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Abstract

We determine all the extremal Gromov-Witten invariants of the Hilbert scheme of 3 points on a smooth projective
complex surface. Our result for the genus-1 case verifies a conjecture that we propose for the genus-1 extremal
Gromov-Witten invariant of the Hilbert scheme of n points with n being arbitrary. The main ideas in the proofs
are to use geometric arguments involving the cosection localization theory of Kiem and J. Li [17, 23], algebraic
manipulations related to the Heisenberg operators of Grojnowski [13] and Nakajima [34], and the virtual localization
formulas of Gromov-Witten theory [12, 20, 30].
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1. Introduction

Hilbert schemes have been studied extensively since the pioneering work of Grothendieck [14]. It
is well known [3, 10, 16] that the Hilbert schemes of points, parametrizing 0-dimensional closed
subschemes, on algebraic surfaces are smooth and irreducible. In fact, these Hilbert schemes are crepant
resolutions of the symmetric products of the corresponding surfaces, via the Hilbert-Chow morphism
which maps a 0-dimensional closed subscheme to its support (counting with multiplicities). Their
extremal Gromov-Witten invariants are defined via the moduli spaces of stable maps whose images

© The Author(s), 2023. Published by Cambridge University Press. This is an Open Access article, distributed under the terms of the Creative
Commons Attribution licence (https://creativecommons.org/licenses/by/4.0/), which permits unrestricted re-use, distribution, and reproduction in
any medium, provided the original work is properly cited.

https://doi.org/10.1017/fms.2023.17 Published online by Cambridge University Press


doi:10.1017/fms.2023.17
https://orcid.org/0009-0002-3359-4880
https://orcid.org/0000-0002-3753-6509
https://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/fms.2023.17&domain=pdf
https://doi.org/10.1017/fms.2023.17

2 J. Hu and Z. Qin

are contracted by the Hilbert-Chow morphism and are motivated by Ruan’s Cohomological Crepant
Resolution Conjecture [39] which eventually evolves to the Crepant Resolution Conjecture of Bryan
and Graber [4], Coates, Corti, Iritani and Tseng [5], and Coates and Ruan [7]. Their 1-point genus-0
extremal Gromov-Witten invariants are obtained in [27]. Okounkov and Pandharipande [36] studied
the genus-0 equivariant extremal Gromov-Witten theory of the Hilbert schemes of points on the affine
plane C?. Using cosection localization theory [17], J. Li and W-P. Li [23] determined the 2-point
genus-0 extremal Gromov-Witten invariants of the Hilbert schemes of points on surfaces. The structures
of the 3-point genus-0 extremal Gromov-Witten invariants of these Hilbert schemes are analyzed in
[28] where Ruan’s Cohomological Crepant Resolution Conjecture for the Hilbert-Chow morphism is
verified. Higher genus equivariant extremal Gromov-Witten theory of the Hilbert schemes of points on
C? is investigated by Pandharipande and Tseng [37]. We refer to the survey book [38] for more details
and to [33, 35] for related works.

In this paper, we work out explicitly all the extremal Gromov-Witten invariants of the Hilbert scheme
of 3 points on a smooth projective complex surface X. Let X! be the Hilbert scheme of n points on X.
For n > 2, the extremal k-point genus-g Gromov-Witten invariants of X" are of the form

<71, D] 7k>g,d,B,,

whered > 0, yq,..., Yk € H*(X["],C), and 3, is (the homology class of the curve)

{g txo 442 € X Supp(é) = {xl}} ~ p!

with xq,x7,...,x,-1 being distinct and fixed points in X. By degree reasons, if g > 2, all genus-g
extremal Gromov-Witten invariants of X are equal to 0.

We begin with genus-0 extremal Gromov-Witten invariants of X [*1. By the Fundamental Class Axiom
and the Divisor Axiom, these invariants are reduced to the following 1-point, 2-point and 3-point genus-
0 extremal Gromov-Witten invariants:

(@1)0,dps» (@1, D2)0,ap;» (W1, W2, W3)0,dB,

with @1, ®, € H*(XD], C) and wi, w;, w3 € H4(X[3], C). The invariants <a~)1>0,d'33 and (@, w2>0,dﬁ3
have been computed in [27] and [23], respectively. When X = P2, (w1, w), w3 )0,ap; is partially calculated
in [8]. The calculations in the 2003 paper [8] for X = P? are incomplete due to the lack of understanding
of the invariants (@1, @)0,4p, Which appear later in the 2011 paper [23]. To state our result, we fix a
linear basis of H*(X 3, C) via the Heisenberg operators of Grojnowski [13] and Nakajima [34]:

a_1(1x)%as1()]0),  a_3(1x)|0), a_i(e;)a_2(1x)[0),

as(a)as1(1x)]0), a_i(a;)a_i(e;)a_1(1x)|0) (LD
where {a1, ..., ay} is a linear basis of H?(X,C), 1 <i,j < s and 1x and x stand for the fundamental
classes of X and a point in X, respectively. Let (@, 8) = « - 8 denote the standard pairing for a, 8 €

H*(X,C).

Theorem 1.1. Let X be a simply connected projective surface. Let B* stand for the linear basis of
H4(X[3J,C)fr0m (1.1). Let d > 1 and wy, wy, w3 € B*. Then,

(w1, w2, w3)0,a8, =0

if the unordered triple (w1, w3, w3) is not one of the following cases:

() (a-2(10a-1(@)10), a-2(1x)a-1 (@))]0), a1 (1x)a2(@)[0));
(i) w1 = w2 =0a_3(1x)[0), and w3 = a_2(1x)a_1(a;)|0) or a_;(1x)a_2(a;)|0);
(i) w1 = wy = w3 = a_3(1x)|0).
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Moreover, (w1, w2, w3)0,ap; = 8{ai, a;) (Kx, ay) in case (i), and
(w1, w2, w3)0,ap; = =2 (Kx, ;) dc3 g

in case (ii), where c3 4 is the universal constant from (3.16). In case (iii),

d-1 d-1
. 1 . .
<a)1, wz,w3)0,dﬁ3 = -18+ 5dC3,d — 22 1c3,; + § Z 1c3,i (d — l)C3’d_i K)z(.
i=1 i=1

The universal constants c3 4 appearing in Theorem 1.1 come from (3.16) which governs the
2-point genus-0 extremal Gromov-Witten invariants of X" via (3.15). The assumption that X is sim-
ply connected is intended only to shorten the statement of Theorem 1.1. The proof of Theorem 1.1
uses geometric arguments involving applications of cosection localization theory [17, 23] and algebraic
manipulations involving the composition law of Gromov-Witten theory and the Heisenberg algebra of
Grojnowski [13] and Nakajima [34].

As an application of Theorem 1.1, we obtain a direct proof of Ruan’s Cohomological Crepant
Resolution Conjecture for the Hilbert-Chow morphism p3 : X3 — X® (we remark that Ruan’s
Cohomological Crepant Resolution Conjecture for the Hilbert-Chow morphism p,, : X" — X has
been proved in [28] for all n > 1 via a representation theoretic approach).

Corollary 1.2. Let X be a simply connected smooth projective surface. Then Ruan’s Cohomological
Crepant Resolution Conjecture for the Hilbert-Chow morphism p3 : X131 — X® holds (i.e., the Chen-
Ruan cohomology ring of X®) is isomorphic to the quantum corrected cohomology ring of X'31).

We refer to the proof of Corollary 4.11 (= Corollary 1.2) for the precise statement of Ruan’s
Cohomological Crepant Resolution Conjecture for the Hilbert-Chow morphism p,, : X"l — x (0.

Next, we consider the genus-1 extremal Gromov-Witten invariants of X[31. To put our result in
perspective, note that all the genus-1 extremal Gromov-Witten invariants of X! with n > 2 can be
reduced to (}1,4p,. Let x(X) be the Euler characteristic of X. We propose the following conjecture for
the invariants ()1 4g,.

Conjecture 1.3. Let X be a smooth projective surface. Letn > 2 and d > 1. Then there exists a universal
polynomial p, 4(s,t), independent of X, in variables s and t such that p, 4(s*,t) - s> has degree n in s
and t, and

Ot.ap, = Pna(Kz x (X)) - K%.

Indeed, by [15, Theorem 1.2], Conjecture 1.3 holds for n = 2:

1 2
Ot.ap, = Td -Kx

(i.e., p2,q(s,t) is the constant polynomial 1/(12d)). When X = C2, [37, (0.8)] presents a formula for
()1,4p, in the equivariant setting. We prove that Conjecture 1.3 holds for n = 3 and d > 1 as well (see
Lemma 5.1):

Otaps = (@a+ba - x(X)) - K% (1.2)

where a4 and b, are universal constants depending only on d. A major part of our paper is to determine
the universal constants a, and b.

Theorem 1.4. Let X be a smooth projective surface. Let d > 1, and let fy be the constant defined in
Lemma 5.10. Then, ()1,qp, is equal to
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d2+d+16 1 d* - d,d, 1
- L X
(f" ( 48 Z dy 48 L4 didy - [Aut(9)] * g XX

where 6 = (dy, dy) + d denotes a length-2 partition of d.

Using the definition of f; in Lemma 5.10, one easily computes that f; = 7/24 (see also Example
5.11). However, for a general d > 1, it is unclear how to simplify the definition of f; presented in
Lemma 5.10. Note from (1.2) that to prove Theorem 1.4, it suffices to calculate a4 and b4 when X is a
smooth projective toric surface. When X is a smooth projective toric surface, the torus

T = (C*)Z

acts on X with finitely many fixed points x;, 1 <7 < y(X), which are the origins of the local affine charts
U; = C%, 1 <i < y(X). The induced T-action on X [*] has finitely many fixed points and finitely many
T-invariant curves contracted by the Hilbert-Chow morphism. We then utilize the virtual localization
formulas of Gromov-Witten theory ([12, 20] for the general setting and [8, 30] for our present setting
of XB1). In the end, we reduce the computation of ()1.ap; to a certain summation Y re7,, = Xres,;,
over the local chart U;, in terms of stable graphs I'. To make our introduction here shorter, we refter
to (5.13), (5.19) and (5.20) for notations and details. Next, we prove a reduction lemma (Lemma 5.4)
which asserts that Y e, , — Xres,,, over the local chart U; = C? is of the form

(wi + Zi)2
ad  —
WiZi

(1.3)

where w; and z; are the weights for the torus action on U;, and a4 € Q is independent of i and X and
depends only on d. This key reduction lemma implies that when evaluating Y'rc7,, = 2res,,,» We can
ignore the stable graphs I' € Sy ;; with more than 2 edges (see Lemma 5.6) and the stable graphs
I" € 74,; with more than 5 edges (see Lemma 5.9 for precise statements).

We remark that our reduction lemma (Lemma 5.4) may not be valid if one is only interested in
calculating the analogous summation .7, in the equivariant setting, for the Hilbert scheme (C?ylnl,
The reason is that in this new setting, the analogous summation Xrcs,, ., does not arise, and thus X,
cannot partially cancel with Xrcs, ., to simplify the computations. We refer to the related discussions
on [37, p. 8] following [37, Theorem 5].

As for Conjecture 1.3 with n > 3, there are two possible approaches. The first one is to use the
standard decomposition ¢ = (¢1, . .., ¢¢) from [23] (see (3.13)) associated to a genus-1 extremal stable
map ¢ : C — X!l as in the proof of Lemma 5.1 which is only for X3!, Intuitively, the standard
decomposition splits the Hilbert scheme X! and the extremal stable map ¢ : C — X[l according to
the support of ¢(C). However, complication arises when at least two of the maps ¢y, ..., @, are not
constant. The second approach to Conjecture 1.3 is to utilize the standard versus reduced method of
Zinger, Vakil and Zinger, J. Li and Zinger, and Coates and Manolache (see [6, 26, 40, 41, 42] and the
references therein), which transfers the computation of the standard Gromov-Witten invariants ()1 qg, to
those of the reduced Gromov-Witten invariants. Roughly speaking, this approach splits the moduli space
of genus-1 extremal stable maps into the main component (which gives rise to the reduced Gromov-
Witten invariants) and the ‘ghost’ components (which are related to the genus-0 extremal Gromov-Witten
invariants). A starting point might be to try the cases when both n > 3 and d > 1 are small.

Finally, the paper is organized as follows. Section 2 contains a brief introduction to Gromov-Witten
theory. Section 3 presents some background materials of the Hilbert schemes of points on surfaces,
including the Heisenberg algebra of Grojnowski [13] and Nakajima [34], Lehn’s boundary operator
[21], and their 1-point and 2-point genus-0 extremal Gromov-Witten invariants [23, 27]. Theorem 1.1
and Theorem 1.4 are proved in Section 4 and Section 5, respectively.
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2. Stable maps and Gromov-Witten invariants

Let Y be a smooth projective variety. A k-pointed stable map to Y consists of a complete nodal curve
D with k distinct ordered smooth points py,..., pr and a morphism ¢ : D — Y such that the data
(4, D, p1, ..., pi) has only finitely many automorphisms. In this case, the stable map is denoted by
[t : (D;p1,...,px) — Y]. For a fixed homology class 8 € Hy(Y,Z), let M, (Y, 5) be the coarse
moduli space parameterizing all the stable maps [u : (D; p1,...,px) — Y] such that y.[D] = 8 and
the arithmetic genus of D is g. Then, we have the i-th evaluation map:

ev;: Mo i (Y, B8) =Y 2.1)

defined by ev;([u : (D;p1,...,px) — Y]) = u(p;) € Y. Itis known [1, 2, 11, 24, 25] that the
coarse moduli space M, « (Y, B) is projective and has a virtual fundamental class [, (Y, BV e
Aqg(Mg 1 (Y, B)) where

d=—-(Ky-B)+(dim(Y)-3)(1-g)+k (2.2)

is the expected complex dimension of ﬁg,k(Y, B), and Ad(ﬁg,k(Y, B)) is the Chow group of d-
dimensional cycles in the moduli space Mg « (Y, B).

