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Abstract

This paper establishes an important link between the class of abelian (J-groups and the class of
distributive lattices with a distinguished element. This is accomplished by describing the distributive
lattice free product of a family of abelian H-groups as a naturally generated sublattice of their abelian
f-group free product.

1980 Mathematics subject classification (Amer. Math. Soc): primary 06 F 20; secondary 06 D 05.

1. Introduction

Let A be a class of similar algebras, and let {At | / G §) be a family of members of
A. The A-free product of this family is an algebra A G A together with a family of
monomorphisms (a,: A,• -» A | / G 5) such that:

(i) U;.e!)a,.(/1;) generates.4;
(ii) for each B G A and every family of homomorphisms (/?,: A,. -> B | / G 5),

there exists a (necessarily) unique homomorphism /?: A -» B satisfying /8, = /? ° at

for all / G 1
Following the usual practice we shall speak of A as the A-free product

of (Ai | / e <J) and denote it by A U(G<,/1, or simply \Ji&iAt.
In this paper we consider the classes 6i)e of all distributive lattices with a

distinguished element e and & of all abelian lattice ordered groups ((^-groups).
These are both varieties (that is, closed under products, subalgebras, and homo-
morphic images), and each member of either class has a one element subalgebra.
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[2 ] The distributive lattice free product 93

Hence, free products in these classes always exist. (See Gratzer (1979), page 186
or Pierce (1968), page 107 for general existence theorems on free products.) In
what follows we shallJind it convenient to always identify the algebras_^, with
their images a,(A,) in Uj€iiAj and thus think of them as subalgebras of Uiel]Ar

A very important problem in the study of (!-groups is to understand the
interaction between the group structure and the lattice structure of ah t^group. It
is well known that the lattice of any 0-group is distributive (see for example Bigard
and others (1977), page 19). Thus it becomes important to consider the behavior
of C-groups in 6De. A significant step in this direction was taken by Franchello
(1978), who showed that the "D -̂free product of a family (G, | / G fi) of members
of £—the class of all fi-groups—is the sublattice of the !>free product of this
family generated by U/e<(G,.

The main result of this paper is Theorem 3.3 which asserts that the correspond-
ing result for the class & of abelian E-groups also holds. As (J is the least non-trivial
variety of B-groups this result seems significant and somewhat surprising.

The proof of Theorem 3.3 depends heavily on a characterization of °De-free
products (Theorem 2.4) and on a representation for S^free products (Theorem
3.2). This representation is a special case of a general representation theory for
(£-free products (see Powell and Tsinakis (1981)). In addition to this paper and
Franchello's work (1978), other contributions to the study of free products of
C-groups have been made by Holland and Scrimger (1972), and Martinez (1972),
(1973).

Most of the terminology of this paper is standard. Background information on
ordered groups can be found in Bigard and others (1977), Conrad (1970), and
Fuchs (1963). General references for lattice theoretic concepts are Birkhoff
(1967), Gratzer (1970), and Balbes and Dwinger (1974), while the notions of
universal algebra can be found in Gratzer (1979), Mal'cev (1973), and Pierce
(1968).

2. A characterization of the distributive lattice free product

In this section we consider the class 6De of all distributive lattices (L, A, V, e)
with a distinguished element (nullary operation) e. A 6Dc-homomorphism is a
lattice homomorphism which preserves e. In Theorem 2.4 we give a characteriza-
tion of 6De-free products which will directly apply to the abelian (i-group free
products discussed in the next section. This characterization is similar in spirit to
a well-known characterization of free products of bounded distributive lattices
(see for example Gratzer (1970), Theorem 5, page 131 or Balbes-Dwinger (1974),
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Theorem 1, page 131), and its proof is an adaptation of the proof of this result. It
is worth mentioning at this point that the solution of the word problem for free
products in 6De established by Franchello (1978), can be easily inferred from
Theorem 2.4.

For L G 6De and SQL, (S) will denote the subalgebra of L generated by S.
Note that { 0 ) = {e}. If S is a finite non-empty subset of a set T, then we write
S C. -T. For the proof of Theorem 2.4 we shall make use of the following three
simple lemmas.

LEMMA 2.1. Let S C L G 6De. Then

(S) = f V A t,j | t,j e S U {e}-J and fare finite

i
= A V r,, I r G S U (e); 5 and i are finite .

LEMMA 2.2. Le? L, L' G "De a«J e e S c L J map f: S -> L' rac/; that f(e) = e
can be extended to a ^ e-homomorphism f: (S)^ L' if and only if

A t, =£ V ,v /»!/>/«» A / ( / , . )< V / ( r , )

whenever {t, \ i <E 5}, {/) |y £ } } C - S .

PROOF. See for example Balbes and Dwinger (1974), Theorem 1, page 86.

