)Qh = 3" vol(H\ HTI(1) K e(p)a(1) Q. (2.7)
“w

as functions of z. Taking the scalar product with Q% and use Theorem 2.1, we obtain

vol(H\HK)a(o)(ng, Q%) = vol(H\HTI(\)K)c(A)a(\)Vy (1)~ . (2.8)
From (2.6) and (2.8), we obtain

a(A\)2Vo(t) (FPL, PY)

vol(H\HK)/vol(H\HII(\)K) = MORAD <7Pt Pt>. (2.9)
(RN
From (2.3), we obtain
al\)2
vol(H\HK) /vol(H\HII(\)K) = M. (2.10)

Note that we fixed measure so that vol(H\HK) =1, and thus the above equation gives the
volume formula in part (c) of Theorem 1.4.

Note that from (2.10), we find that a(\) must be real. The proof of the Plancherel formula now
follows from Theorem 2.1 and the above volume formula; see [Mac71, ch. V] for the argument.

3. Spherical functions on symmetric space X

Let w, be the matrix in GL,(F) with ones on the antidiagonal and zeros elsewhere. Let
Jn = (wn _“’"). Let Sp,,(F) be the symplectic group:

Sp,(F) ={g € GLa,(F) | gtjng = Jn}

We use G, H, K to denote G1, Hy, K. We explicitly define an embedding of H = Sp,, x Sp,, in

G = Spy,,. Let E be the diagonal matrix with the diagonal being [1,...,1,—1,..., =1, 1,..., 1]
(i.e. n consecutive ones followed by 2n consecutive minus ones and n consecutive ones). Then
we let

H={geG|g'Eg=E}.
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3.1 The symmetric space X
Let J = Jo,. Let X be the space of antisymmetric matrices g € G. Then g+ g ' EgJ gives a
bijection from H\G to X. We identify X with the symmetric homogeneous space H\G and let
X inherit the measure of H\G. The group G acts on X by g -z = gxg'.

Denote the matrix (771_0‘ “a) by I,. For A € A}, let II* € X be the matrix with the diagonal
being

(IIx,, Iy, ..., Iy, =11y, ..., —1I_y,]

and zeros elsewhere.

We prove Lemma 1.1 in this case.
LEMMA 3.1. As a disjoint union,

X=JK-T* XeA/l. (3.1)

Proof. Let x € X. Write x = (z; ;) with x; ; being the entry at the ith row and the jth column.
Let x;, ;, be the entry with the largest norm. Since iy # jo, there is a Weyl element wy € K
and a diagonal matrix a € K so that 2/ =woa -z has the property that z},=—x5, =m M
has the largest norm. Then there exists a lower triangular matrix n € K so that 2’/ =n -2’/
has the property that =7; =0 when i %2 and x5, =0 when i # 1. Since Ja" = (J2)~1 and
't = , we obtain z/ P= :c2] = % 1= ;’2 xZn—&-l—jAn—l = :cZnH_iAn =0unlessi=2o0rj=1
when ), 4, 1 ==, 1 4, =7". Thus, 2’ has the form of a block diagonal matrix, with the
diagonal being II_,, y and —II,,, where y is in the space of 4(n — 1) x 4(n — 1) antisymmetric
matrices g satisfying g.J = (¢J)~!. Moreover, the maximum norm of the entries of y is ¢*? with
A2 < A1. Continuing this process, we see that z € K -II-* with \ € A, The sets K - I are
clearly disjoint for distinct A € A;'. As J € K, we obtain the claim. a

3.2 Spherical function on X

Let C2(X) be the space of all K-invariant complex functions on X and Sk (X) the subspace
consisting of all compactly supported functions in C3°(X). With the identification between H\G
and X, the action (1.1) of H(G, K) on C3°(X) becomes the convolution product:

(f * ®)(z /f “l.2)dg, feH(G, K), decCP(X). (3.2)

A spherical function on X is, by definition, an eigenfunction ¥(z) in C°(X) of all of the
convolutions defined by elements in H(G, K) such that U(I1%) = 1. Here 0 is the vector in A}
where all entries are zero. The spherical functions on X are clearly in one-to-one correspondence
with spherical functions on C%, (H1\G1, x1)-

We prove the following result over the next three sections.

THEOREM 3.2. For z=(z1,...,z,) € C", U,(x) defined by the following equation is a spherical
function on X:

W, (1) = ¢ VAE ;Q (2), AeAf (3.3)

where b(A) = — > (2(n —i+1) — 1/2));. The parameter t., in the definition of Qf\l is set as
follows: for « is a short root in S, we let t} = —q~!, (téa)% = —q_%; when « is a long root in S,
let t! =q72.
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4. Integral representation of spherical functions

4.1 Definition of ¥, (x)

We construct a function ¥,(z) on X that is an eigenfunction under the Hecke algebra action,
thus a spherical function, and then we establish formula (3.3) for ¥, (z).

For x € X, denote by Pf,(x) (1 <i<n) the Pfaffian of the lower right 2i x 2i block of z.
The sign of the Pfaffian is irrelevant for our purpose. Define the integral

(s 8) = C(&5 51, 50) = /K [T sl (4.1)

where r € X and s € C". The integral is taken over the open subset

I 1Psik-a)l £0},

{keK
=1

The integral converges when Re(s;) > 0 for all 7. By the general theory of complex powers
of polynomial functions, it has an analytic continuation to a rational function in ¢% (see
[Off04, Theorem 4.1]).

One can show that ((II°, s) is not identically zero using the same argument as on
[Off04, p. 113]. Set

V(x) = (23 8)/CI° ), z€X, (4.2)
where z = (21, ..., z,) satisfies the relation

3
Zsz—— —2n—j)=5 J=L....n (4.3)

4.2 Hecke algebra action
We first prove that ¥, (z) is an eigenfunction of the Hecke algebra.

Let A be the set of diagonal matrices in G and let U be the set of upper triangular matrices
with unit diagonal. Let B = AU be the Borel subgroup. Given v = (v, . . ., v2,) € C?", let ®,(g)
be the K-invariant vector in the induced representation I(x,) = ind%x,, where

2n

Xy (au) = H la;|",  a=diag[ai, ..., azn, aQ_nl, R al_l], u € U.
i=1

We normalize ®, so that

v(auk) H |ag |Vt Cn=H ) ke K (4.4)
The Satake transform f(v) of f € H(G, K) is defined by

v = [ e,

wf(z):f(—z1+%,—zl—%,...,—zn+%,—zn—%). (4.5)
The following proposition shows that ¥, is a spherical function.