The Gromov-Witten invariants are defined by using the virtual fundamental class [ﬁg,k (Y, B)]'r.
Recall that an element

2dime(Y)
yeuw'r.00 2 P w.c
=0

is homogeneous if y € H/(Y,C) for some j; in this case, we take |y| = j. Let y,...,yx € H*(Y,C)
such that every 7y; is homogeneous and

k
D lvil=2d. @3)
i=1
Then, we have the k-point Gromov-Witten invariant defined by:
AT 7 Py =‘/7 (evi X Xev) (Y1 ® ... ® yk). (24)
[Mg.r (Y.B) IV

The Fundamental Class Axiom of the Gromov-Witten theory asserts that

V1o Vi-1,1y)g =0 (2.5)

if either k +2g > 4 or 8 # 0 and k > 1. The Divisor Axiom states that
Yl 5 Yi-1, V) p = /7k V1 Vi-1)g.B (2.6)
B

if y; € H*(Y,C) and if either k +2g > 4 or 8 # 0 and k > 1. A special case of the Composition Law
(see the formulas (3.3) and (3.6) in [20]) states that

(Y172, 73, ¥4)0.8 + (Y1, Y2, ¥V3Y4)o,8

+ > D Ly Addos (A vados,
Bi+Ba=p, B1,52#0  a
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=(¥173, Y2, ¥4)0,8 + {¥1, V3, Y2¥4)0.8

+ Z Z Y173 Aadop - (A va, va)op, 2.7
P1+P2=B, P1,p2#0 a

where y1, y2, v3, y4 € H* (Y, C) are cohomology classes of even degrees, {A, }, denotes a homogeneous
linear basis of H*(Y,C) and {A“}, is the linear basis of H*(Y,C) dual to {A,}, with respect to the
standard pairing on H*(Y, C) (in the sense that (A, A?) = 6, for all a and b).

3. Hilbert schemes of points on surfaces

In this section, we will review Hilbert schemes of points on surfaces, the Heisenberg algebra actions
on the cohomology of these Hilbert schemes constructed by Grojnowski [13] and Nakajima [34], and
Lehn’s boundary operator [21]. Moreover, we will recall the 1-point and 2-point genus-0 extremal
Gromov-Witten invariants of these Hilbert schemes from [23, 27].

3.1. Hilbert schemes of points and Heisenberg algebra actions

Let X be a smooth projective complex surface, and let X! be the Hilbert scheme of points in X. An
element in X "] is represented by a length-n 0-dimensional closed subscheme & of X. For & € X1 let
I¢ and O¢ be the corresponding sheaf of ideals and structure sheaf, respectively. It is known [10, 16]
that X[ is a smooth irreducible variety of dimension 2n. The boundary of X" is defined to be

B, = {¢ € X1")[|Supp(&)| < n}.
For fixed distinct points x, . .., x,—1 € X, define the curve
Bn = <§ +x0+ ... +x-1 € X" |Supp(¢) = {xl}} = Pl (3.1)
We also regard 8, as a homology class in H,(X["!, Z). For a subset Y c X, define
M, (Y) = {& € X!"| Supp(¢) is a point in Y}.

Sending an element in X [/ to its support (counting with multiplicities) in the n-th symmetric product
X ™ of X, we obtain the Hilbert-Chow morphism

On: xlnl _ x(m)

which is a crepant resolution of singularities. A curve in X" is contracted by p,, if and only if it is
homologous to df3,, for some positive integer d.

Grojnowski [13] and Nakajima [34] geometrically constructed a Heisenberg algebra action on the
cohomology of the Hilbert schemes X1, Denote the Heisenberg operators by a,,, (o) where m € Z and
a € H(X,C). Put

+00
Hy = @H*(X["],C).
n=0

The operators a,,(a) € End(Hy) satisfy the following commutation relation:

[am(a’)7 an(ﬁ)] =—-m:- 6m,—n . <a’ ﬂ> . IdHX (3.2)

where we have used 6,,,—, to denote 1 if m = —n and O otherwise. The space Hx is an irreducible
representation of the Heisenberg algebra generated by the operators a,, (@) with the highest weight

https://doi.org/10.1017/fms.2023.17 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2023.17

Forum of Mathematics, Sigma 7

vector being |0) = 1 € H*(X!1,C) = C. In particular, H*(X!"), C) is the linear span of Heisenberg
monomial classes

A_p, (CL']) s Qg (ak)|0> (33)
where k > 0,ny,...,nx > 0and ay,...,ar € H(X,C).
Fix closed real cycles X1, ..., Xi of the surface X in general position in the sense that any subset of

the X;’s meet transversally in the expected dimension. Define
W(ni, Xi;. .., Xe) € X
to be the closed subset consisting of all & € X! which admit filtrations
§=&6D...0&1D&=0
with €(&;) = €(&;-1) + n; and
Supp(lg_, /1g) = x;i € X; (3.4)

for1 <i < k.LetW(ny, Xy;...;nk, Xx)® € W(ny, X1;. .. ;nx, Xi) be the open subset consisting of all
& e W(ny, Xy; ... s ng, Xi) such that the points xy, . .., xx in (3.4) are distinct.

Lemma 3.1 [38, Proposition 3.16]. Let £,k > 0, s; > 0(1 <i < ¥{), n; >0(1 <i < k). Let
4
a1y, .., € @Hi(X, C) be represented by the cycles X,...,Xx C X, respectively, such that

i=1
X1, ..., Xy are in general position. Then,

(1
(ﬂ (ﬂ)ﬁh%@mm
i=1

is represented by the closure of

W(l,X;...;l,X;...;{’,X;...;f,X;nl,Xl;...;nk,Xk)O. 3.5)

s1 times s¢ times

It follows that 1y = 1/n!-a_1(1x)"0) € HO(X!"],C), where 1x denotes the fundamental
cohomology class of the surface X, and

B = a_a(x)a_; (x)"2|0), (3.6)

1
B, = ———a_(1x)" %a_2(1x)[0), 3.7
"= o) 1(1x) 2(1x)10) (3.7
where x denotes the fundamental cohomology class of a point x € X. For simplicity, we do not distinguish
a homology class and its Poincaré dual.
Let 75 : X — X? be the diagonal embedding and 7, : H*(X,C) — H*(X?,C) be the induced map.
For a € H*(X,C) and m, m; € Z, define

Qg Uy (T200) = > Wy (@5,1) Uy (12)
i
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if 7. = Y; @i, ® ;2 under the Kiinneth decomposition of H*(X2,C). For n € Z and a € H*(X,C),
define the linear operator £, («) € End(Hy) by

1
_E : Zaman—mTZ*, ifn # 07
e, = mez (3.8)
- Za_mam‘rz*, ifn=0.
m>0

‘We have the commutation relation

[8m(@), an(B)] = —n - Gpin(ap). (3.9
Lehn [21] defined the boundary operator d € End(Hy ) by putting

1
D-yn= _EBn UYn (3.10)

for y,, € H*(X"!, C). For a linear operator f € End(Hy), define its derivative {’ by

i = [bf]
A fundamental result proved in [21] states that
-1
a (@) =n- Lula) - % -au(Kxa). 3.11)

3.2. 1-point and 2-point genus-0 extremal Gromov-Witten invariants

In this subsection, let X be a simply connected smooth projective surface. We start with the 1-point
genus-0 extremal Gromov-Witten invariants of X1,

Lemma 3.2 [27, Theorem 3.5]. Let X be a simply connected smooth projective surface. Let n > 2,

d > 1 and y € H* (X" C) be a Heisenberg monomial class (3.3). Then, (y)o,ap, = O unless
y = ass(@)a_;(x)"2|0) for some a € H*(X,C). Moreover, if y = a_s(a)a_y(x)""%|0) for some
a € H2(X, C), then

2
"o.ap, = 7 (Kx,a).

The 2-point genus-0 extremal Gromov-Witten invariants of X["! have been studied in [23] via
cosection localizations [17]. By abusing notations, denote

l¢: (Ciproe.opr) = XM € My i (X1, )
by ¢. Since ¢.[C] = dfB,, the composition p, o ¢ is a constant map. Let
Spt : ﬁg,k(X[n]a dp,) — x(m

be the induced map. If Spt(y) = Zle nix; € X" where x1, . .., x, are distinct, then the morphism ¢
factors through the product of punctual Hilbert schemes:

t
o= (g1, p0) 1 C o | | My (i) € x1™ (3.12)
i=1
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where ¢; is a morphism from C to My, (x;). The collection

e=(@1,...,9¢) (3.13)

is defined to be the standard decomposition of ¢, and the point x; is called the support of ¢;. Note that
the collection {¢y,..., ¢} is unique up to the ordering of the ¢;’s. Fix a meromorphic section 6 of
Ox (Kx). Let Dy and D, be the vanishing and pole divisors of 0, respectively.

Lemma 3.3 [23, Proposition 3.3]. Let Ay C ﬁg,k(X "l dB,) be the subset consisting of the stable
maps ¢ = (Q1,...,9¢) € ﬁg,k(X["], dBy) such that for each i, either ¢; is a constant map or the
support x; = Spt(y;) lies in Dy U Do. Then the virtual fundamental class [ﬁg,k(X["J,d,B,L)]"ir is
supported in Ag.

Let (u', 4%, 11?) denote a triple of partitions with |u'| + |u?| + || = n. Let r = £(u'), s = £(u?)
and t = £(u?) be the lengths. For cohomology classes ¢i,...,¢; € H>(X,C), define the class AL ¢
H* (X", C) by

r s ¢
A = l_lla—u,? (x) - H“—uf(cf) : ﬂa-ﬂ;(lxm). (3.14)
1= J= =

2 2 HH; ey -] . JTa—
For a part y; of u~, let A, "’ be the cohomology class in H* (X" *i', C) obtained from A, with the

.3
factor a_,2(c;) deleted. We similarly define AR

J
The following lemma summarizes some of the main results in [23] and computes the 2-point genus-0
extremal Gromov-Witten invariants of X "],

Lemma 3.4 [23]. Let d > 1. Assume that (A}, A), ,; # 0. Then,

0.dBn

LAY =e(u)+6
() = e(A") + (1-6)

where § =0 or 1. If § = 0, then 23 = ', and there exists an integer £ = ,u? = /15 for some i and j such

that the partition A is obtained from u® with € deleted, and the partition u* is obtained from A% with €
deleted; moreover,

2 3
(AL ALYy = >0 (A VALY (Kxve) - cra (3.15)
C=p}=3

where the universal constant c¢ q is defined by the equation

d_ (_1\¢p2 ((-q)* 4
;dcf,dq = ( 1)5((_61)[_1 ) (3.16)

4. Genus-0 extremal Gromov-Witten invariants of X [°!

In this section, X is a simply connected smooth projective surface. We will study the genus-0 extremal
Gromov-Witten invariants (w1, . . ., Wk )o,qp; of X B1. Put

(W1, ..., WE)0,d = W1, - - ., WE)0,dB;
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for simplicity. In view of the Fundamental Class Axiom (2.5), the Divisor Axiom (2.6) and the dimension
constraint (2.3), the genus-0 extremal Gromov-Witten invariants of X [3] are reduced to the invariants

(@1)0.ds  (B1,G2)0.a5, (W1, W2, W3)0,d
with wy, ws, w3 € H*(X),C). The invariants (@).4 and (@1, @2).4 have been dealt with by
Lemma 3.2 and Lemma 3.4, respectively. Therefore, it remains to calculate the 3-point invariants
(w1, w2, w3)0,a With w1, wy, w3 € HY(XP1,C).
To begin with, we fix a linear basis of H*(X}],C) which allows us to apply the composition law

(2.7). Let {ay, ..., ay} be alinear basis of H2(X, C). By (3.3), a linear basis B2 of H>(X3!, C) consists
of the cohomology classes

1
By, sa-i(aai(1x)?(0) @.1)
where 1 < i < s, a linear basis B'? of H'9(X 31, C) consists of
B3, a-i(ai)a-;(x)*0) (4.2)

where 1 <i < s, and a linear basis B8 of H3(X[3!, C) consists of the classes

a1 (Ix)a-()?0), a_3(x)|0), a_i(ar)a(x)[0),
a_z(a;)a_1(x)|0), a_j(e)a_i(a;)a_1(x)|0) 4.3)

where 1 <i < j < s. A linear basis B* of H*(X 3], C) consists of the classes

a_1(1x)%as1(0)]0),  a_3(1x)|0), a_i(e;)a_2(1x)|0),
as(a)a_1(1x)]0), a_j(a;)a_i(a;)a_1(1x)|0) 4.4)

where 1 <i < j < s, and a linear basis B of H%(X 3], C) consists of

a2(1x)a-1(x)[0), a-1(1x)a-2(x)[0), a-1(1x)a-i(@;)a-;(x)|0),
a3(a;)[0), az(ai)a-1(a;)[0), a-j(@;)a_i(@;)a_i(ax)|0) 4.5)
where 1 < i, j’ < j < k < s. The point class in H'>(X3!, C) is a_; (x)?|0).