LEMMA 2.3. 7/x,, x2, yx, y2 and z are elements of any distributive lattice such that
x] V z =£ x2 V z andyx A z < ^2 A z, ?/ie« x, A_y, < x2 V_y2.

Now let L G tf)e. We adopt the following notation.

L+ = {x E L\x^e), r = { i £ L | x < e } .

THEOREM 2.4. Let L G L^, a«6? let (L, | / G ^ ) t e a family in °De ^«c/j r/jar eac/; L,
/s a subalgebra of L. Then L is the tf)e-free product of this family if and only if the
following conditions are satisfied.

( l )<U,e < ( £ , .>=£.
(2) For all j , lJi C -.4 aW a// families (ay |y G J ) , ( ^ | A: G 5l) /« L iwc

e/r/ier a) E Lf \ {e} and bk G L^ for all J 6 f , /c G 3i' or Uj G LJ and bk

L ^ \ {e} for allj G j , A: G 5i", f/ze relation

implies the existence of i G ĵ Pi "X w/r/j a, < /?,.
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PROOF, (i) Suppose first that L is the free product of (L, | / G 3). Condition (1)
holds by the definition of the free product. To establish condition (2), let
f, % C •§ indexing the sets {aJ G L+ \ {e} \j G %} and {bk G L+ | k G %}. Sup-
pose that A^.gj, ay. < V ^ ^ bk and that the conclusion of (2) is not satisfied.
Denote by C the two element chain {0,1} with ec — 0.

If % n % ¥= 0 , then by assumption a, 4 bt for all i G % n 9i. Thus, for each
such j there exists a lattice homomorphism / : L; -> C such that / ( a , ) = 1 and

= 0. Note tha t / is actually a ^-homomorphism since/(e) <fi(bi) = 0 =

If / G |\t)C, then a,. > e, so again there exists a ^-homomorphism/: L, — C
such that/(a,) = 1. Finally, for / G 5 \$., let / : L, ^ C be the zero map.

By the universal property of the free product, there is a ^-homomorphism / :
L ^ C such tha t / | L, = / for all / G 1 But then 1 = A y e J fj(aj) = A >e: j /(fl/.)
= f(/\je$aj)—f(V ke%bk) = V kG%fk(bk) = 0. This contradiction implies
that the conclusion of (2) must indeed be satisfied.

A similar proof takes care of the other case for condition (2).
(ii) Conversely, suppose conditions (1) and (2) are satisfied, and consider a

family ( / : Li -> U \ i G 5) of ^-homomorphisms into L' G "De. We first verify
that the following implication holds.

If %, % C -i, af £ Lj for eachj G } , ^ G Lk for each k G "K, and

(*) A aj < V 6t

7 eft Ae'3i"

in L, then A y e J /y(fly) «s V k^fk{bk).

For a>? i>7 as in (*) we get

A (Oj V e) < V (bk V e) and A (fl> A e) < V (foA A <?).

There are four cases which must be considered.
Case I. For all; GJ,k<E 3t, a) V e > e and bk A e < e.
Case II. For ally G J, a7 V e > e, and there is k G 5i. such that bk A e = e.
Case III. There isj G J such that ay V e = e, and for all k G Di, bk A e < e.
Case IV. There arey' G J, it £ l I such that a}\/ e — e and bk A e = e.
We first consider case I. In view of condition (2), there exist /,, i2 G 5 n Jj such

that

a, Ve<A y V e and a, A K f c A c .
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As each / is a cDe-homomorphism, it follows that / ( a , ) V e *£/(£>,) V e and
/ , ( a , J A e **fi2(bh)

 A e. Now Lemma 2.3 yields

which clearly implies the conclusion in (*).
We next consider case II. By condition (2), there exists i, 6 !f n J such that

ah V e *£ fc;] V e. Again this implies that/^a,^) V e ^ / ( f o . ) V e. Now let A: G 9C
be such that bkA e = e, and consider an arbitrary y G %. Then ay. A e < e < 6^ A
e and hence j^(ay) A e </J(e) = e = fk(e) ^fk(bk) A e. Invoking Lemma 2.3
again we get

/ • K ) A / / ^ - ) </-,(*,-,) v fk(bk)•

This inequality implies the conclusion in (*).
Case III is treated as case II, whereas case IV immediately implies the

conclusion in (*).
Now define / : U I ( E 9 L , -> L' by /(a,-) = / ( a , ) for each at G Lt. In view of

condition (1), (*), and Lemma 2.2, / c a n be extended to a ^-homomorphism/:
L -> Z.'. Evidently/|L = / for each / G 5, and thus L is the ^-free product of the
family (L, \ i G 5).

3. Distributive lattice free products as sublattices of abelian ((-groups

In this section we show the relationship between the 6De-free product and the
tf-free product of a family of abelian (i-groups (Theorem 3.3). This is accomplished
with the use of Theorem 2.4 and the construction of the (2-free product given in
Powell and Tsinakis (1981). (See Theorem 3.2 below.)