We let
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PROPOSITION 4.1. When f € H(G, K),
(fxVU)(2) =ws(2)¥.(x), z€X. (4.6)
Proof. Let f € H(G, K). Since ((z; s) = U, (z)((I1% s), we have

C(IIO; 8)(f #0.)( /f . 5) dg

-/ f<g>{ / H Py )l di dg

/ o [T Pita™ o do.

For b€ B,

[Pfi(b-x)* =[di(D)[* P fi(2)*,
where d;(b) is the determinant of the lower right 2i x 2i block of b. Using the Iwasawa
decomposition G = KB, we obtain

s s)( < ¥)(a) = [ H!Pf (o)t [ s H|d b db.

Here d.b is the right invariant measure on B. The relation of z and s is chosen so that

/f Hyd D[%id,b.

Therefore, we obtain

C(M% ) (f * Wa(2)) = C(a3 s)wy (2).

This equation implies Proposition 4.1. O

From the construction of wy, we can obtain the surjectivity claim in Lemma 1.3.

4.3 Another definition of ¥, (x)
Given z € X, define

where z and s are related by (4.3). Then C z;s) = [ F2(k) dk. It is clear that
FZ(bg) H |d; (D)5 F®(g (4.8)

Therefore, FY defines a distribution on the space of I(x_,()), where

viz)=(z1— 5,21+t 4, ..z — 5, 2+ 3).

The distribution is given by
Fr@)= [ Frg)e(g) do,
B\G

for ® € I(X,,/(Z)).
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When 2 = EJ, since h- EJ = EJ for h € H, we obtain FF/(gh)=FF/(g) for he HCG.
Therefore, if L(®) = FF/(®), then L is an H-invariant linear form on I(X—u(2))-

PROPOSITION 4.2. Let L be the linear form above, and ®_,,(.) be the vector in I(x_,»)) defined
by (4.4). Denote the action of G on I(x_y.)) by p. Then, when z=g-EJ, g € G,

C(x;8) = (L, plg™ )P p(z))- (4.9)
Proof. The right-hand side of the equation is

/;\ IIrszfl<EJ)F oy (hgL) dh.

Making a change of variable h — hg, this becomes

LWHWLh@W . (h) dh,

which is
[ TPt 0l o) di
K i=1
Since ®_,(,)(k) = 1, we obtain the equation above. O

5. Computation of ¥ (IT*)

We calculate ((z; s) using Casselman’s method [Cas80]. We assume that v(z) is in the general
position, that is, the numbers {z; + % |i=1,...,n} are all distinct. The analytic continuation
would give the formula for all cases of z.

5.1 Expansion in the basis {fZ}

Let By be the Iwahori subgroup of G, namely By is the pull back of the upper triangular Borel
subgroup of G over the residue field of O. Define (normalizing the measure so that By has
volume one)

@@z/fwMMb (5.1)

By
Then &7 (g) is right Bo-invariant. From (4.8), we see that £7(g) is a By fixed vector in I(x,(,))-
Casselman defined a basis {f;|w € W(Spy,)} of the space of By fixed vectors in I(x,(;)) (see
[Cas80]). Here W (Sps,,) is the Weyl group of Sps,,. Therefore, there exist functions {a (x; z)|w €
W (Spsy,)}, so that

El)= >, auwlz;2)fi9)- (5.2)
Here, by definition,

aw(@; 2) =T5(67)(1), (5.3)
where T3, is the intertwining operator of w from the space I(x,(z)) to I(wx,(z)), defined from
the analytic continuation of the following integration:

Tl’f)(go)(g):/(m B o(w tug) du.
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As ((x;5) = [ FE(k) dk = [, £2(k) dk, we get

COEEDS el | sit) a. (5.4)

weW (Spa,,

The integral [, fZ(k) dk is computed in [Cas80]. Recall that the root system of Sp,, is given
by S in the introduction; we denote by Sa, the root system of Sp,,,. Let S;;J and S,,, be the set
of positive and negative roots, respectively. We define e for a given 2z’ = (21, 25, ..., 2},) as in

the introduction. Let
1, «

1—qg e
/
w@)= Il S
aGS;n,wQESQ_n

Let w; be the longest Weyl element in W (Sps,,). Then we have

/K fi(k) dk = Q™ ew, (wiwv(2)) [ew(v(2)). (5.5)

Here @ is some constant independent of z defined in [Cas80].

5.2 Vanishing of a,(x; z)

We now turn our attention to the computation of a,(z;z). As in [Hir99], define an
intertwining operator Tp;, from I(x_,(;))* to I(wx_,(.))*, where I(x)* is the dual of I(x) (see
[Hir99, Proposition 1.6]). Note that FY € I(x_,(.))*. Then, as in [Hir99], T extends the
intertwining operator 77. Similar to [Hir99, Proposition 1.7], we have

aw(fc;Z)ZTi(éf)(l)ZL T3 (F2)(b) db. (5.6)

From now on we assume x = II* for some \ € A, We then show a,(z;2) =0 for most
w € W(Spsy,,). Define Y C G:

Y ={geG|Fl(g)#0}. (5.7)
Clearly Y is an open subset of G.

LEMMA 5.1. Let be B, then g€ G isinY if and only if bg € Y.

Proof. This follows from (4.8). O
LEMMA 5.2. When g € G is such that g- EJ =x =TI for some X\ € A}, FF/(bg) = FZ(b) =
FZ(1) when b € By.

Proof. 1t is clear from (4.8) that when b€ ByN B, then F(b)=F7(1). We now assume
be ByN B where B is the set of lower triangular matrices in G. We show in this case that
|Pf:(b-z)|=|Pf;,(x)] fori=1,... n.