Definition 4.1. Let X be a simply connected smooth projective surface. Let {ay,...,a,} be a linear
basis of H?(X,C). Define {A,} to be the linear basis of the total cohomology H*(X[3,C) that
consists of

a1 (0)*)0), B (1=2,4,6,8,10), lyu. (4.6)

Letw, wy, w3 € B* C H4(X (31, C). The next lemma identifies all the unordered triples (w1, w3, w3)
such that (w1, w2, w3)o,4 may not be 0. The idea is to use geometric argument involving the reduction
Lemma 3.3. In order to apply Lemma 3.3, we fix a meromorphic section 6 of the canonical line bundle
Ox (Kx) and let D and D, be the vanishing and pole divisors of 8, respectively.

Lemma 4.2. Let d > 1 and w1, wy, w3 € B* ¢ H* (X1, C). Then

(w1, w2, w3)0,4 =0 4.7
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if the unordered triple (w1, w2, W3) is not one of the following:

() (a—z(lx)a—l(ai)m), a_x(1x)a_i(e;)|0), 0—1(1X)a—2(@k)|0>);
(i) w1 =w2=0a3(1x)[0), and w3z = a2 (1x)a_1(a;)|0) or a_1(1x)a_2(a;)|0);
(iil) wi =wr =w3=a_3(1x)[0).

Proof. We will only prove (4.7) when the triple (w1, w, w3) is

(a-2(10a-1(@)10), a-1(1x)a-2(a))I0), a-1(1x)a-2(ax)[0))

since the proof of (4.7) for other triples is similar.

To show that (w1, w2, w3)0,a = 0, let C;, C;, Cx C X be real 2-dimensional cycles representing the
cohomology classes «;, a;, a) € H2(X, C), respectively, such that C;, C;,Cx, Dy, Do are in general
position. By Lemma 3.1, the classes

a_s(1x)a_i(@)]0), a_1(1x)a_2(a;)|0), a_;(1x)a_s(ax)|0)
are geometrically represented by the closures Wy, W,, W3 of the subsets
W2, X;1,6)°%  W(1,X;2,C)°% W(1,X;2,Cr)°, (4.8)
respectively. By Lemma 3.3, it suffices to prove that
Ag N evl_l(Wl) N ev;l(Wz) N evgl(Wg) =0.

Assume [¢ : (Z;p1, P2 p3) — XPB] € Ag N evl‘l(Wl) N evgl(Wg) N ev;l(W3). Since [¢ :
(Z; p1. P2, 3) — XBI] € evi'(Wy) and p3(¢()) is a single point in X®, we see from (4.8) that
p3(p(X)) is of the form

p3(@(2)) = 2x1 +x2 4.9)

for some (possibly the same) points x1,x € X such that x, € C;. Since
[¢: (551, P2, p3) = XPl] e evi' (W),

we must have x| € C;. Similarly, x; € Ci. So x; € C; N Cy. Since C;, C;, Ci, Do, Do are in general
position, x; ¢ C; U Dy U D, and x1 # x. Let ¢ = (¢1, ¢2, - - - ) be the standard decomposition of ¢.
Without loss of generality, we assume that ¢; is not a constant map. By Lemma 3.3, Spt(¢;) € DgUD .
So x, = Spt(¢1) € Do U Dy and x, € C; N (Do U D). Therefore, ¢; : ¥ — X is the constant map
©1(Z) = x,, contradicting the assumption that ¢; is not constant. m]

In the rest of this section, we will compute (w1, w2, w3)0.4 When the unordered triple (w1, wsz, w3) is
one of those listed in Lemma 4.2 (i), (ii) and (iii). Lemma 4.3 below deals with the unordered triple in
Lemma 4.2 (i), and its proof uses a geometric argument similar to the proof of Lemma 4.2.

Lemma 4.3. Let {a1, ..., a5} be a linear basis of H*(X,C). Let d > 1 and the unordered triple
(w1, wy, w3) be from Lemma 4.2 (i). Then,

(w1, w2, w3)0,a = 8a;, aj) (Kx, ax). (4.10)

Proof. LetC;, Cj, Cy C X bereal 2-dimensional cycles representing the cohomology classes a;, o, ak,
respectively, such that C;, Cj, Cy, Do, D are in general position. By Lemma 3.1, the cohomology
classes

a2(Ix)a_1(@;)]0),a2(1x)a1(a;)]0),a 1 (1x)a_2(ax)l0) (4.11)
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are geometrically represented by the closures Wy, W,, W5 of the subsets

W(2,X;1,6)° W(2,X:1,C;)°, W(1,X;2,C0)", (4.12)
respectively. Let [¢ : (Z; 51, p2, p3) — XPBI] € Ag nevi' (W) nevy'(Wa) N evy! (W3). Since
[¢ : (Z;p1, P2, p3) — XB1] € ev;(W3) and p3(¢(2)) is a single point in X¥, we see from (4.12)
that p3(¢(X)) is of the form

p3(p(X)) =x1 +2x2 (4.13)
for some (possibly the same) points x;,x, € X such that x, € Cx. By Lemma 3.3, since [¢ :
(Z; p1, pa, p3) — XB1] € Ay and ¢ is not a constant map, x; € Dy U De,. S0 x2 € Cx N (Do U Doy).
Since C;, Cj, Cx, Do and D, are in general position, x, ¢ C; UC;. Since [¢ : (X; 1, p2, p3) — XU €
evi (W) nev,y! (Wa), we see from (4.13) that x; € C; N C;. It follows that x| # x3, and the standard

decomposition of ¢ (see (3.13)) is of the form ¢ = (¢, ¢2) with Spt(¢;) = x; and Spt(¢;) = 2x,. In
particular, ¢ : £ — X is the constant map sending X to x;. Hence, we obtain

(w1, w2, w3)0,4 = (@i, @;) (0-2(1x)10), a-2(1x)10), a-2 (k) |0)),

by splitting off the factors a_;(a;), a_1(a;), a_1(1x) from the three classes in (4.11), respectively. It is
known (see [38, (1.35)]) that

(Bn, Bn) = -2 (4.14)
for n > 2. In particular, <a_2(1x)|0),ﬁ2> = —2. So by the Divisor Axiom (2.6),
(w1, w2, w3)0,a = 4d*(ai, ) (a_2(@x)l0))g 4
Finally, by Lemma 3.2 with n = 2, <a_2(ak)|0)>0’d = 2(Kyx, ay)/d?*. Therefore,
(W1, w2, w3)0,a = 8, aj) (Kx, ay). 0

To handle the unordered triples (wi, wy,ws3) listed in Lemma 4.2 (ii), we will now prove three
technical lemmas. For simplicity, in the rest of this section, we let

1 1
c1=-3B3= —50—2(1X)a—1(1x)|0> e H*(xB1,0).
Recall from (4.14) that (B3, 83) = —2. It follows that

(c1.B3) = 1. (4.15)

The self-intersection c% via Heisenberg operators is given by the lemma below.

Lemma 4.4. Let ¢c; = —B3/2. Then, c% is equal to

a_3(1x)|0) - %a—l(lX)a—Z(KX)K» - %a—l(lx) ~a_ra_1(72.1x)[0). (4.16)

Proof. Recall Lehn’s boundary operator d from (3.10). By definition,

1
C% = —z b(l_z(lx)a—l (1X)|O>
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Moving d all the way to the right and using d|0) = 0, we get

1
= —E{aiz(lx)aq(lx)lm +a_o(1x)a’;(1x)[0)}.
By (3.11), a’,(1x) = -2€2_5(Ix) +a_2(Kx). So by (3.9) and (3.8),

a’,(1x)a-1(1x)|0)
=-2a_3(1x)]0) = 2a_1(1x)L2(1x)|0) + a_»(Kx)a_;(1x)]0)
=-2a3(1x)0) +a_; (1x) - a_1a_; (12:1x)]0) + a_2(Kx)a_; (1x)]0).

Similarly, a’, (1x)[0) = —=£_;(1x)|0) = 0. Therefore, c% is equal to

1 1
a_3(1x)[0) - Ea—l(lX)a—Z(KX)l(» - Ea—l(lX) ~a_ra_1(72.1x)[0). o
Since X is simply connected, if {ay, ..., a,} is a linear basis of HZ(X, C), then
Tlxy =xQ®1x +1x ®x+ Z bjrxa;®ag “4.17)
1<j<k<s

for some b; ;. € C, via the Kiinneth decomposition of H* (X2,0).

In the next two lemmas, we will compute certain special 1-point and 2-point genus-0 extremal
Gromov-Witten invariants which will appear in our applications of the composition law (2.7) and
involve the class w = a_3(1x)|0).

Lemma 4.5. Let X be a simply connected smooth projective surface. Let d > 1, w = a_3(1x)|0) and
@ = a_i(1x)a_s(@)|0) for some a € H*(X,C). Then,

12
(WdYo,q = 5 (Kx,a). (4.18)
Proof. Let {a,...,as)} be a linear basis of H>(X,C). By (4.16) and (4.17),

1 1
w=cl+ Ea—l(]X)a—Z(KX”O) + 50—1(1)() ca_ra_1(12.1x)[0)

= & S0 (1002 (Kx)I0) + 0y (1070 (9)]0)

+ 0 bras(Ix)a (ap)a(@)]0). 4.19)

1<j<k<s
In view of the linear basis (4.4), a_; (1x)a_2(Kx)|0) - & is a linear combination of a_; (1x)a_;(x)?|0),
a1 (a;)a-i(ax)a_1(x)[0), a_i(a;)a_2(x)|0) and a_3(x)|0). Hence, (a_i(1x)a_2(Kx)|0) - @)o,a = 0
by Lemma 3.2. Similarly,
(a_1(1x)a_i(a;)a_i(ax)|0) - @)o,a =0

whenever 1 < j,k < s. Note that a_; (1x)%a_;(x)|0) - @ = 2a_;(x)a_(a)|0). Combining with (4.19)
and Lemma 3.2, we conclude that

(WY0a = (RBYa + (a1 (1x) a1 (D0} - Do = (BYo.a + %<KX, a).
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As in the proof of Lemma 4.4, using (3.11) and (3.9), we get

i@ =dda_i(1x)a_(e)|0)
=0{2a_3(a) + (Kx, @)a_; (1x)a_2(x) + 2a_; (1x)a_; (@)a_i (x) }|0)
= -8a_1(x)a_2(a)|0) +y

where vy is a term satisfying (y)o 4 = 0. By Lemma 3.2 again,

(@Nn.a = -8(a-1 (I 2@I0)), , + = (Kx, @) = —2 (Kx. a). 5

Lemma 4.6. Let X be simply connected. Let d > 1, ¢c; = —B3/2, w = a_3(1x)|0) and & =
a_1(1x)a_s(a)|0) for some @ € H*(X,C). Then,

(1) <C10.), (D>0,d = _12<KX’a'>/d
(ii) {w,c1@)0,a = =2 (Kx, @) ¢34 where ¢3 4 is from (3.10).
(iii) {ciw, a))o,d 3K)2( C3,d-

Proof. (i) Since cjw = da_3(1x)|0), we see from (3.11) that
ciw =a’5(1x)]|0) = (- 383(Ix) + 3a_3(Kx))|0).
By (3.8), _3(1x)|0) = —a_ja_2(72.1x)|0). Thus, we have
clw =3a_1a_2(12:1x)|0) + 3a_3(Kx)|0). (4.20)
By Lemma 3 .4, <a_3 (Kx)|0), ‘D>0,d = 0. Therefore,
(c10,@)0,a = 3(a-10-2(12:1x)(0), @) -

By (4.17), Lemma 3.4 and ¢3 4 = —4/d, we obtain
(100, o = 3(a1()a2(1)10), @), = 3HKx, @) 2 =~ (Kx ).
(ii) Similarly, by (3.11) and (3.8), we conclude that
c10 = a’;(Ix)a(@)[0) + a-; (1x)al,(@)|0) = —2a_3()[0) + 7y
where 7y is a term satisfying (w, y)o,4 = 0. By Lemma 3.4,
(w,c1@)0,a = =2 (a-3(1x)10), a-3()[0)), , = =2 (Kx, @) ¢3.4.
(iii) We see from (4.20) that (¢jw, w)o.4 is equal to
3(a-10-2(72:1x)10), a-3(1x)10) ), , +3(a-3(Kx)[0), a-3(1x)10) ), -

By (4.17) and Lemma 3.4, we have (a_ja_»(72.1x)[0),a_3(1x)|0)),, = O and (a_3(Kx)|0),
a,3(lx)|0>>0’d = K)Z( C3,d- Hence, (C]u), u))o’d = 3K)2( C3.d- O

Our next proposition determines the invariant (w1, w2, w3)o,4 When the unordered triple (w1, w2, W3)
is from Lemma 4.2 (ii). Its proof involves the composition law (2.7) and the linear basis {A, } from (4.6).
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Proposition 4.7. Let {1, . .., s} be a linear basis of H*(X,C). Let d > 1 and w| = w> = a_3(1x)|0).
Let w3 = a_»(1x)a_1(a;)[0) or a_;(1x)a_2(a;)[0). Then,

(Wi, w2, w3), , = =2(Kx, @;)dcs g (4.21)
where c3_q is the universal constant from (3.10).