We write all (^groups additively without regard to commutativity or lack of it.
Whenever we view an ((-group G as a member of the class ^ we shall always
assume that 0 is the distinguished element of G. By the direct sum ®ie,}Gj of a
family ((/,-1 / G 5) of (!-groups we mean the group theoretic sum without regard to
order. The cardinal order on a direct sum of f-groups is the componentwise order.
We use n,GrfG, to denote the product of a family (G, | / G 5) of E-groups. The
group and lattice operations on I I , ^ G, are defined componentwise.

A convex f-subgroup P of an abelian f-group G is prime (see for example Bigard
and others (1977), page 44) if G/P is totally ordered. If 6f is the collection of all
prime subgroups of G, then there is a natural embedding G -» U.Pe,fG/P defined
by g i-> ( g + P,...). Hence, if a 4 b in G, then there is P G C!P such that
b + P <a + P in G/P.

We start with an immediate consequence of Theorem 2.4.
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PROPOSITION 3.1. Let G be an (-group (not necessarily abelian) and let (G, | / G .4)
be a family of (rsubgroups of G such that U j e 5 Gt generates G as an (-group. Let
L—(L)ieiGi) be the sublattice of G generated by U / e 3 G,. The following are
equivalent.

(1) Lis the 6])e-free product of(G, | /' G 9).
(2) For f, % C -9, a, G G/ \ {0} for all j G £, and Ẑ  G G^ for all k G fk\ ?/ie

A a, < V ^

implies the existence o / / e ! l n | with al < fc,.

Now, let (G, | / G §) be a family of abelian P-groups and let G =a U/ e ! ) G, be
the (J-free product of this family. Consider the set

A = {(K, T) | K = ©(G,/P,-), each P, is a prime subgroup of G,-, and T is
the positive cone of a total order on K extending the cardinal order}.

S e t / / = ®iec,Gi, and let

be the diagonal map. That is, if h = 2 , e ^ , - G H = ©/(ESG, and (K,T) =
( 0 i d ( G , / P , ) , r ) e A , then the (K, T) component of 8(H) is the element

With this notation we have the following result established in Powell and
Tsinakis(1981).

T H E O R E M 3 .2 . G =<i U ; G 9 G, is the s u b l a t t i c e ofUA(K, T ) g e n e r a t e d by { S ( h ) \ h
( E H ) .

Note that in view of Theorem 3.2 and Lemma 2.1, every element of G is of the
form

g= V A 8{hJk),

where (hjk \j' G j}, A: £ fK) is a finite family of elements of / / and the joins and
meets are taken in the product II A(A", T).

One final bit of terminology: Let A be a torsion free abelian partially ordered
group with positive cone A + . Call a non-empty subset S of A positively indepen-
dent provided that whenever {5,,. . . ,^.} C - S \ { 0 } , {A,, Xk] c -Z1 , and
2*=1 XJSJ G -A+ , then A, = • • • = AA = 0 (see Bernau (1969)). Note that 5 is
positively independent if and only if there exists a total order on A with positive
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cone T D A+ US. Indeed, if S is positively independent, then P = {2"= , XJSJ +a\
\j• £ Z + , Sj £ S, a G A+ } is the positive cone of a partial order on A and
P D A+ US. But P can be extended to a positive cone T D P of a total order on
A (see for example Fuchs (1973), page 39). The other implication is clear.

We are now prepared to establish the main result of this paper.

THEOREM 3.3. Suppose (G, - | / ' £5) is a family of abelian (-groups, and let
G = t f U , e 4 G , be their &-free product. Then L = (U , e , ,G , ) , the sublattice of G
generated by U / e ! ( G,, is the ty^free product of the family (G, | / G 5).

PROOF. We will verify that condition (2) of Proposition 3.1 is satisfied by L. To
this end, let %, 5i C -5, ay G G+ \ {0} for a l l ; G £, and bk G G^ for all k G 5X.
Suppose

We need to show that there is i G f D % such that a,- < b,. Note that Uf e ju O i- Gf

is an f-subgroup of U(G<) G,, and hence we may assume, without loss of generality,
that 3 = J| U fh.. We consider several cases.

Case I. JJ- n fK." = 0 . For each; G f let P, be a prime subgroup of G, such that
cij'& Pj, and for each k £% let Pfc be a prime subgroup of G^ such that bk G P^
(for example, let Pk = Gk). Note that for each; G f and A: G %, cij + P} > Py in
Gt/Pj and bk + Pk = Pk in Gk/Pk. Let now 7" be the positive cone of any total
order on ©/e1(G,-/P,-) extending the cardinal order. Then

A (fl + P ) > 0 and V ( i + p ) = 0 in (<5> {G,/P,), T ) .