Write = as (Al AQ) where As is the lower right 2i x 2¢ block of z. Write b as (lg b2), where by is
the lower right 2i x 2i block of b. Thus, bs is a lower triangular matrix, in the Iwahori subgroup
of GLo;. With this notation, we see that

[Pfi(b-z)| = [Pf(baAsbl + SA1S)|.
Since the entries of S are in the prime ideal P C O, with our choice of x, we see that

by Aobl + SA1 S = by Agbl, mod PN,
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Thus,
[P f(byAabh + SA1SY)| = [P f(baA2bb)| = [Pf(A2)| = [Pfi()|.
We have proved |Pf;(b-x)| =|Pf;(z)|, thus the identity F¥(b) = FZ(1). O

PROPOSITION 5.3. Let z =1II* for some A € A} If the distribution TZ(FE7) e T{(wx_y(z))" is
supported away from Y, then a,,(x; z) = 0.

Proof. Let ®F be the vector in I(wx_,.)), such that ®§ is supported on BBy, and &g (b) =1
when b € By. Then from (5.6),
ay(w; 2) = Ty (F2)(®F)-

If 2=g-EJ, then TZ(F%) = pu(9)T#(FE), where p, is the representation on the space
I(wx_,(»))*. Denote by pi, the representation on the space I(wx_,(z)), then

aw(z; 2) = T (F27) (0l (971 @Y.

We show that péu(gfl)fbg’ is supported on Y; then if the assumption of the proposition holds,
ay(z; z) =0.

The support of pl,(g~1)®Y is BBog. Let by € B, by € By. From Lemma 5.2, FF7(byg) =
F2(bg) = F*(1) # 0, and thus, from Lemma 5.1, F£7/(b1bag) # 0. We have shown that p!, (g7 1) ®¥
is supported on Y, thus the proposition follows. O

PROPOSITION 5.4. The distribution T7(FEY) € I(wx_y(z))* is supported away from Y unless
WXy(2) = Xu(uw'z) for some w’ in W the Weyl group of Sp,,.

Proof. Assume that T (FF7) is not supported away from Y. Let Iy (wx_y(z)) be the subspace of
I(wx_,(z)) consisting of sections supported on Y. Then Tj}(F 'B7) defines a nontrivial H-invariant
linear form on Iy (wx_,(z))-

Note that Y = PygoH for some gg in GG, where P, is the parabolic group containing B and
with 2 x 2 blocks on the diagonal. Let Hgy, = galpggg NH and 0 = Ind?wx_y(z). Consider the
H-module ImdggO (09051%% ) consisting of modulo Hy, compactly supported functions ¢ on H with
values in the space of o, satisfying

¢(hoh) = dp, (g0hogy )o(gohagy ) d(h),  ho € Hy,.
~ T qH
As H-modules, we have Iy (wX_,(z)) = Indp, (096%)).
From Frobenius reciprocity, the existence of a nontrivial H-invariant linear form on
Iy(wx_y(z)) implies that, as a representation of Hy,, 0905]93% contains a trivial representation

as a subrepresentation. Equivalently, as the representation of goHy, g, Los p, contains a trivial
representation. Note that goHy, g, !is equal to n copies of SLy sitting in the diagonal 2 x 2 blocks

of P5, over which dp, is trivial; we see that o contains the trivial representation of SLy x - - - X SLa.
With our assumption that z is in the general position, it is only possible when w is as described
in the proposition. O

For each w' € W, there is a unique w € W (Sps,,) such that the condition in Proposition 5.4 is
satisfied. We write w = o(w’) if this is the case. We can check that o is a group homomorphism.
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COROLLARY 5.5. We have a,(z; z) = 0 unless w = o(w') for some w' in the Weyl group of Sp,,.

Given w = o(w') with w’ in the Weyl group of Sp,,, then Fj, € I(wx_,(s))*. As T#(FE7) and
Fffzj satisfy the same left equivariance condition over P, and the right H-invariance condition,
over Y we obtain

TL(F)(g) = 8(w', 2) Fl(9)
for some number 6(w’, z) independent of g € Y. From (5.6), we obtain

(2 2) = S, 2) /B F*,_(b) db. (5.8)

(1). From (4.7),

From Lemma 5.2, we see a,(z; 2) = 0(w', 2)FZ,,

Fo (1) =" 2¢"™ (5.9)
when z = IT*. Here b()\) is as defined in Theorem 3.2, and e is as defined in the introduction
with e“ = ¢~%. Note that considered as a function of z, F7, (1) is an additive character of z.

Summarizing the results so far, we obtain the following.

LEMMA 5.6. When x = II? for some \ € A, we have

¢ 2) =Y Q¢ We(w, 2)e (5.10)
weW

where c(w, 2) = ¢y, (wio(w)v(2))d(w, 2) /Cow) (V(2))-

5.3 Function equations

When w =e is the identity we see that c(e, z) in the lemma is equal to ¢, (w;v(2)) which is
equal to

3
B 1— q72efa 1— qflefa 1— q71€72a 1— q—gefa
1

a1 (P T (s SN

1
— 5 p—Q
aeS+L agSt+s 1 —qg2e

where ST and ST are the set of long and short positive roots. Here e® is related to ¢* as in
the introduction.

We use the functional equations of ((z; s) to determine c¢(w, z) for other w € W.

PROPOSITION 5.7. The function W,(z)=((z;s)/¢(II% s) satisfies the function equation
Uy () =V, (x) for allw e W.

Proof. Let wg € W. Then from (5.10)

Ywew " NVe(w, woz)e oA

ZwEW C(w’ woz)
Let wy € W. We compare the coefficients of e*1™0* for W, (T1*) and ¥, . (I1*). They are

qbo‘)c(wlwo, z)/ Z c(w, 2) (5.12)

weWw

\IJ'IUOZ(H)\) =

and

qb(/\)c(wl,woz)/ Z c(w, wpz). (5.13)

weWw
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From the definition of ¢(w, z), we see that the quotient of the two is

6 (w1wo, 2)Co(w,;)(Wo2) . Y wew c(w, woz)

5(w1, W02)Couwrue) (2)  Dowew (W, 2) (5.14)

It is well known that
Co (ww") (Z) = Co(w) (wlz)co(w’) (Z)
From our definition of §(w, z), it is also clear that
S(ww', z) = §(w, w'2)d (W', 2).
Using these two relations, we find that expression (5.14) equals
ZwEW C(wa ’LU()Z)(S('IUO, Z)/co(wo)(z)
ZweW C(’LU, Z)

Since c(w, woz)d(wo, 2)/Ca(wy) (2) = c(wwo, z) by the above relations, we find that expres-
sion (5.14) equals

ZwGW c(wwo, )
ZwEW C(w’ Z)
We have shown that the coefficients of e®1*0* for W, (II) and W, .(II*) are equal. Thus,

=1.