Proof. The proof of (4.21) for w3 = a_p(1x)a_;(a;)|0) is similar to the proof of (4.21) for w3 =
a_1(1x)a_n(a;)|0). So we will only prove

def
0= <w1,w2,w3>o,d =-2 (Kx,q;) dc3 g4. 4.22)

for wz = a_1(1x)a_2(a;)|0) Let ¢; = —B3/2. Apply the composition law (2.7) to
yi=y2=c1, y3=w2=0a3(1x)|0), vy4=w3=a-1(1x)a-2(a)|0).

We will prove (4.22) by comparing both sides of (2.7).
First of all, the left-hand side of (2.7) is equal to

(], w2, w3)0,a + {1, C1, W2W3)0.a + Z Z(ChCI’Aa)O,dl (A?, w2, W3)0.4, - (4.23)

di+dy=d a
d],d2>0

By (4.16) and Lemma 4.2, (c3, w2, w3)o,q = Q. Since (c1, B3) = 1 by (4.15), we get
(e1,c1,waw3Y0.a = d* {wWr03)0.4,
(1, c1,Ado.ay = dt (Aado.a,

in view of (2.6). By Lemma 3.2, (Ag)o,q, # O only when A, = a_s(aj)a_;(x)|0) for some j.
If Ay = ar(ej)a_1(x)]0), then we see from (4.4) that A“ is a linear combination of the classes
a2 (ar)asi(1x)[0), 1 < k <s5.So (A%, w2, w3)0,4, = 0 by Lemma 4.2. It follows from (4.23) that the
left-hand side of (2.7) is equal to Q + d> (wrw3)0.4- By Lemma 4.5, we see that the left-hand side of
(2.7) is equal to

0 - 12(Kx, a;). (4.24)

Next, the right-hand side of (2.7) is equal to

(crwa, c1, w3)0,q +{c1, W2, C1W3)0,q + Z Z (c1, w2, Ap)oa, (A, c1, w304,
di+do=d, dy,db>0 @

By Lemma 4.6, we have {cwa, c1, w3)o.q4 = d{ciwa, w3)9.a = —12(Kx, @;) and
(c1, w2, clw3)o,a = d{wy, c1w3)o,a = =2 (Kx, ;) dc3 q.

Therefore, the right-hand side of (2.7) is equal to

-12(Kx, ;) - 2(Kx, a;) dc3 g + Z Z dida{wa, Ag)o,a, (A, W3)0.d, - (4.25)

di+dy=d a
dy,d>»>0

By the list (4.5) of the basis B® and Lemma 3.4, (wo, Ag)o,a, # Oonly if A, = a_3(e;)|0) for some
Jwith 1 < j < 5. If A, = a_3(;)|0), then A¢ is a linear combination of BO — {a,z(lx)a,l(x)|0)}.
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So (A4, w3)0,4, = 0 by Lemma 3.4 again. By (4.25), the right-hand side of (2.7) is equal to
—12<Kx,(1i> —2 (Kx,ai> dC3,d. (426)
Finally, combining (4.24) and (4.26) yields (4.22). |

We are left with the computation of the invariant (w1, w2, w3)o,4 When the triple (w1, w2, w3) is from
Lemma 4.2 (iii), that is, when w| = w; = w3 = a_3(1x)|0). This will be done in Proposition 4.9 below.
We prove a technical lemma first.

Lemma 4.8. Let X be simply connected. Let d > 1 and w = a_3(1x)|0). Then,

2
18K2
d?

(Wo,a = (4.27)

Proof. Let {ay,...,as} be alinear basis of H>(X,C). By (4.19),

1
W=t w+ Ea—l(lx)a—Z(KX)l()) cw+a_i(1x)%a_ (x)]0) -

+ > biras(Ix)asi(e))ai(@)0) - w.

1<j<k<s

The cup products a_;(1x)%a_;(x)|0) - w and a_; (Ix)a_1(a;)a_1(ax)|0) - w are scalar multiples of
a_3(x)|0). Therefore, we conclude from Lemma 3.2 that

@0 = (6} @0 + 5 (01100 2(Kx)10) - o),
= (1) + 5 (@ 01 (100 2(K)I0) . (4.28)

By (4.20), ciw = 30_1C(_2(T2*lx)|0> + 3(1_3(Kx)|0>. So

2

24K%
(bC](;))o’d = 3<ba,1a,2(72* 1X)|O>>O,d + 3<Da73(Kx)|0)>0’d = 2 (4.29)

by (4.17), (3.11), (3.9), (3.8) and Lemma 3.2. Similarly, by (4.19) and Lemma 3.2,

<a) . a_1(1X)a—2(KX)|O>>0,d

(cf-ay (1x)a-2(Kx)10)), , + (a-1 (1x)*a-1(x)]0) - a_y (1x)a-2(Kx)10)), ,
2

4K
= (-1 (1x)a-2(Kx)|0)), , + d—ZX. (4.30)

By (3.11), (3.9) and (3.8), we see that da_; (1x)a_»(Kx)|0) is equal to
—2a_3(Kx)|0) +2a_; (1x)a_; (x)a_; (Kx)|0) + Kz a_i (1x)a_2(x)[0).
Applying (3.11), (3.9), (3.8) and Lemma 3.2 repeatedly, we get

(bza_l (1x)a_2(Kx) |O>>o,d
= =2(0a-3(Kx)[0)) 4 + 2{2a-1(1x)a-1 (a1 (K[
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+ Ky (da_; (1X)a—2(x)|0>>0,d

_12K%  4KG
a2 d?
2
_ 16K}
=-—

Combining with (4.30), we have (w - a_;(1x)a_>(Kx)[0)), , = —12K% /d*. Together with (4.28) and
(4.29), we obtain (w*),q = 18K% /d>. o

Proposition 4.9. Letr X be a simply connected projective surface. Let d > 1. Then,
(a-3(1x)10), a-3(1x)[0), a-3(1x)10) ), , is equal to

d-1 d-1
1
—18K} + 5Ky des g — 2Ky Y ey + 2Ky Y icy; (d=i)c3a; (4.31)
i=1 3 i=1

where c3_q is the universal constant from (3.16).

Proof. For simplicity, let w = a_3(1x)|0) and Q' = (w, w, w)o’d. Our idea to compute Q” is the same
as in the proof of Proposition 4.7. Let ¢; = —B3/2. We apply the composition law (2.7) to y; =y, = ¢
and y3 = y4 = w.

First of all, notice that the left-hand-side of (2.7) is equal to

(1, w, w)o,q + {c1,c1, w0 0,q + Z Z (c1,c1,M 00,0, (A, 0, )04, -
di+dr=d,d,,d»>0 a

By (4.16), Lemma 4.2 and Proposition 4.7, we have (c%,w, w)da = 0+ K)Z( dc3 4. By (2.6) and
Lemma 4.8, we get (cl,cl,aﬂ)g,d = d2<a)2>0’d = 18K)2(. Next, note from (4.3) and (4.4) that if
Aq = a_s(a;)a_1(x)]0), then A% = —1/2 - a_s(a’)a_;(1x)|0) where {a!,...,a*} ¢ H*(X,C) is the
dual basis of {1, ..., as} with respect to the pairing of X. So by Lemma 3.2 and Proposition 4.7, we
obtain

D (e Aadoa (A% w0, 00,4,

M- -

daa(@)ai(0)0)), , - (—%)(a_z<a">a_1<1x>|0>,w,w>0,d2

i=1

v |l

2(Kx,a;) - (Kx,a") dac3 g,

i=1

Since 3.7 (Kx, @;) - (Kx, o'y = K)Z(, we conclude that
Z (1, c1,Ado.ay (A, w, w04, = 2Ky drcs gy
a

In summary, we see that the left-hand side of (2.7) is equal to

(Q'+Kx desa) + 18Ky +2K% D" dacs g, (4.32)
0<dr<d
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Next, the right-hand side of (2.7) is equal to

(clw, c1, w)o,q +{c1, W, Clw)o,q + Z Z (c1,w,Agdo,a, (A, c1, w04,

di+dr=d a
dy,d>»>0
= 6Ky dc3 g + Z Z di{w, Aa)o,a, d2{A*, w)o,a,

d1+d2=d, d],d2>0 a

by Lemma 4.6 (iii). If A, = a_3(;)|0), then A% = 1/3 - a_3(a')|0). Therefore,

Z (w,Aado,a, (A, w)o,a,
a

= > (as3(1x)10). a3 (@)]0) )y , - %(a—3(0/)|0>, a-3(1)10)), 4,
i=1

1 A
(Kx,a;)c3,q, - §<Kx,al>63,d2
1

13
1 2
=§Kx C3,dy C3,d

S

by Lemma 3.4. In summary, we see that the right-hand side of (2.7) is equal to
1
6[()2( dC3,d + § )2( Z d16‘3’d| d2€3,d2. (4.33)
d1+d2=d, dl ,d2>0
Finally, comparing (4.32) and (4.33) yields (4.31). m|
The results in this section are summarized into a theorem.

Theorem 4.10. Let X be a simply connected smooth projective surface. Assume that {1, ...,a5} is a
linear basis of H*(X, C), and let B* stand for the linear basis of H*(X3!, C) from (4.4). Let d > 1 and
w1, wr, w3 € B*. Then,

(w1, w2, w3)0,a8, =0
if the unordered triple (w1, w3, w3) is not one of the following four cases:

) (a-2(1x)a-1 (@10 a2 (1x)a-1 (@))]0). a1 (1x)a-2(@0)|0)):
(i) w1 =wr =a_3(1x)[0), and w3 = a_z(1x)a_1(a;)|0) or a_;(1x)a_>(a;)|0),
(iil) w =wr =w; =a_3(1x)[0).

Moreover, (w1, w2, w3)o,ap; = 8{ai, a;) (Kx, ax) in case (i), and
(w1, w2, w3)0,ap;, = =2 (Kx, ;) dc3 g
in case (ii), where c3 4 is the universal constant from (3.16). In case (iii),
d-1 =
(w1, w2, W3)0,ap, = | —18 +5dc3 g — 2 Z ic3;+ 3 Z ics,; (d—i)csa-i|Ky-
i=1 i=1
Proof. Follows from Lemmas 4.2 and 4.3 and Propositions 4.7 and 4.9. O

Via a representation theoretic approach, [28] presents a complicated proof of Ruan’s Cohomological
Crepant Resolution Conjecture for the Hilbert-Chow morphism p,, : X1 — X foralln > 1. As an
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application of Theorem 4.10 (together with the results in [23, 27] about the 1-point and 2-point genus-0
extremal Gromov-Witten invariants of X "), we now give a direct (but tedious) proof of this conjecture
when n = 3.

Corollary 4.11. Let X be a simply connected smooth projective surface. Then Ruan’s Cohomological
Crepant Resolution Conjecture for the Hilbert-Chow morphism p3 : X131 — XO holds (i.e., the Chen-
Ruan cohomology ring of X®) is isomorphic to the quantum corrected cohomology ring of X'31).

Proof. First of all, we briefly recall from [39] and [38, Chapter 16] that the Cohomological Crepant
Resolution Conjecture for p,, : X["1 — X" agserts that there exists a ring isomorphism

¥, : Hep (X, C) — H; (XM, 0)

where Hf., (X (") C) is the Chen-Ruan cohomology of X, and H; (X ("] C) is the cohomology

H*(X!"],C) together with the quantum corrected ring product ‘on- FOr wi,wy € H*(X [n] C), the
product wy -, w» is defined by putting

(W1 p, W2, W3) = (W1, w2, w3)p, (—1)

where w3 € H*(X["], C), (-, -) on the left-hand side is the pairing on H*(X["],(C), and

(Wi w2, wadp, (@) = D (Wi, w2, w3do.ag, - 4°
d>0

with g being a variable. Put

Fx =P HE (XM, 0).

n>0

By [38, Theorem 10.1], the space Fx is an irreducible representation of the Heisenberg algebra generated
by the operators p,,, (@) € End(Fx),m € Z and @ € H*(X, C) with the commutation relation

[pm(a'), pn(ﬂ)] =m:- 6m,7n : <C¥, ﬁ> : Id]:X
and with the vacuum vector |0) = 1 € H*(pt, C) = C. Define ¥, by putting

lIln(\/_—1n|+...+nfsp_nl (1) P (as)l())) =a_,, (ay) - Ap, (a's)|0).