As ( © ^ ^ G , / / 5 , ) , T) G A, this contradicts (**).
Case II. $ n ^ ' = {/,}. Suppose ah 4 *,,- Then there is a prime subgroup P; of

G(| such that a(i + P(i > A,. + P(| in <;,.//>.. F o r ; G £ \ {/,}, /c G DC\ {/,}, pick />,
and PA. as in case I. Now let T be the positive cone of a lexicographic order on
©/6l)(G,./P,.) such that G / P , dominates G. /P^ for each; G J - {/,}, and G,./?,^
dominates Gk/Pk for each A: G % - {/,}. Then'(©(.e<i(G,-/P,.), T) G A while '

A (fl, + />,.) = a,. + p,. > ft,. + P^ = V (6 , + P j

on this component. This again contradicts (**).
Case III. ;| n fK = {/,, i2). Suppose ait 4 bt and a;i 4 ^,- Choose prime

subgroups P^of Gh and PH of G,2 such that a,. + P,. > ft, + P,. and a(i + P;S >
fc,., + P,,. We note that

{ ( a , , + Ph) ~ (bl2 + P , J , ( a / 2 + P , J - (ft,, + P , , ) }
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is a positively independent subset of the cardinal sum of (G, / P , ) and (G ,yP , J .
Indeed, if A, n G Z + and

A((a,, + P,,) - (ft,2 + P j ) + M((a,2 + P j - (ft,, + P,,)) < 0,

then (Aa, — /xft, ) + P,, *£ (Aft,s — jxa,2) + P,v As these two elements are dis-
joint, it follows that

Aa,. + P,, < /xft,, + Ph and ixal2 + P,2 < Aft,s + P,2.

Thus A = fi = 0, as was to be shown. Hence there is a total order on (G,- /P,- ) ®
(G, / P , ), with positive cone T', extending the cardinal order such that a, + P, ,
al2 + Pl2 > ft,, + P,,, ft,2 + P,2. For 7 G % - {/„ i 2} , * £ DC - {;„ i2), pick PJ and
P^ as in case I. Now define a total order on ©, e 9 (G, /P, ) by lexing the B-groups
Gj/P] ( ; 6 f - {/„ /2}) on top, then ((G,/P, ,) ® (G,2/P,2), T), and finally the
B-groups Gk/Pk (k G % — {/',, /2}) on the bottom. If T is the positive cone of this
order it is clear that (©,e l ( (G,/P,) , T) G A. Furthermore, A y e J ( a y + i>y) > (a,,
+ P(. ) A (a,2 + P,2) > (ft,, + />,.) V (ft,2 + P,2) > V k e g c ( 6 t + P J , which again
contradicts (**).

Case IV. $- n 5C = {/,,... ,in), n > 2. Suppose there is an element of J D Di, say
/',, such that a, ^ ft,. By the associative law for free products (see for example
Mal'cev (1973),'page 239) G = G,, U ( U , # , , G,). Note also that U,^,, G, is simply
the ^-subgroup of G generated by U , # , G,. Consider the elements

a = A a, and ft = V ft, in T J G,.

We have a,.A a < ft, V ft and hence, by case III, a < ft. An easy inductive
argument implies that there is A: G {2, . . . ,n) such that a, < ft,- .

4. Final comments and open questions

In light of Theorem 3.3 and Franchello's result [loc. cit.], the following problem
seems interesting.

PROBLEM 4.1. Let A be an arbitrary variety of B-groups, (G, | / G 5) a family in
A, and G the A-free product of this family. Is the ^ - f ree product of (G, | ( G .1)
the sublattice of G generated by U/ e ! ) G,?

It should be noted that if A is an arbitrary variety of (i-groups and (G, | / G ,'J) is
a family of abelian B-groups, then Problem 4.1 can be answered affirmatively.

Now let (Gj\i G i) be a family of abelian (!-groups and G = a U,e l (G, their
tE-free product. We have observed that every element of G can be written in the
form

e= V A /,..,..
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where {hjk \j G J , k G %) is a finite collection of elements of H = © , e S (?,-. Such

a representation is clearly not unique. Therefore, the question arises as to whether

or not we can decide when two such expressions represent the same element of G.

In other words, is the word problem for (2-free products solvable? It is worth

mentioning that a straightforward modification of condition (2) in Proposition 3.1

will not suffice. Take for example the (J^free product of two copies of Z, and

consider the positive elements (1,3), (2,2), and (3,1) in this free product. We have

(2,2) < (1,3) V (3,1), but (2,2) 4 (1,3) and (2,2) ^ (3,1). Thus, in the condition

mentioned, the elements of the G, (— Z) cannot be replaced with arbitrary

elements of H = Z © Z.

PROBLEM 4.2. Is the word problem for 6J-free products solvable?
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