U, (z) = Wy (). O
We need a more explicit version of the function equation.
Let
1—qe @
Fl(z) - H 1— q_le_av
aeStL
and

1
1—qg2e™@
a(2) = — 1
OLGS+S 1 + q 2e

PROPOSITION 5.8. Let ((z; z) = I'1(2)Ta(2)¢(2; s). Then

((z; wz) =((z, 2) (5.15)
for allweW.

We give the proof in the next section. From Proposition 5.8, (5.10) and (5.11), and the linear
independence of the characters F_(1) (as characters of z), we obtain, for A € A}, that ((IT*; 2)
equals

1 3
_ _ 1—q 2@ (I1—qg2e*)(1—q 27 %)
Q' (1+q )™ Y w(‘fA I w11 [— - (5:16)
weW acStL a€S+S

Comparing this with the definition of the Macdonald polynomial Qf\(z), we see that

(Y 2) = Q7Y (1 + ¢ )Mt QK (2) (5.17)
when X\ € A} and ¢! is the parameter defined in Theorem 3.2. Since

(x5 2) /(1% 2) = T (),
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we obtain
U, (1Y) = "MV QK (2)/(Qh (2) Vo () (5.18)
)

when A € Af. From [Mac00], we see that Q} (z) = 1. Thus, the function ¥, defined in (4.2) is
given by (3.3). We have proved Theorem 3.2. O

6. Proof of Proposition 5.8

We prove (5.15) here. The Weyl group W is generated by elements o; (1 <i<n—1) and 7y,
where o; fixes €; if j # 4,1 + 1, and switches ¢; with €;41; 1, fixes ¢; if j <n and maps €, to —¢,

6.1 Function equation for o;

Assume n > 1. We fix an ¢ <n — 1. Recall the relation between s and z in (4.3). The following
is clear from (4.3).

LEMMA 6.1. The ordered set of complex numbers (si,...,S;—2,Si—1 + %si, %si + Sit1, Sit2,
, Sp) Is invariant under the map z — 0;z.

Let Y=Y - EJ, then by definition of Y in (5.7), we see that V' ={x € X | F¥(1) # 0}.
Let P» be the parabolic subgroup of G whose Levi subgroup is a product of GLo and whose
unipotent subgroup consists of upper triangular matrices. The following lemma is clear from
reduction theory.

LEMMA 6.2. The set Y’ is transitive under P». Any x € Y’ has a decomposition z = p - [IM®)
where \(x) € Z"™ and the Levi part of p € Py lies in products of GL2(O).

We embed Ky = GL4(O) in Spy, as follows. Denote by {e; |j=1,...,4n} the standard
basis of the vector space where Sp,, acts, then k€ K, acts trivially on the space generated
by {e1, ..., €22, €243, ..., €4n—2i_2, €4n—2i+3, - . . , €4n } and acts by multiplication of k on the
space generated by {ez+; | j =—1,0, 1,2} and by multiplication of k* on the space generated
by {€4nf2i+j |j = —1, 0, 1, 2}. Then

) = Pr(Kk-2)% dk dk. 6.1
((a:9) /M/Kl_] £i(Kk- ) (61)

LEMMA 6.3. Given any x € X, the expression
1— qzl zit1+1

g H [PF(k- )] dk (6:2)

is invariant under the action z +— 0;z.

Proof. Tt is clear from the embedding that |Pf;(k-z)|=|Pf;(x)| when j#i. Given y€ X,
denote by ¢ the lower right 2i + 2 x 2i + 2 block. We can restrict the integration in (6.2) to the
subset K where k- x € Y’. For y € Y, denote by 72 the upper left 2 x 2 block of 7! and ¢4 the
upper left 4 x 4 block of §~1.

When y € Y/, we see that y = p - II"®) as in Lemma 6.2. Clearly
PF(G2)l = a W = P fi()l/IPfisa(v)l
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Similarly [P f(9a)| = |Pfi_1(W)|/IPfis1(y)]- (When i =1, we set |P f(y)| = 1.) Thus, the integral
in (6.2) becomes the product of
4ls lg s, . s,
Pfia(@) 2Pl @zt T 1P (6.3)
j=1,j7i—1,i,i+1
and
1— qzi_zi+1+1

L 1)) |5 ) )| 35
g mnt /KZL (Pf((k-2)2)[*|Pf((K-2)a)|"2* d.
Define ﬁ}”l(y) (1 =1, 2) to be the Pfaffians of the upper left 2i x 2i block of a skew symmetric
matrix y in GL4. Note that (k-z)s =k -Z4 where k' = w,kw,; the integration in the above
expression has the form (}(Z4, s), where

Gils) = [ P 9 PFatk - )5 (6.4)

Thus, our expression (6.2) is a product of (6.3) and

1— qZ¢*Z¢+1+1

T tCal 8). (6.5)

From Lemma 6.1, we see that (6.3) is invariant under z — ;2. The formula for {}(y, s) can
be found in [HS88] (it is a special case of [HS88, Theorem 6]). From the formula, the relation
between s and z (Equation (4.3) and [HS88, (2.3)]), it is clear that the expression (6.5) is invariant
under z — 0;z. O

From the lemma, after multiplying by (1 — ¢% #+1+1) /(1 — ¢#~#+1~1) the inner integral
in (6.1) is invariant under z — o;z. Thus, we obtain the following.

LEMMA 6.4. The expression ((1 — g% %+ 1) /(1 — g% ~#+1=1))((x; s) is invariant under z
0;2.

6.2 Function equation for r,
We first consider the case n =1. Here z € C and r,z = —z. From Proposition 5.7, to obtain an

explicit function equation, we only need to compute ¢ (II°; s).
LEMMA 6.5. When n=1,
1—¢t1+ qz_%

% s) = :

Proof. Let K™ be the set of k € K such that [P f,(k-1I°)| = ¢~™. Then

o0

(% s) =) vol(K™)g ™. (6.6)

m=0

The set K -TI° is given by the elements in X whose entries are all in . This set can be
described as

a b1 b2
—¢ “h2 bs e b1 4 ad,a, d, by, bo, by € O
by by d
by —by —d
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Let X,, be the subset with |d| =¢ ™. Choose a gy € K such that go- EJ =11, and let
H' =goHgy"'. Then H' - TI° =TI°.