Then, ¥y, : H.p(X™,C) — H}, (X!"],C) is an isomorphism of vector spaces. To show W, is a ring
isomorphism, we must prove that for all wi, wy, w3 € H;",n (X["] ,0),

(2, (w1), B, (wa), W, (w3))er = (Wi, wa, wa),, (=1). (4.34)

In the rest of the proof, we assume n = 3. To prove (4.34), it suffices to prove it as wi, wy, w3 run
over the linear basis (4.6) of H, (xB1,C). We will only prove (4.34) for the case

w1 = wy = a3(1x)[0), w3 =a_z(Ix)a_1(a;)[0) (4.35)

with a; € H?(X, C) since the remaining cases are similar, long and tedious. By Theorem 4.10 (ii) and
(3.16), (w1, w2, w3),, (q) is equal to

3 3
<wl,wZ,W3>—2<Kx,ai>2dc3,dqd=<wl,wZ,W3>+18<Kx,ai>( - —L).
d>1 g+1 qg+1
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So (w1, w2, w3),, (=1) = (w1, wa, w3) + 18(Kx, ;). We claim that
(Wi, wa, w3) = —18(Kx, ;). (4.36)

Indeed, we see from the first five lines in the proof of Lemma 4.8 that
1
(Wi, wa, w3) = (W, w3) = (c - wi, w3) + 5(“—1(1x)a—2(1(x)|0> Wi, W3).

Note that (c% -wi,ws) = {ciwi, ciws). By (4.20), (w1, wa, w3) is equal to
3{a-1a-2(72:1x)10), c1w3) + 3¢a_3(Kx)[0), c1w3)
+ %(071(1X)a72(Kx)|0> “WLLW3).
Similar to (4.20), c;w3 is equal to
a-1(a;)a-1a-1(72:1x)|0) — 2a-3(;)|0) + a2 (Kx)a-i(;)|0).

Together with (a_3(Kx)|0), a_3(a;)|0)) = 3(Kx, a;), we see that
1
(Wi, wa, w3) = =24(Kx, a;) + §<a—1(1X)a—2(KX)|O> W1, W3).

By a similar calculation, (a_;(1x)a_2(Kx)|0) - wi,ws) = 12(Kx, ;). So we get (wi,wp,w3) =
—24(Kx,a;) +6{Kx,a;) = —18(Kx, @;). This proves (4.36). Thus,

Wi, wa, w3, (=1) = (wi, w2, w3) + 18(Kx, a;) = 0. (4.37)

On the orbifold side, the calculation of (W3 (w1), W5 (w2), W5 (w3))ck is similar but much simpler.
Indeed, by the results in [38],

(P35 (w1), W5 (w2), W5 (w3))cr

can be read from its counterpart (wi,wn,ws) by replacing every term (Kx,a;) by 0. Hence,
(P35 (w1), W5 (w2), W5 (w3))cr = 0 by (4.36). Together with (4.37), we conclude that (4.34) holds
for the case (4.35). |

5. Genus-1 extremal Gromov-Witten invariants of X3!

In this section, we determine the genus-1 extremal Gromov-Witten invariants of the Hilbert scheme
X B First of all, we show that Conjecture 1.3 holds for n = 3.

Lemma 5.1. Let X be a smooth projective surface, and let d > 1. Then,
Otap, = (aa +ba - x(X)) - Ky

where aq and b4 are universal constants depending only on d.

Proof. Let [¢ : D — XPB1] e M, o(X3),dB3). Then, o(D) is contracted by the Hilbert-Chow
morphism p3 : X131 — X3 So either p3(¢(D)) = x1 +2x, for some points x| # x5, or p3(@(D)) = 3x
for some point x € X. When p3(¢(D)) = x| + 2x;, every image ¢(p) is of the form x| + £(p) for some
&(p) € My(x;). Define

¢ D — x
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by ¢’(p) = £(p). Then ¢’ is a stable map, and gives rise to an element
[¢": D — X e My o(X1, dpy).

The stable map ¢’ is one of the two components in the standard decomposition of ¢ (see (3.13)). The
other component in the standard decomposition of ¢ is the constant map D — x; € X. Conversely,
given a point x; € X and an element

[¢": D — X} € My 0(x1?), dpa)
with {x1} # Supp(p2(¢’(D))), we can define a unique stable map

l¢: D — X1 e My 0(XP, dps)
by ¢(p) = x1 + ¢’(p). Using the arguments in [28], we conclude that

Otap, = (@a+ba - x(X)) - Ky
for some universal constants a; and b4 depending only on d. )

In the rest of this section, we will determine the universal constants a; and b, in Lemma 5.1. We
will let X be a smooth projective toric surface and use torus actions and virtual localizations as in [8,
12, 20, 30] to compute {)1.qp; -

5.1. The contracted (C*)*-invariant curves in X! for a toric surface X

Let X be a smooth projective toric surface. In this subsection, we will write down all the invariant curves
contracted by the Hilbert-Chow morphism p3 : X1 — x 3.

We begin with some standard setups. The surface X is determined by a fan ¥ which is a finite collection
of strongly convex rational polyhedral cones o contained in N = Hom(M, Z), where M = Z?. So X is
obtained by gluing together affine toric varieties X, and X, along X,n, for o, 7 € X. The coordinate
ring of X, is C[o"Y N M], which is the C-algebra with generators y™ for m € ¥ N M and multiplication
defined by y - y™ = "™+ . By definition, oV N M is the set of elements m € M satisfying v(m) > 0
for all v € o. The torus

— (C*)Z

acts on X with finitely many fixed points xp, ..., x,(x). For each i, the point x; lies in U; := X, for
some o0; € X. As X is smooth and U; possesses a unique fixed point x;, U; is isomorphic to the affine
plane with x; corresponding to the origin. Let u;, v; be the affine coordinates of U;. Assume that

(s, 1) (ui,vi) = (A (s, Oug, pi(s,1)v;)

for (s,t) € T, where A;(s,t) and y;(s,t) are two independent characters of T. Denote the weights of
A;(s,t) and p;(s,t) by w; and z;, respectively, that is,

wi =ci(Ai(s,1),  zi=ci(ui(s, 1)
in the equivariant Chow group A~ (pt). By the Atiyah-Bott localization formula,

X (X)
K§=/c1(TX)2 2 o) (5.1)

WiZi
noting that Ty, x = (2;(s, t))_1 + (i (s, z‘))_1 as representations.
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The T-action on the toric surface X induces a T-action on the Hilbert scheme X3! with a finite
number of fixed points. The T-fixed points in X3! are enumerated as follows. For each 1 < i < y(X),
there are three T-fixed points

0i.0 0i.1, Oi2

in M3(x;) c X3 corresponding, respectively, to the partitions (2,1), (3) and (1,1,1) of 3. The
corresponding ideals are (vZ,v;u;, u?), (v3,u;) and (v;,u}). Also for each ordered pair (i, ;) with
i,je{l,...,x(X)} andi # j, we have two fixed points

1 2
Ri(,j) =&+ x5, Ri(,j) =&ia+x;
in X131, where & 1, &> € M>(x;) correspond to the ideals (vZ, u;), (v;, u?), respectively. Furthermore,
whenever i, j, k € {1,..., x(X)} are mutually distinct, x; +x; + xx € X3l is a T-fixed point in X 3],
Denote the tangent space of X 3l at & € X3 by T¢. Asrepresentations of T, we have the decompositions

(see [9]):

To, o =207 + 27" + A2 + A2 2
Qio = 44; +2H; + A7+ A (5.2)
T, = A7 W+ A7 e + A7+ 1 + % + i, (5.3)
To, = A7 + 472+ A7+ G + o + 7 (5.4)
Tooy = + 7+ 72+ w7+ ! (5.5)

R,.’j i L i i i j j .
Too = A2+ + s + s+ A7+ 7! (5.6)

Ri,j 1 i Y0t i J i .

There are exactly three T-invariant curves Céii, C(()i; and C 1(’; in M3(x;). Namely, Céi; goes through

Q0 and Q; 1, and is the fixed locus of ker(/liplfz); Cé’; goes through Q; o and Q; 2, and is the fixed

locus of ker(/llfzui); C](i2 goes through Q; ; and Q; », and is the fixed locus of ker(/ll.’l,u,-). The following
is from [8]. |

Lemma 5.2. There are exactly x(X)(x(X) + 2) T-invariant curves contracted by the Hilbert-Chow
morphism p3 : XB! — X They are described as follows:

(i) the curves C; j = Ma(x;) +xj where 1 <i,j < y(X) andi # j;

(ii) the curves C,% C M3(x;) where 1 <i < xy(X)and0 <k <{ <2

Moreover, C; j ~ Céii ~ Céi; ~ B3 and Cl(i; ~3B3 foreveryl <i# j < xy(X).

Next, let f : P! — X3! be a degree-d morphism such that the image is one of the T-invariant curves
in Lemma 5.2 and f is totally ramified at the two T-fixed points in f(P'). The Euler characteristic

x(f*Tx131) (as a representation) has been computed in [8]. When f(P!) = Co(fi, we have

X(FTxm) = (U7 + i + 27 g+ 7+ = 27 i)

+ (/11'_1/11'2 +1+ /li_l,ui - /172/41- - /li_]ﬂi_1 - /li_])®(()l,')1 6.7

L
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where O} = 47} (411,24 (@) = 0 when d = 1).If f(P') = C{). then

X Txm) = (4 2+ 72+ 7 A+ 7+t + 47— ')
(R L = = A = e (5.8)

where @) = 347} (1:4;2)"/4 (@}, = 0 when d = 1). Let ©{") = 347\ (4;11;")"/? with ©{") = 0

whend = 1. If f(P') = c“’

127 then y (f*Tx3) is equal to

U447 g+ A+ 4 = 472 = 7 7 = 7 = 72 = 47 e
A 1 ! +/l?1ui + i + A +A$ui
N PR TR TR P TR B (5.9

Finally, when f(P') = C; ;, then y (f*Tx) is equal to

(U7 g+ g+ 7+ 5+ =27 )
+ (1427 = 472 = 47 i He'. (5.10)

5.2. T-invariant stable maps, stable graphs and localizations

Let X be a smooth projective toric surface and d > 1. For simplicity, put
ﬁg,r,d = ﬁg,r (XB] > dIB?a)

In this subsection, using virtual localization formula, we will express the genus-1 extremal Gromov-
Witten invariant ()1 4, in terms of stable graphs.

Asin[12,19],if [f: C — xB ] € EIRl 0.4 is T-invariant, then all the nodes, contracted ‘components
and ramification points are mapped into the T-fixed point set (X [31)T. Moreover, if CcCisa
noncontracted component, then C = P!, (C ) is one of the T-invariant curves in Lemma 5.2, and f|z
is of the form

(z0.21) P (2§ 2))

where d = deg(f|z). Therefore, to each stable map [f : C — XBI] € (M.0.4)7, we can associate
a stable graph I' as follows. The stable graph I'" has one vertex for each connected component of
£~ ((XB1T) and one edge for every noncontracted component. The edge e is marked with the degree
d, of f restricted to that noncontracted component C, = P!, and the connected component corresponding
to a vertex v is denoted by C,,. Let V(I") (respectively, E(I")) denote the set of vertices (respectively,
edges) of I'. Define the labeling map

L V() — (XB)HT

by putting £(v) = f(C,). The vertices have an additional labeling g(v) which is the arithmetic genus
of C, (g(v) =0if C, is a point) and satisfies the identity

L= VDI+EM)+ Y g(v) =

veV ()

The valence of v, denoted by val(v), is the number of edges connected to v. Define a flag F of the graph
I" to be an incident edge-vertex pair (e, v). Put

i(F) = 8(v).
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Aflag F = (e, v) is defined to be stable if 2g(v)+val(v) > 3. Since val(v) > 1, Fisnotstableif g(v) =0
and val(v) = 1 or 2 (in these cases, the component C, is simply a point). Let F(T") (respectively, F(I")5?)
be the set of flags (respectively, stable flags) in I". The edge e in F = (e, v) is incident to one other vertex
v’. Define j(F) = (v’). If val(v) = 1, let F(v) be the unique flag containing v; if val(v) = 2, let F;(v)
and I (v) denote the two flags containing v.

Now the connected components of (M 4)" are indexed by stable graphs corresponding to stable
maps whose images are unions of the T-invariant curves in Lemma 5.2 and whose contracted components
and special points are mapped into (X [31)T. We use I" to denote these stable graphs. So we have

Mi10.a)" = Uﬁr (5.11)
I

where ﬁr denotes the connected component of (EITILO’d)T indexed by I'. Let Mg,n be the moduli space
of n-pointed genus-g stable curves. Put

Mr= l_[ Mg(v),val(v)
veV ()

(Mo,l and ﬁo,z are treated as points in this product). Then there is a finite map Mr — ﬁr such that
Mr = Mr/Ar where Ar fits in the exact sequence

0— l_[ 7/d,Z — Ar — Aut(T') — 0. (5.12)
ecE(I)

Since a stable curve is connected, we see from the description of the T-invariant curves in Lemma
5.2 that a summation over all the stable graphs I" breaks up as

X (X)
Z - Z Z + Z Z (5.13)
r 1<i#j<y(X) T€Sqa, i=1 TeTq,

where Sy ; ; is the set of all stable graphs I' such that f(C) = C; j forevery [f : C — XB1 e M, and
Ta.i is the set of all stable graphs I such that f(C) Co(’i U Cé’; U Cl(’% forevery [f: C — XP1] e My
By the virtual localization formula of [12], we have

1 1
O1.a = / 1 = — _ (5.14)
# (01,0, 1% Zr: |Ar| [My]vir € (Nl\ilr)

Here, [Mr]"" is the pullback of [IR-]¥" to Mr- via the finite map M — My, and e (N, ") is the pullback
of the Euler class of the moving part N}" of the tangent-obstruction complex. Let 7! and 72 be the
cohomology sheaves of the restriction of the tangent-obstruction complex on ﬁl,o,d to M. The fibers
of 7' and 772 at a point associated to a stable map [f : C — XP] e M fit into the exact sequence

0 — Ext’(Qc, Oc) — HO(C, f*Tym) — T
— Ext!'(Q¢, Oc) = H'(C, f*Ty13) — T — 0.

To understand H(C, f*Tx13), consider the normalization sequence resolving the nodes of C coming
from all the intersections xz := C,, N C,:

0—>Oc—>€BOCV®@OQ H@OXF—)O.
v e F
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Tensoring by f*Tx 3 and taking cohomology, we obtain an exact sequence

00— HO(C,f*TXm) — @TQ(V) d @Ho(ce,f*Txm) — @Ti(F)
v e F
— HY(C, f*Ty11) — @ H'(Cy, f*Typ) & @Hl(ce,f*TX[s]) 0. (5.15)
v e

Note that H' (C,,, f*Tx131) = H' (C,, Oc,)®Tg(y) where H' (C,,, O, ) forms the dual of the Hodge bun-
dle Hg () over Mg(v),val(v) . By the five formulas (5.2)-(5.6), the fixed parts of T;(f) and HY(C,, [ Txim)
vanish. Examining the terms in the four formulas (5.7)-(5.10) which carry negative signs, we see that
the fixed part of H'(C,, f*Tx ) also vanishes. By (5.15), the fixed part of H'(C, f*Tx3)) vanishes.
Thus, 7> =0, and the fixed stack is smooth with tangent bundle 7"/ . Hence, [EF]VH = [ﬁr] and
[Mr]'" = [Mr]. By (5.14), we obtain

1 1
Otag, = o —
T TR i

In view of the splitting (5.13), the invariant (); 4, can be written as

5 1 1 *ﬁ‘:) 5 1 1
- o, [ , (5.16)
I<itT o (X) TeSas, |Ar| Jiazr) e(NY) S G AL e(NE)

5.3. Reformulation of 3 <4<\ (x) Zresd‘i,_,-

In this subsection, we will reformulate the summation 31 ;zj<,(x) 2res 4. i (5.10) by a suitable

genus-1 Gromov-Witten invariant of X x X (2. It allows us to reduce the computation of ()1,ap; to the
local affine charts U; > x;.
For 1 <i < y(X)and 1<k <2let R* = (x;,&4) € X x X2 and

Cii={xi} X Ma(x;) c X x X121,

For1 <i # j < y(X), regard the curve C; ; C X3 in Lemma 5.2 (i) as the curve {x;} x Ma(x;) C
X x X121 The T-action on X induces a T-action on X x X 2!, The T-fixed point set (X x X[?1)T consists
of the points Rl.(’;.) with 1 <i,j < y(X)and 1 < k < 2. The T-invariant curves in X x X 2! contracted by

dxp,: XxXP 5 xxx®
are precisely the curves C; ; with 1 < i, j < y(X). The decompositions of the tangent spaces of X x X (2]

at the points RE’;) are given by the right-hand sides of (5.5) and (5.6). So we keep using T« to denote
, i.j

the tangent space of X x X 2! at Rl.(];.). Similarly, if f : P! — X x X[?] is a degree-d morphism such that

f@YHY = ¢ j and f is totally ramified at the two T-fixed points in f (P"), then the Euler characteristic
X (f*Txxx21) is given by the right-hand side of (5.10).
Regard 8, € Hy(X21) as in Hy(X x X!?1). Apply localization to the moduli space

M o(X x X2, ap,)

whose expected dimension is equal to 0. The connected components of the T-fixed point set (EI,O(X X
X[, d,Bz))T are indexed by stable graphs I'. For 1 < i,j < x(X), let Sg,;,; be the set of all stable
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graphs I" such that f(C) = C; ; for every stablemap [f : C —» X x X [2]] in the connected component
M indexed by I'. Note that when i # j, Sy ; ; can be identified with the set S ; ; introduced in (5.13).

Moreover, forI' € Sy ; ; withi # j, ﬁr can be identified with the connected component ﬁr introduced
in (5.11). By the virtual localization formula,

1 1
1 = __ (5.17)
Z |Ar| Jazr) e(NY)

-/[ml,o(XXX'ZI,dﬁz)]“r 1<i,j<x(X) T€Sa;;

1
Note that for each graph I' € Sz ; ; with i # j, the summand — in (5.17) is equal to

|Arl Ji7p) e(NET)

the corresponding summand in (5.16).

1
Lemma 5.3. 1 = — - x(X) K2
[21,0(XxX 21, d,) |vir 12d X

1R

Proof. We have M o(X x X121 dB,) = X x M o(X2],dB,). By the results in [15], the moduli
space ﬁ],o(X (21 dpB,) is smooth (as a stack) with dimension (2d + 2), and the obstruction sheaf
Ob = R'(f1,0)eviTx 12 on My o(X'2), dBs) is locally free of rank (2 + 2) where fi o (respectively,
evp) denotes the forgetful (respectively, evaluation) map on ﬁl,l (X121, dB,). Moreover, we have

1

O1.ap, = deg c24+2(0b) = Tod - K. (5.18)

Let ¢ and ¢, be the two projections on X X ﬁl,o(X[z], dp,). Let H be the (rank-1) Hodge bundle
over the moduli space M o(X (21 dB,). A direct computation shows that the obstruction sheaf over
M.0(X x X[21, dp,) is isomorphic to

(¢17x ® $;H|) @ $;0b
which is locally free of rank (2d + 4). Therefore, we conclude that

[ 0(X x XL dBo)]"'" = cou4a ((47Tx ® $3HY) ® ¢50D)
= c2(47Tx ® ¢3HY) - c2a42(450D).

Combining this with (5.18), we immediately verify our lemma. O
From (5.16), (5.17) and Lemma 5.3, we conclude that
x(X)

1 1 1
Orag = 37 XX Kz + > | D)= D) A /[Mr] G (5.19)

i=1 \I'€Ta; T€Sa,,

Note that Yre7, , — Xres,,, depends only on the local chart U; > x;.
For simplicity, whenever S is a set of stable graphs, we use > g to denote

1 1
__. (5.20)
1;9 |Ar| Jazr e(NYT)

5.4. A reduction lemma

In this subsection, we will prove a reduction lemma which indicates that we may ignore most of the
stable graphs in 74 ; and Sy ; ; when we evaluate the summation Y rer, . — Yres,,, in (5.19).
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Before we state the reduction lemma, we present the motivations. As we will see in the next two
subsections, Y.rer,, — 2res, ,,; is of the form

1,1 \Wi, i 1,2\Wi, Zi
+Zi)2‘p ( i l) ( i+Zi)3'p ( i l)

(w; gLirest/
' q1,1(wi, zi) q1,2(Wi, z)

where p11(wi,zi), q1a(Wi, 2i), pr2(wis zi), q1.2(wi, zi) € Q[w;, z;] are symmetric homogeneous
polynomials independent of i and X, (w; + z;) 1 q1.1(Wi,2i), (Wi +2i) + q12(wi,2:), deg(q1,1) =
deg(pi,1) +2,deg(qi1,2) = deg(p12) + 3 and all the roots of ¢;.1(w, 1) and g1 2(w, 1) are rational. Note
that pi,1(wi, zi), q1.1(Wi, zi), P12(wi, z;) and g1 2(w;, z;) can be expressed as polynomials in w; + z;
and w;z;. So the summation Yre7, , — Xres,,, can be rewritten as

2. a-(wiz)™ F w2 P2.2(Wi, 7)

(wi + 2z
Y qiawiz) q1,2(wi, z;)

where d and m are independent of i and X, and p>(w;, z;) is a symmetric homogeneous polynomial

independent of i and X. Put ¢y 1 (w;, z;) = do(w;izi)" +d1 (wizi)" (Wi+2:)>+. . . +dmy1 (w;+z;)2m+D)
Then,
5 2
a-(wiz;)" Wi+ z; Wi, Zi
(Wi+Zi)2 . ( i l) — . ( i l) _ (Wi+Zi)4' p2,1( i»Zi)
q1,1(wi, 2;) Wiz wiZi - 1,1 (Wi, 2i)

where a = d/dy, and p» 1 (w;, z;) is a symmetric homogeneous polynomial independent of i and X. It
follows that Yre7, , — Zres,,, is of the form

LW Z)T g g PalPiZ) (5.21)

ad
WiZi qa(wi, zi)

where a4 (= a), pa(w;, z;) and q4(w;, 7;) are independent of i and X and depend only on d, ay € Q,
pa(wi, z;) and g4(w;, z;) are symmetric homogeneous polynomials in Q[w;, z;], (W; +z;) ¥ ga(wi, z;)
and the roots of g4 (w, 1) are rational. Our reduction lemma below asserts that p; = 0.

Lemma 5.4. The summation Yret,, — 2res, ;1 of the form

1.2
ag- Y2 (5.22)
WiZi
where aq € Q is independent of i and X and depends only on d, and
1 2
Orag: = |@a + 57 - x(X) | Kx. (5.23)

Proof. Note that (5.23) follows from (5.19), (5.22) and (5.1). In the following, we will prove (5.22) (i.e.,
we will show that p; = 0in (5.21)). For convenience, we will simply write a, p, g instead of a4, p4, qa.
Assume p # 0. We will draw contradictions. We may further assume that p(w;, z;) and ¢(w;, z;) have
no common factors of positive degrees and that g(w, 1) is monic.

First of all, we conclude from (5.19), (5.21) and (5.1) that

x(X)
(w;
i=1

+ Zl_)3 ) p(wi, zi)

1
— - — . (X)-K%2 —aKk2. 24
q(Wi,Zi) <>1,dﬁ3 X( ) x —alky (5.24)

12d

For simplicity, denote the right-hand side of (5.24) by e(X, d). The symmetric polynomials p(w;, z;)
and g(w;, z;) can be expressed as polynomials in (w; +z;) and w;z;. Since (w; +z;) ¥ g(Wi, 2:), (Wi, Z;)

https://doi.org/10.1017/fms.2023.17 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2023.17

28 J. Hu and Z. Qin

is of the form

k
q(wi,2i) = wiz)™ - Gwi, z0) = (wiz)"™ - [ | (Owi + 2002 + ajwizi) ™ (5.25)
J=1

where ng > 0, k > 0, ay,...,ay are distinct and a; # 0 and n; > O for every j. So deg(q) is even,
deg(p) = deg(q) — 3 is odd and (w; + z;)|p(w;, z;). Put

p(wi,zi) = (Wi +2;) - p(wi, 7).

Being of even degree, the symmetric homogeneous polynomial j(w;, z;) is a polynomial of (w; + z;)?
and w;z;. By (5.24), we have

x(X)

Z (w; +20)*- ”EW" Z‘; e(X,d). (5.26)

For X = P2 and P! x P!, the weights w; and z; are of the form

{(wi,z)l1 <@ < x(X)}

w2, (w=z,-2),(z—w,-w)}, ifX =P
Hw,2), (—w, =2), (W, —2), (-w,2)}, if X =P' xP'.

Set z = 1. Letting X = P> and X = P! x P! in (5.26), respectively, we obtain

(W+1)4ﬁ(w’1) ( _2)4p(W 1) (1_2 )4p(1 w, W)

q(w,1) m a0 wow) el (5.27)
(W+1)4'Z§::’ 3 +(we pg_w 1; e (5.28)

where e; = e(P?,d) and e; = e(P! x P!, d)/2. Since p(w;, z;) and ¢(w;, z;) have no common factor of
positive degree, neither do p(w, 1) and G(w, 1). If k > 1, then by (5.28) and (5.25), G(w, 1)|G(-w, 1).
So g(w, 1) = G(—w, 1) since they are monic and G(w;, z;) = §(—wj, z;). Since the roots of g(w, 1) are
rational, a; # -2 and

2 2
(Wi +zi)" +a;wizi # (Wi —2i)" —a;wiz;

for j and i. Therefore, (w; +z;)> +a;w;z; and (w; —zi)%- a;w;z; are distinct factors in the decomposition
(5.25) of g(wy, z;), and g(w;, z;) can be rewritten as

N

(wiz)" - l_[ ((wi +z0)* + a;wiz) ((wi — 20)* — a;wizi))™ (5.29)
j=1
=(wizi)"™ - ]_[ (Wi +20)% —dj(wizi)?)"™ (5.30)
j=1

where s = k/2 > 0,d; = (2+a;)* and @, . .., d; are distinct. Since the roots of (w + 1)? + ajw are
rational, @; > 4. Since (w; +z;) t q(w;,z:), d; # 4. Sod; > 4,and a; # 0,—4. Let n = deg(q) =
2ng +4(ny + ... +ng). Then deg(p) =n —4.
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If ng is positive and even, then as a polynomial in (w; +zl-)2 and w;z;, p(w;, z;) contains the monomial
(w;+z;)"~* with nonzero coefficient. So (w+1)* 5(w, 1) is a polynomial of degree 7 in w. Since g(w, 1)
is of degree n—ny, letting w — o0 in (5.28), we get oo = . This is impossible since e is a finite number.