LEMMA 6.6. Let m > 1 and let K,,, be the set of k € K with k=1 mod P™. Then p:k+ k- II°
induces a bijection between K,;,\K/K N H' and K - TI° mod P™.

Proof. The map is well defined. To show the surjectivity, we only need to show that if b3 + b1b3 =
1+ ad mod P™, there exists (b}, by, b}, a’, d') = (by, ba, b3, a, d) mod P™ such that b + bj by =
1+ d/d’. This follows from Hensel’s lemma. To show injectivity, we count the number of double
cosets K, \K/K N H' and the number of cosets K - II' mod P™.

First count the number of double cosets. It is the number of K mod P™ divided by the number
of KN H mod P™. Let N be the number of SLy(O) mod P™. Let k € K, and (f1, fo, f3, f1) € O4
be the last row of K. As one of the f; has norm one, there are ¢*™(1 — ¢=*) possibilities mod P™.
Using reduction we see that the number of K mod P™ is N¢"™(1 — ¢~*). Meanwhile the same
argument gives N = ¢>™(1 — ¢~2).

Clearly the number of K N H' mod P™ equals the number of K N H mod P™, which is N?2.
Therefore, the number of double cosets K,,\K/K N H' is ¢*™(1 4 ¢ 2).

The number of cosets K - IIY mod P™ is the number of solutions of b% + b1bs =1+ ad in the
ring (O/P). In the case when b; is a unit, we have ¢*™(1 — ¢~!) solutions. When b; is not a
unit but d is a unit, we have q4m((f1 — ¢?) solutions. When both d and b; in P, given a, d, by, b3
there are two solutions for by, so we have a total of 2¢*™~2 solutions. Adding up, the number
of solutions is ¢*™(1 + ¢~2), which matches the number of double cosets. Thus, the map in the
lemma is a bijection. O

From the above lemma we see that the map p induces a bijection between K, +1\K™ /K N H'
and X,,, mod P™, when m > 0. Thus, the volume of K™ equals vol(K;,+1) times the number of
cosets X,, mod P™, and times the number of cosets K N H' mod P™*!. We already counted K
mod P™!. With our assumption that vol(K) = 1, we obtain

VOI(Km+1) = qig(m+1)(1 _ q*2)*1q77(m+1)(1 - q74),1.

The number of cosets of K N H’ mod P™*! is also given in the proof of the above lemma, it
equals q6(m+1)(1 — ¢ 2)%2. The number of cosets of X, can be counted as in the proof of the
above lemma. Since |d| = ¢~™ < 1, we have two cases, |b1| =1 and |b1| < 1; the two cases give us
@) (g —1)(1 — ¢71) and 2¢3("t)=1(g — 1), respectively. Therefore, when m > 0,

1—q2
(K™)=q¢ ™ :
vol(K™) =¢™" 7 =
Thus,
vol(K”) =1 — vol(K™) = —-
= I+gq
From (6.6), we obtain
o
1—q¢2 _,_ 1—q !
HO, g) = (=1—s)m + ,
« ) 7nzll+q_2 14 ¢2

which equals

https://doi.org/10.1112/50010437X08003904 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X08003904

PLANCHEREL FORMULA

Our lemma follows from (4.3) which says s = —z — 3. O

From Proposition 5.7, we have the following corollary.

COROLLARY 6.7. When n=1, s=—z—3, then ((1— q”%)/(l + qué))C(x; s) Is Invariant
under z — —z.

Now assume n > 1. Let Ky be Spy(0O), and embed it into K with the embedding of the F*
into the subspace of F" generated by part of the standard basis ej with j =2n —1,2n,2n +
1,2n + 2. Then

C(x;8) :/keK /’eszHl Pf;(k'k - x)|% di' dk. (6.7)

LEMMA 6.8. Given any x € X, the expression

1_qzﬁé/ ﬁ‘pf,(k.x),sg- dk (6.8)
k ! '

1
L _1
1 + q mo2 €Ky j=1
is invariant under the action z +— rpz.

Proof. Without loss of generality, we can assume that z € Y/ and it has the form 2z =p- @)
with p € P» as in Lemma 6.2. Letting Py be the subgroup of P, where the middle 4 x 4 block
is the identity, a change of variable shows that the integral in (6.8) remains the same with z
replaced by p-x with p € P. Since P> C PjKs, we only need to consider the case x = @),
which we now assume.
Let Z be the middle 4 x 4 block of 2. Then clearly |Pf;(k-x)| = |Pf;(z)| when j # n, and
|Pf(k-x)|=|Pf,_1(x)||Pf(k-Z)|. Thus (6.8) is equal to
1 n-2

1-—- qzn+2 S Sn—1-+s ~\|S

—— ( [[IPHi@ ) Praa@)rrts [ Pf(k-3) dk

T+qgm 2 \j5 K

= 14 ¢ 3

=

n—2
(H \Pfj(iﬂ)!sj) [P fra (@)= (&5 s0).
7=1

From (4.3), the ordered set (si,...,Sn—2, Sn—1+ Sp) is invariant under z,+— —z,. Also
from (4.3), s, = —2, — 3, and thus our lemma follows from Corollary 6.7. O

From the lemma, after multiplying by (1 — qz"‘%)/(l + qZ"_%) the inner integral in (6.7) is
invariant under z +— r,z. Thus, we obtain the following.

LEMMA 6.9. The expression ((1 — qZ”+%)/(l + qZ"_%))C(x; s) is invariant under z +— 1, 2.

6.3 Proof of Proposition 5.8

Proof. Since r, reflects the long positive roots to long positive roots, it leaves I';(z) invariant.
The reflection r,, also fixes all positive short roots except when a = €,, in which case

1- q%e_o‘ 1- qz”+%

1+ q_%e—CY 1 + qZ"_é

Thus, from Lemma 6.9, T'y(2)¢(z; ) is invariant under r,. Thus, {(z; z) is invariant under r,,.
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Since o; maps the short positive roots to short positive roots, it leaves I'2(z) invariant. It also
acts as a permutation of ST — o; where o = €; — €;11. Thus,

1—ge ™ !
F1(2)<1_q16m)

1— qe*az‘ 1— qzi72i+1+1

is invariant under o;. Since

1 _ q—le—ai 1 _ qzi*ZH—l*l’
from Lemma 6.4, we see that I'1(2)((z; s) is invariant under o;. Thus, ¢ (x; z) is invariant under oj.