If ng is odd with ng > 3, then write p(w;,z;) = Z?j hjw{zgn_“)_]. Since p(w;, z;) is symmetric,
hj = hn-4)-j. Since (w;z;) ¥ p(wi, z;), ho # 0. Since a; ¢ {0, -4}, we see that w { g(w — 1,-1) and
w {1 G(1 —w,—w). Substitute (5.30) into (5.27) and (5.28). Expanding the left-hand sides of (5.27) and
(5.28), we get

((no +8)ho +2h1 ) w= "D 1 O (w=("072)) = ¢,
(8hg + 2k w07 D L O (w™0) = ¢,

where O(w™) with i > 0 denotes a term such that as w — 0, |O(w™)| < c|w ™| for some constant c.
The two coefficients of w™"0~1 cannot be 0 simultaneously. So letting w — 0, we have either co = ¢;
or oo = ¢5. This is absurd.

By the previous two paragraphs, ny = 0 or 1. Since deg(q) > 3, s > 1. The roots of (w? +1)% — aw
are @, @~!, —a, —a~! for some rational number @ # 0, 1, and these four roots are mutually distinct. Let
ao,aal, -, —a/a1 be the roots of (w? + 1)? — @;w?. By symmetry, let 0 < a9 < 1. If (w + ag) 1
(g(w = 1,-1)q(1 — w,—w)), then letting w — —aq in (5.27), we obtain the contradiction co = ¢;. If
(w+ag)|g(w—=1,-1),then (ag+1) # Oisarootof g(w, 1). Therefore, 1/(ag+1) is aroot of g(w, 1) as
well. Similarly, if (w+ag)|q(1 —w, —w), then —(ap+1)/ag is aroot of g(w, 1); in this case, ag/(ap+1)
is also a root of g(w, 1). Note that 0 < 1/(ag + 1), ap/(ao + 1) < 1. Define two functions

2

¢1(x) =1/(x+1), ¢2(x) =x/(x+1).

So there exists 1 € {¢1, @2} such that 1 (ayg) is a root of g(w, 1). Putting a; = ¢ (ag) and repeating
the above process, we see that g(w, 1) has a sequence of roots

ak =y Yi(a), k=1
where Y1, ...,k € {¢1, $2}. By induction, we get 0 < ay < 1 for every k > 0.
Claim. «; # ay wheneveri,k > 0andi # k.

Proof. Assume a; = a; with 0 < i < k. Then, ax = Y- - ¢¥ip1(@;). So we may assume that
i =0, = ar and ax = Yy --- ¥ (ag). Since ¥q,..., ¥ {#1, ¢2}, we see from induction that
ax = (aag + b)/(cap + d) for some integers a > 0,b > 0, 1,d > 1 satisfying ad — bc = +1. So
ap = (aag + b)/(cag + d), and we get

k €
c 2
ca(2)+(d—a)a/0—b=0.

Since « is arational number, (d—a)?+4bc = f? for some integer f. If ad—bc = —1, then f? = (d+a)>+4,
and so d + a = 0, which contradicts a > 0 and d > 1. If ad — bc = 1, then f% +4 = (d + a)?, and so
f=0andd+a=2.Sincea > 0,b >0,c > 1,d > 1 are integers satisfying ad — bc = 1, we must
have a =d =1, b = 0 and ag = 0. This contradicts aq # 0. m]

We continue the proof of our lemma. By the above claim, the polynomial g(w, 1) has infinitely many
roots a, k > 0 which are mutually distinct. This is absurd. O

In view of Lemma 5.4, we introduce the following notation.

Notation 5.5. We use M ((w + z)") to denote an expression of the form

p(w,2)
qg(w,z)

(w+2)"-
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where p(w, z) and g(w, z) are polynomials in w and z with (w + z) 1 g(w, z), and all the roots of the
polynomial g(w, 1) are rational numbers.

By Lemma 5.4, when we evaluate the summation Zren‘,- - Xres, .. in(5.19), we can ignore those
stable graphs I' in 74; and S, ; ; satisfying

1 1

— — = M((w; +2)°).
A Jiazoy e~ M0+ 0)
5.5. Computation of Yrcs,
For simplicity, in the rest of the paper, we put
w=w; =c1(d),
2=z = c1(p)-
Also, define P(a, b) = 1. For n > 2, we define
P,(a,b)=(a+Db)---(a+ (n-1)b). (5.31)
Now let I' € Sz;,;. Similar to the formulas (4.18) to (4.21) in [8] (see also [30]), we have the
decomposition
e(NY") = ef - e} - er. (5.32)
Here, e, e)/, ef. denote the contributions of the edges, vertices and flags with
. (=% (de = DY*W?2 (w = 2% 533
r eer () W+ 2)Pa,(—2dew,w — 2)Pg, (—=de(w +z),w — 2)
v _1 e(Te(v))
er = l—[ (WF (v) + ©Ry () - 1_[ Wr) 1—[ YT T, (5.34)
veV (D) veVv (D) vev (D) e(’Hg(V) ®Te(v))
g(v)=0 g(v)=0
val(v)=2 val(v)=1
ei= [] wr-vr)- [] e@)™ (5.35)
FeF (IN)sa FeF(T)

where (5.33) (which is the product of the equivariant Euler classes of the moving parts
x(((flc,) Tx1)™), e € E(I')) follows from (5.10) by reading its nonconstant terms, wp =
e(Ti(r)Ci,i)/d. for a flag F = (v, e) and ¢ denotes the first Chern class of the line bundle on Mr
whose fiber is the cotangent space of the component associated to v at the point corresponding to F.
Note from (5.5) and (5.6) that Ty Ci,; = ;' iy and Ty Gy = Agu; . Thus, we obtain

ey (D)
_J(=w+2)/d,, 1ft(F)—Rl.’t.

“rs {(w -2)/de, ifi(F) = lei,)_ (5.36)

In (5.34), when g(v) =0, e(’H;(V) ® Tg(y)) is treated as 1; when g(v) = 1, H,(y) is the rank-1 Hodge

bundle over M (y) vai(v)- Let = ¢1(H1). It is known that

1
2 =0, / 1= —. (5.37)
My, 24
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For 1 < j < n, let; be the first Chern class of the line bundle on Ml,n whose fiber at an n-pointed
stable curve is the cotangent space of the curve at the j-th marked point. Then it is known (e.g., see [18])
thaty; = Aon M, and

1
| wi= | wi= [ wwa=op (5.38)

M M, M

Lemma 5.6. Letd > 1, and let I" € S;,;;. Then, we have

1
_ EM)]
ZN) M((w+2z) ). (5.39)

Proof. We see from (5.33) that (w + z) IEMI divides the denominator of elli. Moreover, (w + z) does not
divide the numerators in (5.33). So we have

pr,i(w,z)

= (w +Z)|E(F)| .
qr.a(w,z)

1
— (5.40)
er

where pr1(w, z) and gr,1(w, z) are polynomials in w and z with (w + z) 1 gr,1 (w, z), and all the roots

of gr,1(w, 1) are rational. By (5.34), (5.35), (5.36), (5.5) and (5.6),

1 pra(w,z)
e\rf . e? qr,2(W, )

where pr2(w, z) and gr2(w, z) are polynomials in w and z with (w + z) 1 gr2(w, z), and all the roots
of gr»(w, 1) are rational. By (5.32) and (5.40), we get (5.39). O

Lemma 5.7. Let d > 1. Then, the summation Y rcs,, ., is equal to

dz‘i 11 d&? - did, (w+2)2

—-d*>+d+16 d ~
dy 48 g did; - |Aut(6)| wz

96d 48

+M((w+ Z)S)

where § = (dy,dy) + d denotes a length-2 partition of d, |Aut(8)| = 1 if d| # dy and |Aut(6)| = 2 if
dy =d.

Proof. By Lemma 5.6, we need only to consider those stable graphs I' € Sz;; with |E(I')| = 1 or 2.
We begin with the case |E(I')| = 1 (i.e., I' € Su.;; has exactly one edge). There are exactly two such
stable graphs:

Vi———W»2

where V() = {vi,va}, £(v1) = R}, 8(v2) = R{}, g(v1) € {1,0} and g(v2) € {1,0} - {g(v1)}. In

both cases, |Ar| =d - |Aut(I')| = d By (5.12). Using;!> (5.32)-(5.37) and noticing that (5.33) is unchanged
when w and z are switched, we get

_9-d (w+2)?

resuqEmpr Bz

+ M((w+2)%). (5.41)

Next, we consider the stable graphs I € Sy ;; with |E(I")| =2. SoI' € S4,;.; has exactly two edges.
Denoting the distributions of the degree d on the two edges by d; and d;, we see that these stable graphs
are of the form:
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®

where £(v1) € {R\V. R}, 2(v2) = 2(v3) € (R RZ} — {2(v)}. g(v1) € (1,0}, g(v) €
{1,0} — {g(v1)}, g(V3) =0 and § = (dy,d>) + d is a partition of d. There are exactly 4 types
of such graphs if we ignore the edge weights. By (5.12), |Ar| = dd; if g(v;) = 0, while |Ar| =
didy - |Aut(6)] if g(vy) = 1.

(ii)

dy
N

Vi V2

\/
d>

where £(v;) = Rl ; ,2(\12) R,( l), g(vy) =g(v2) =0and 6 = (dy,d,) + d is a partition of d. We
have |Ar| = dd, - |Aut(5)|.

A lengthy computation via (5.32)-(5.38) shows that X rcs, , .. |£(r)|=2 18 equal to

d2+3d 2 d*> —dd» (w+2)? 3
: M 7).
i) Z i 48 s dvdy - Aw(O) | wz (+27)
Summing this with (5.41), we complete the proof of our lemma. O

5.6. Computation of Yrcr,,

LetI" € 74,;. Foranedge e € E(I') and for 0 < j < k < 2, define e € E; x(I') if the component C,

is mapped to C( J) . By Lemma 5.2, the curves Céli, C(l) and C( ) are homologous to £3, 83 and 383,
respectively. Therefore

d, + Z d, + Z 3d, = d. (5.42)
EEE()J (F) EEEO,z(F) EEE],z(F)

Now formulas (5.32), (5.34) and (5.35) still hold with the understanding that

(w—-2z)/d., ifeeEy(I')andi(F) =0y
(-w+2z)/d., ifeeEy(I')andi(F) =0,
(2w +2)/d,, ifee Epy(I')andi(F) = Qo
2w -2)/d., ife€ Eys(T)andi(F)=0;»
(-w+2)/d., ifeeE () andi(F)=0;,
(w-2)/d., iftee Ejp(IN) andi(F) =Q;n

(5.43)

since Tg, ,Co = Aipt2, To, , CY') = ;7' 12, To, ,C) = 472i. To, ,CYy = ;' Tp, €1 = A7 s
and T, ,C\") )L = A" in view of (5.2), (5.3) and (5.4). Moreover, we see from (5. 7) (5.8) and (5.9) that
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the factor e? in (5.32) is given by

1—[ ((—l)de‘l((de = DD (w = 22)*% (w — 7wz’

ecEo 1 (D) w+2)Pg,(—d.(2w — 2),w — 2z)

. Py, (=de(w —2), w — 22)
Pa,(—de(W+2),w —22)Pg,(—dew,w — 22)

(=D ((de = 1))?(z = 2w)?%e (z — w)zw?
(z+wW)Pq,(—d.(2z —w),z = 2w)

e EE().Z (F) (

. Py, (=de(z—w),z—2w) )
Py, (=de(z+w),z=2wW)Py,(~dez, 2 = 2w)

l—l ( (=1)% ((de — DN22w — 2) (W = 22) (W — 2)*dew?Z?

wW+2)2w+2)(W+22)Pg, (—2dew,w — 2) Py, (—de (W + 2),w — 2)
eEElyz(r)

. P, (=de(w —22),w = 2)Pg,(dez,w — 2)Pg, (dew,w — 2) )
Pa,(=3dew,w —2)Pg,(=de (2w + 2),w — 2)Pg, (=de (W +22),w = 2) |

33

(5.44)

Notation 5.8. Let d > 1,and letI" € T, ;. We use V(I") to denote the subset of V(I") consisting of all

the vertices v of I such that

L) =0i0, g(v) =0, val(v) =2, de,(v) = dey(v)

for the two edges e (v) and e, (v) attaching to v, and e (v) € Eq ;(T") for j = 1,2.

If vi, vy € Vp(I') are distinct, then L(v1) = Q; 0 = £(v2). So none of the two edges attaching to v

coincide with any of the two edges attaching to v,, and
2lVo(D)] < |E(D)].
Lemma5.9. Letd > 1 and " € T ;. Then,

1
e(NyIr)

M((w+2)?)

unless one of the following cases happens:

(@) Vo(D)| =2 and |[E(D)| = 4;
(i) [Vo(D)| = 1 and |E(D)| = 2;
(iii) [Vo(D)| = 1 and |E(T)| = 3;
(iv) |Vo(T)| = 0 and |[E(T)| = 1;
(v) Vo([)| =0 and |E(T)| = 2.

(5.45)

Proof. First of all, let us examine the factor el]i. If e € Ep 1 ('), then we see from (5.31) that (w + z)|
P4, (—d.(w—z),w —2z) if and only if 3|d,; moreover, if 3|d,, then (w+2)? Py, (=d.(w —2z),w —22)
and (W + 2)|Pg, (—dew, w — 2z). Applying a similar argument to e € Epo(I') and e € E;2(I"), we

conclude that
= M((w+2)F D).

1
“E
ér
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Next, by (5.34), (5.35), (5.2), (5.3) and (5.4), the only possible factors in 1/(er er) divisible by
(w +z) come from (wF, (v) + WF,(v)) With g(v) = 0 and val(v) = 2. If such a factor (wr, (v) + WF,(v)) is
divisible by (w + z), then we see from (5.43) that 8(v) = Q; 0, de, (v) = de,(v) for the two edges e1(v)
and e, (v) attaching to v,

(WF (v) + WE(v) = = - (w+2),

dej(v)
and e;(v) € Eg ;(I") for j = 1,2. Hence, v € V,(I). It follows that
1

V__F
ér - er

=M((w+ z)_lv"(r)l).

Combining this with (5.32) and (5.46), we conclude that

1
_— M((w 4+ 2) ED VDI
e(N{") { ) )
By (5.45), we have |E(I")| — |Vo(I')| = |Vo(I")|. Now our lemma follows. O

Lemma 5.10. Let d > 1. Then, the summation }rc, , is equal fo

(W +2)?
wz

fa- M((w+2)*) (5.47)

where fg is a universal constant depending only on d and is given by

did> , 1 a , , 1 d} +didy +d3
9d2 2, |Aut(6)[ YaYa* 53 PAEC R m YarYa,
S+d/2 srd/2 sraj 4192
+4d_49 - Z (dldz d? . 1 . d d2 25
216d T4 a2 7 Ted? Ya Y
2164 rala g\ @ 432didy " T2 163 " Saday | T
(-4 (2d* +d?) D (-nd(s J .
d 2
2afede-a 210d1(d1+d2) I 2\ edTmapn 4
17(-n*! 49-7d _
54d “Yd+ 1aag Va3
(=1)4(=69d* + 77d*d, +307d*d} - 704dd7 + 384d)
+ .
;1 1728d2d, d; - |Aut(5)| Y Yy
+(_1)d di Z (=D (2d* + d}) _
“Ya\Ya, t s o YdiVd
108 di+dy=d,d#d; (dl dz)d d\+3dr=d 36(d2 - dl)

N 3(d} - didy + 8d}d; - 3dyd; - dy) 53
srdl3 16d%d;d, - |Aut(5)| 1

In the above, d > 0, dy > 0, 6 = (dy, dy) is a length-2 partition, yq, = =2 if 3|d) and yq, = 1 if3 1 d;,
Ya, = 3 if2|dy and ya, = 1 if 2 { da, and a summand containing 3. 5. 4/> 0r Va2 (respectively, 3. 5. 4/3)
does not appear if 2 {1 d (respectively, if 3 1 d).
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Proof. By Lemma 5.9, the computation of Yr7,, , is reduced to those stable graphs I" € Ta.i satisfying
Lemma 5.9 (i), (ii), (iii), (iv) or (v).
To begin, the stable graphs I' € 7, ; satisfying Lemma 5.9 (i) are:

(i-1)
yvzx
Vi V4
where {vi,v4} = Vo(I') (so that 8(vy) = Qi0 = £(v4)), L(v2) = Qi1, £(v3) = Qi2, g(v;) =0
for every j, 2|d and 6 = (d;,d») + d/2 denotes a length-2 partition of d/2. By (5.12), |Ar| =
d2d? - |Aut()| = d2d5 - |Aut(8)|. By (5.32), (5.44), (5.34), (5.35) and (5.43), we have
4 d1d2 ) (W + Z)2 3
=5 D A Y Yh e M (w4 2)Y)
I'eTq4,i, Case (i-1) 9d ord/2 |Aut(6)| v w2
where y4, = -2if 3|d; and y4, = 1if 3 1 d;.
(i-2)
% dl 3%
d1/ 2 1
V3
AN
dy

Figure (i-2)

where {v2,v4} = Vo(I), 2(v3) € {Qi1,Qi2}, £(v1) = 8(vs) € {Qi1,Qi2} - {€(v3)}, g(v1) =
1, g(vj) =0forevery j # 1, 2|d and 6 = (di,d>) + d/2 denotes a length-2 partition of d/2.
There are exactly 2 types of such graphs if we ignore the edge weights. By (5.12), |Ar| = d%dg.
By (5.32), (5.44), (5.34), (5.35) and (5.43) together with (5.37), we get

1 d% 2 2 (W+Z)2 s
Z = 547 7 “Ya,Vd, —wz +M((W+z) )
T€Ta,i, Case (i-2) sraj2 42

(i-3) T has the same shape as Figure (i-2) with {v2,v4} = Vo(I), 8(v3) € {Qi1.Qi2}, L(v1) =
L(vs) € {Ql-,l, Qi,z} - {2(1}3)}, g(v3) =1, g(vj) =0forevery j # 3, and 2|d. There are exactly
2 types of such graphs if we ignore the edge weights. By (5.12), |Ar| = d%d% - |Aut(6)|. By (5.32),
(5.44), (5.34), (5.35) and (5.43), together with (5.37) and (5.38), we obtain

1 d? + didy + d? (W+Z)2
20 TN 2 dd JAm)] Yt T+ MO0 2)).
T'eTy,i, Case (i-3) sraj 4142

Next, the stable graphs I' € 7 ; satisfying Lemma 5.9 (ii) are:
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(ii)

V2
d/2

Vi

dj2 a

where 2|d, {vi} = Vo(I'), £(v2) = Qi 1, 8(v3) = Qi2,8(v;) = 1 forsome j € {2,3}and g(vx) =0
if k # j. There are 2 types of such graphs, and

_4d-49 5, (w+2)?

= — 7(]/2  C_—
I'eTg,i, Case (ii) 216d wz

+M((w+2)*).

The stable graphs I' € 7 ; satisfying Lemma 5.9 (iii) are:

(iii-1)
v
y 2
Vi dz
kv:”
where {v1} = V(') (so that (v1) = Qi 0), L(v2) = Qi.1, £(v3) = Qi2, g(v;) = 0 for every j
and 2d; + 3d, = d. We have
did . (w+2)?
= 2 Y2 Ta, - +M((w+2)°)
I'eTq,;,Case (iii-1)  2d\+3dr=d
where Yy, =3 if 2|dy and y4, = 1 if 2 t d>.
(iii-2)
d> p
v
y 2 4
V1
kv:”

Figure (iii-2)

where {vi} = Vo(T'), £(v2) = Qi,1, 8(v3) = Qi 2, 8(v4) = Q.o (respectively, Q; 2),2d 1 +d> = d
(respectively, 2d1 +3d, = d), g(v;) = 1 for some j € {2,3,4} and g(vi) = 0if k # j. There are
exactly 6 types of such graphs if we ignore the edge weights.

(iii-3) I" has the same shape as Figure (iii-2) with {v{} = W(I'), £(v2) = Qi2, £(v3) = Qi1
R(v4) = Qi o (respectively, Q; 1), 2d +d» = d (respectively, 2d| +3d, = d), g(v;) = 1 for some
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J €42,3,4} and g(vx) = 0if k # j. There are exactly 6 types of such graphs if we ignore the
edge weights. We see that Yre7;, ;. case (iii-2) T 2re7,, Case (ii-3) 18 €qual to

( ( £ 1, d 4 ) L
- 72 3 | Ya, Y
vy =g\ 432didy T2 16d)  S4dd, l

(-D9Q2d*+d3) )'(w+z)2

- . +M((w+2)%).
216d:(di +do) T hYE (w+2)°)

2d1+d2=d wz

The stable graphs I' € 7 ; satisfying Lemma 5.9 (iv) are:

(iv-1)

Vi——W»2

where €(v1) = Qi 0. £(v2) € {Q:1,Qi2}, g(v1) € {1,0} and g(v2) € {1,0} — {g(v)}. There
are exactly 4 types of such graphs. We see that the summation Xire7;, ;. case (iv-1y iS equal to

(-D4[5 d 17(-1)4 (w+2)? 3
- — — Yd - +M((W+Z) )
24 19 |<m<aTmed/3 d-3m 54d wz
>iv-2)
d/3
Vi—————V)

where 3|d, £(vi) = Qi.1, £(v2) = Qi2, g(v1) € {1,0} and g(v2) € {1,0} — {g(v1)}. There are
exactly 2 types of such graphs. We obtain

_49-7d _  (w+2)?
= T144q VP

+M((w+2)*).
I'eTg4,i, Case (iv-2)

Finally, the stable graphs I' € 7, ; satisfying Lemma 5.9 (v) are:

(v-1)

dy
N

Vi \ %)
\/
dy

where £(v1) = Q; j, and £(v2) = Q; j, for some ji, j» € {0,1,2} with j; < j; and g(v;) =
g(v2) = 0. There are exactly 3 types of such graphs if we ignore the edge weights.
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(v-2)

Figure (v-2)

where £(vi) = Q; j, for some j; € {0,1,2}, 8(v2) = Q;j, and £(v3) = Q; ;, for some
J2. 73 € {0, 1,2} — {j1 } with j» < j3,g(vy) = 1 and g(v;) = g(v3) = 0. There are 9 types of such
graphs if we ignore the edge weights.

(v-3) T has the same shape as Figure (v-2) with £(v{) = Q; j, for some j; € {0,1,2}, (v2) = Qi j,
and £(v3) = Q;,j, for some jz, j3 € {0,1,2} = {j1}, g(v2) = 1, g(v1) = g(v3) =0 and d, # dy if
Jj1=0and j, # j3. There are exactly 12 types of such graphs if we ignore the edge weights.

We see that the summation Yire7;, ;. case (v-1) + 2reTy,;, Case (v-2) T 2reTy,, Case (v-3) 1S equal to the last
three lines in the formula of f; in our lemma. O

Example 5.11. Let d = 1. Then, we have |[E(I")| = 1 and |V(I")| = 2 for every stable graph " €
Sa.iiYTai - If T € Sy i, then I' is one of the two stable graphs stated in the first paragraph in the proof
of Lemma 5.7:

Vi———W2

where €(v1) = R, £(v2) =R\, g(v1) € {1,0} and g(v2) € {1,0} - {g(v1)}. An easy computation

shows that Y rcs, ,, is equal to

4L N (w + 2)? _ (w+2)?

(5.48)
M, wz 6 wz

where w and z denote w; and z;, respectively. Similarly, if I' € 74;, then I is one of the four stable
graphs stated in Case (iv-1) in the proof of Lemma 5.10:

d
Vi———W2

where 2(v1) = 010, £(v2) € {01, Qi2}, g(v1) € {1,0} and g(v2) € {1,0} — {g(v1)}. A straightfor-
ward but lengthy computation shows that

1 1 1 (w+2)? 8w? + 872

|Ar| Ji3zr) e(NYT) 24wz w-20@w-2)

re7a,i, g(v)=0
1 1 1 (w+2)? 6w?—35wz+ 672

|Ar| J 7z e(NY) 24wz w-29C2w-2)

FeTai, g(v)=1
It follows that Yircr, . = Xre7y,, g(v)=0+ XreTq,. g(vw)=1 IS equal to

l (W +2)?
24 wz
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In particular, the constant f; in (5.47) is equal to 7/24, as asserted by Lemma 5.10. Combining with
(5.48), we conclude that Xy, , — Xres,,, is equal to

1 ' (w+z)2

8 wz

Hence, we see from (5.19) that for a smooth projective toric surface X,

_ 1 2 1 2 _ 1 1 2
018 = 5 y(X) KX+8 Ky = (8+ 5 X(X)) K. (5.49)

By Lemma 5.1, formula (5.49) holds for every smooth projective surface X.

It is unclear how to simplify the constant f;; in Lemma 5.10 for a general d > 1. Finally, we are able
to determine the genus-1 extremal invariant ()1 gg;.

Theorem 5.12. Let X be a smooth projective surface. Let d > 1, and let f; be the constant defined in
Lemma 5.10. Then, (}1,qp, is equal to

—d*+d+16 —didy
Ja=\—96q — 4SZd1 4szd1d2 [AUL(0)| 12d XX

where 6 = (dy, dy) + d denotes a length-2 partition of d.

Proof. By Lemma5.1, ()1 ag, = (aq+ba- )((X))-K2 where a4 and b4 are universal constants depending
only on d. By (5.19), Lemma 5.4, Lemma 5.7 and Lemma 5.10, our theorem holds when X is a smooth
projective toric surface. Therefore, the theorem holds for every smooth projective surface X. O
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