As the Weyl group W is generated by o; and r,,, we obtain that CN (x; z) is invariant under W. O

7. Unramified Whittaker function on metaplectic group

Now we consider the situation where Go = §I;n Denote an element in G by (g, ¢) with g € Sp,,
and ¢ = £1. Recall that the functions in CF (H2\G?2, x2) are genuine; namely, for f(g, ) in this

space, it satisfies f(g,() =(f(g,1).

Let Hy be a subgroup of G, consisting of elements (u, 1) where u is an upper triangular
matrix with unit diagonal. The character ys is defined on Hs as follows:

XQ((U, <)) = <¢_1(U12 + u2,3 + -+ un,n«kl), (71)
where 1) is an additive character trivial on O but nontrivial on 7—1O.

The unramified ¢-Whittaker functions on Sp,, are spherical functions in CR (Ha\G2, x2).
They are computed in [BFH91]. The results there were stated using an alternator; however, from
their proof it is not difficult to obtain another statement in terms of Macdonald polynomials.

Let A € A}, and let II* be the diagonal matrix
diag[r™, ... o, o o M
It is well known that G%! = Unenas Hy (T, 1)Ky as a disjoint union. Thus, if we let Tl be such
that ITo(\) = (IT*, 1), Lemma 1.1 holds.

For z=(z1, ..., 2,) in C", let x = x, be an unramified character on the group A of diagonal
matrices given by

X(I) =] ¢ (7.2)
=1

This character extends to a genuine character ¥ of As, the double cover of As:

X(a,¢) =x(a)¢yp(a)™, acA
where vy (a) is a fourth root of unity (see [BFH91]). The unramified Whittaker function Wy(g)
in the principal series representation I(x) will be normalized so that Wy(12,,1)=1. Then
W5 (g9) = Wyxz(g) for all w € W(Sp,,), where wy(a) = Y(w~taw), with @ being the inverse image
of w in §f)n
The proof in [BFH91] shows that W(IT*, 1) equals

1.2

W(ﬁA)_I‘S%(ﬁA) Z w(n a™ 1 —ql_ a; . H 1 _1>).

weW (Sp,)  Vi=l 1+ (p.p)a 2aq)(1 — a7) i35 (1~ aiag)(1 = ajay
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Here (p,p) is a Hilbert symbol taking value +1 and § is the modulus function of the Borel
subgroup of Hy. We rewrite the above formula in terms of the Macdonald polynomial.

THEOREM 7.1. For z=(z1,...,2y,) in C", let x = x, as in (7.2), then
W2, 1) = Wi(IT, 1) = VA () (1) 7103 (1) Q4 (2) (7.3)

is a spherical function in CF (H2\Ga, x2). Here when 8 € S, we have til = 0; when f3 is a short

root in S, we have (téé)% =—(p, p)gq

1
2.
Lemma 1.3 is well known in this case. Since téj =0 for all 3 € S, from the definition of Vy(¢/1)
(see [Mac00]) we have
Va(t'hy =1 for all A € A}

It is clear that the volume of Hy\Ho(IT*, 1) K5 equals 6~ (IT*), and thus the argument in [Mac71]
again gives the Plancherel formula stated in Corollary 1.5, with di (z) = (1/|W]A" (2).

We remark that in this case Lemma 1.3 can be strengthened, namely the map f +— f defined
by (1.4) is indeed an algebra isomorphism between the Hecke algebra H (G, K3) and Clg?, ¢V

8. Explicit map

We construct explicitly a linear map from Sk, (H1\G1) to Sk, (H2\G2, x2).
Let e = (Efn %Z), and €y = (E E*); E = ealEeo.

Let U be a unipotent subgroup of Sp,,,:

u * *
U= 12n * )
u*

where u is upper triangular with unit diagonal. Let V' be the unipotent of the Siegel parabolic
subgroup of Spy,,. Define a character § on UV so that if u = (u; ;) € UV, then

O(u) =v(ure +u23+ -+ Up—1n + Un3n+1 — U2n,2n+1)-

Let Vg, be the subgroup of elements u in V such that u=!Eju = Ej; then

o= )3 )

Here &, is the set of n X n matrices symmetric along the anti-diagonal.

X,YeSn}.

Recall that the Weil representation w,, of é\f)n acts on the space S(F™) of Schwartz functions
on F™. For ® € S(F™), we define for g € Sp,, and ¢ € {1},

To(F)((9,¢)) =/ / F(eovuj(g))0(uv)wy((g, €)) P (w) dv du, (8.1)
ueV\UV JoveVg \V
where u is the vector (unn+t1, Unnt2; - - -, Un2n) for u=(u;;) and j(g) is the matrix
I
ig) = g
1y

Then Ty is a linear map from Sk, (H1\G1) to the set of genuine functions on é\f)n
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Recall the definition of ch, in §2.2. We use ch§ to denote the function on H;\G1 corresponding
to the function chg on X (through the identification in §3.1), and let ch3 be the function chg
on G. Let ®¢ be the characteristic function of O™. We prove in this section the following.

PROPOSITION 8.1. For f; € H(Gj, K;) such that fi(z) = fa(z), we have Ty, (f1 * chg) = fo * chd.

This equation is, in essence, the fundamental lemma for general Hecke functions for the
relative trace identity considered in [MROS].

8.1 Definition of the integral in (8.1) when F = ¥!

The above integral is clearly well defined if F' is compactly supported. For W, the spherical
function described in Theorem 3.2, through identification in §3.1, Ul(g) = ¥,(¢ ' EgJ) defines
a spherical function on H;\Gj. The integral (8.1) can still be defined for F' = Wl  although the
definition is more subtle.

Denote by 7, the induced representation I(x_,()). Then 7, is induced from an unramified
representation 7, of GLo,. Thus, a model of 7, is given by a space of functions of two variables
®(g, h) with g € Sp,,,, h € GLa,, satisfying:

(1) o((™ nt)9: h) = 6(g, hi);
(2) &(g,h) as a function of g is compactly supported over P\ Sps,;
(3) for fixed g, ¢(g, h) is a vector in 7, with model in Ind%{””l; here H' =~ GL,, x GL,, sitting

diagonally in GLg,; we consider H' as a subgroup of Sps,, through the embedding of GLg,
as the Levi subgroup of Sp,,.

The following is a result from the theory of intertwining operators.

LEMMA 8.2. There is an unramified vector ¢,(g, h) in the space of m, such that
‘I’i(eog) = \Ijz(g_lEng) = / ¢Z(J2n€OUga 12n) dv, (8'2)
UEVEl
and the above integral converges absolutely.

Proof. Use Ly(¢) to denote the above integral with ¢, in the expression (8.2) replaced by an
arbitrary vector ¢ in the space of m.. We let ¢;(g') = #(g'g, 12,) where ¢’ € Hy = Sp,, x Sp,,.
Then gb’g is a left invariant under the Levi subgroup H' of H;. Note that e)Vg, €y 1 is exactly the
unipotent for the parabolic subgroup in H; with Levi being H’. Thus, L -1 is an intertwining
operator on 7, considered as a representation of Hi; it satisfies Leal(’ﬂ'z(h)d)) = Lﬁal(qb). Thus,
LEO—I is a Sp,, X Sp,, invariant linear form on 7. Since such a form is unique up to scalar multiple,
with Proposition 4.2, we obtain the lemma. O

We use ¢.(g) to denote ¢.(g, 1ay,); then ¢,(g) is left H'-invariant. Fix g € Sp,, and let
¢29(h) = ¢2(hj(9)), Fy(g') = F(g'g) and @¢(z) = wy((g, 1))2().
Consider the integral
Pos(h) / d(hu)f(u)®(u) du, (8.3)

where U, is a compact subset of U consisting of elements whose entries have norm less than c.

vol

522

https://doi.org/10.1112/50010437X08003904 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X08003904

PLANCHEREL FORMULA

LEMMA 8.3. For fixed g € Sp,,, the function Pg_ 2P, (h) is supported on the open cell PJy,P
when U, is a large enough compact set. Here P’ is the upper triangular parabolic subgroup with
the Levi subgroup being isomorphic to GL} x Sp,,. The choice of U, is independent of z.

Proof. The first fact follows from the Jacquet module computation in [GRS99al; it is a
restatement of the isomorphism between Jacquet modules (1.14) in [GRS99a] for the case
m = 2k = 2n. The second fact follows from Baier’s lemma as in [CS80]. As this proof is used
several times here, we recall it. We can choose a compact set U., for each z. Let U; C Us
C---CU,C--- be an exhaustive system of compact sets in U. Let X,, = {z | U., C U, }. Then
|J X, is the set D™. By Baier’s lemma, there is an n such that X,, contains an open subset
of D™. As the definition of U, . is holomorphic in z, X, must also be a closed subset of D™. Thus
X, = D™ and we can let U. = U,, for this n. O

Define, for u € U,
Q¢Z @0, ( / Pg. so0, (J2ncovu)d(vu)@y(u) dv, (8.4)

where U, is large enough so the above lemma is satisfied. From the above lemma, the integration
is actually over a compact set V¢ C V, thus well defined. On the other hand, from Lemma 8.2
ngyg@@g (u) equals (for U, large enough)

1
/ / / b2.g(Joneov'vun )0 (vun' ) D4 (un') dv' du’ dv
vEVE, \V vol(Ue) Ju, vEVE,

€ / : 0 ! / / /
7\/1/ \IIZ €ovuu 9 VUU [0)) uu’ du v.
/U VEl \V 01( C) Ue 9 ( ) ( ) g ( ) d

We define

QYeo(u) = lim / F(egvuu)0(vun' )@ (un') du’ dv. (8.5)

C—00 vGVE \V VOl
0 _
Thus, Q\Ifiyg@@g (u) = Q%’g@% (u).

We next define iteratively P?é@g (u) and Q%@)@g (u) on U for i=1,2,...,n— 1. Note that

V\UV 2 UW? - .. U™ where U* consists of elements u = (ui ;) such that for i <n, u; ; =0 when
i#jand korj>2n.Let V; = VUU? - ..U let Ul be the subset of U? whose entries have norm

less than c:
c, o 1 X
P = TV o, o, Croo(tw00) d (56)
e (u) = lim Pt o (vu)0(vu) @ (w) dv. (8.7)

@70 JveVia\Vi
We need the following lemma which we prove in the next section.

cl,z

LEMMA 8.4. For fixed uy € U, when ¢; = c¢;(ug) is large enough, 73 (vuo) is compactly

supported on V;_1\V;. Moreover, c;(ugp) is independent of z.

With the lemma, we see that Qflfé,g®<1>g

Qfss = /an\UV Q%&){b(u)e(u)@(y) du. (8.8)

(u) is well defined. Finally let
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Owing to the fact that function ® is compactly supported, the above integral is supported over
a compact set. Replacing the integral (8.1), we define

To(¥2)((9: 1) = Qi1 e, (8.9)

We remark that Tp(Ul) is defined through an iterated sequence of integrals over fixed
compact sets. Since in (8.8) the integration over V,,_1\UV is over a compact subset V,,_1\U> V,,_1
determined by the support of ®,4, we can then find a ¢,—; large enough so that ¢,—1 > ¢p—1(u)
for all u € U V. Thus, we can drop the limit in definition (8.7) of Q(Igi@% (u) if we let ¢ =c¢;—1.

Tracking backwards, we can find a sequence of numbers ¢y, . . ., ¢, so that
1 1
UL, @By O o Pl s O co = Pl aa =Ta(W)((g. 1), (810)

The numbers ¢; are determined completely by ¢ and ®, as they are independent of z € D,, as
well.

We remark that if we replace ¥! by F € Sk, (H1\G1) in the sequence of maps in (8.10), it is
clear that Te(F)((g, 1)) is the same linear map defined through the integration in (8.1).

8.2 Proof of Lemma 8.4

We only consider the case i = 1, the other cases can be treated similarly. Assume that ¢; = ¢
and denote Ucl1 as U, ll. Without loss of generality we may assume ug = 1.

An element u; € U is denoted by uy Lo, X3, ..., Ton) if
y
2n
uy-e1=ey+ Z xT;e;.
i=2

Then 6(uy) = 1(z2). From (8.6), (8.3) and (8.4) (and note that U is abelian), we obtain the

following expression for Py o, (u1) (4 is some constant):
z,9 g

Pcl’l (ul) =0

vl @o, b2.g(Joneov urvu)f(v'vu) @4 (u) du dv’ dv. (8.11)

veEV\ULV /v’ev U.

Assume now that u, € Ut — Ull. We show that when ¢; = ¢! is large enough, P&}fl 2 (up) =0.
z,9 g

The idea is to pick two elements h; and hg in Spsy, so that hyuihs = ujug for some ug € Ull.
We ask that h; = (gl gik), where g; € GLo, has the form (g A’?’); then (Jane0)hi(Joneo) ™t € H'.
Furthermore, we ask that 6(h]'vh;)=60(v) for all v€V. We require hy to be in a small

neighborhood of 1g,. Then from the expression of 73\%11’1 (u1) in (8.11), the left H invariance

. z,g®q)g
of ¢, and smoothness of ¢,, we obtain

71 ’1 ’1
Py yoa, (1) = Pg/l;,g@a@g(hl”th) = P\%l;,gmg (uruz).
On the other hand, using the equivariance condition we obtain
1 1
P\i};’g®¢’g (Ul) = Péllé,g®‘1>g (u1u2)0(u2). (812)
Thus, if 6(u2) # 1, we obtain PE}%’L@)% (u1) =0.

Let ig be the largest index such that |z;,|¢ "% has the largest value. Since u; & U}, this value
is larger than one.

524

https://doi.org/10.1112/50010437X08003904 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X08003904

PLANCHEREL FORMULA

Case 1: ig >n. Take ¢ so that |tx;,| =q and (tx;,) # 1. Let hy = (1;; l‘i) where all entries of
A are zero except A;,_n2=1. Let hy = h2_1. Then we can check that hi, ho satisfy the above
conditions with #(uz) in (8.12) equal to (—tx;,).

Case 2: 2 <ig < n. Take t so that [tz;)| = ¢ and ¢(tz;,) # 1. Let hg = (4 ,) where all entries of
A are zero except Aj;=1for 1<j<n and A;;2=1t. Let hy = h;l. Then we can check that
h1, he satisfy the above conditions with 6(usz) in (8.12) equal to ¥ (—tx;,).

Case 3: ip =2. Take ¢ so that [tzs| =¢ and ¥(twg) # 1. Let hy = (4 ,) where A is a diagonal
matrix, with the diagonal element being one except Ao =1+1t. Let hy = hy 1 Then we can
check that hi, ho satisfy the above conditions with 6(u2) in (8.12) equal to ¥ (—tz2).

In all situations we have shown that the function vanishes for u; € U' — U ll. The independence
on z follows from the same argument as in Lemma 8.3.

8.3 The image of T, (¥})
PROPOSITION 8.5. There is a function ¢(z) on C" such that Te,(V!) = c(2)¥2 for z € C".

Proof. Where we defined Tg(V¥1), we can replace ¢, by any vector ¢ in 7. Let Fy4 be the function
on H\G1 such that Fy(epg) is given by the integral in (8.2) with ¢, replaced by ¢. Through the
same process of iterated integration (8.10), we can define a linear map on the space of 7, ® wy

to functions on Sp,, through
T(¢® P)(g) =k, 00,
We now derive some properties of the map.

It is shown in [MROS8] that 7" is a map from 7, ® wy to Ind%xg where y2 is defined
in (7.1). Observe that Ga acts on 7, ® wy through the embedding j of Sp, in Spy,. Since
(3 (h))p:(3(g9)) = ¢~(j(gh)) for g, h € Sp,,, we obtain the following.

LEMMA 8.6. The map T is a Ga-module homomorphism from m, ® wy, to Ind%)@.

Note that j(g) normalizes U. A change of variable shows the following.
LEMMA 8.7. Let u € U, then T(m,(u)¢ @ wy(u, 1)®) =T (¢ ® ®)0'(u), where for u= (u; ;) € U,
el(u) =(—ui2 —u23 — - — Up—1n)-

The Jacquet module Jyg (7, ® wy) is considered in [GRS99b]. It is a §f)n module defined
in [GRS99b, (1.6)]. The above two lemmas show that T factors through to a map T from
Jue (7 @ wy) to IndF2 xa. It follows from [GRS99b, Theorem B] that

JU,O’ (7[‘2 & Ww) =Ty,

where 7, = I(x) when x is associated to x =z defined by (7.2).

Since there is a unique Whittaker model for 7., the map T is the unique (up to a scalar
multiple) map of 7, into Ind% X2- The function Ty, (¥1) is the image of the unramified vector in

T, ® wy. The image is clearly an unramified vector in Ind% X2, thus Tg, (1) corresponds to the
image of the unramified vector of 7, under the Whittaker map to Ind% x2. This image is just

the unramified Whittaker function of 7,. Thus, we have proved that Tp,(¥1)(g) is a multiple
of ¥2(g). O
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8.4 Apply Lemma 1.6
LEMMA 8.8. For F € Sk, (H1\G1), and ®q the characteristic function of O™,

T, (F) = ; F(2)e(2)W2d) 2.

Proof. From Corollary 1.5,

Tp,(F) =Ty, ( /D ) F(z)\p;d,ﬁz)

As Ty, is an iterated integral (8.10) over a fixed compact set, we can interchange the integral
and operator Ty, and use Proposition 8.5 to obtain

Ty (F) = / F(2) Ty (W))dL 2

n

= / F(2)c(2)2d) 2. O

n

In [MRO8], through direct calculation we checked the following.
LEMMA 8.9. We have Ty, (chy) = chd.

Since clearly Sy(chy) = Sa(ch3) =1, we checked that the two conditions in Lemma 1.6 are
satisfied for the map Tp,. From Corollary 1.5, for f; € H(Gi, K;), Si(f1 * chy) = Sa( fa * chd)
whenever fi1(z) = fa(z). The conclusion of Lemma 1.6 then gives Proposition 8.1.
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