M. Nakai and T. Tada
Nagoya Math. J.
Vol. 86 (1982), 85-99

DIRICHLET INTEGRAL AND PICARD PRINCIPLE
MITSURU NAKAI ano TOSHIMASA TADA

A density P on the punctured unit disk 2:0<|z|] <1 is a 2-form
P(2)dxdy whose coefficient P(2) is a real valued nonnegative locally Holder
continuous function on the closed punctured unit disk 2:0<|z| < 1.
Here we consider £ as an end of the punctured sphere 0 < |2| < + o0 so
that the point 2 = 0 is viewed as the ideal boundary 62 of £ and the
unit circle |[2] = 1 as the relative boundary 92 of 2. We denote by 2 =
2(2) the family of densities on 2. A density P on 2 gives rise to an
elliptic operator L = L, on £ defined by

Lu=Lyu=du—Pu, d=3/ox + dy*.

Since 62 is of parabolic character, there exists a unique bounded solution
e = ep, referred to as the P-unit on 2, of Lu =0 on 2 with continuous
boundary values 1 on 902. With the operator L = L, we associate an
elliptic operator L= Ly, referred to as the associate operator to L, given by

Lv=FLw=dv+ 7 loge-Tv, V = (6/ox, 9/oy) .

We denote by & = #, the family of nonnegative solutions u of Lu = 0 on
£ with vanishing boundary values on 492, by & = %, the family of bounded
solutions u of Lu = 0 on 2 and similarly, by # = £, the family of bounded
solutions v of Lv = 0 on Q.

We are particularly interested in those densities P for which & = &,
is generated by a single element u,: & = {iu,; 1€ R*}, where R is the real
number field and R* is the set of nonnegative real numbers. Since P =
0 is the typical one of this character found by Picard, we say, after
Bouligand (cf. Brelot [2]), that the Picard principle is valid for P at 602 if #,
is generated by a single element, and we denote by 9y = 24(2) the family
of densities on £ for which the Picard principle is valid. It is a fasci-
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nating problem to characterize the family 2,. We compile some of papers
answering to this question partially at the end of this paper. If the limit
lim,_,, u(2) exists for every u in #,, then we say that the (weak) Riemann
theorem is valid for the operator L,. We denote by 95 the family of
densities P such that the Riemann theorem is valid for f,,,. We have the
following duality theorem (cf. Heins [9], Hayashi [8], [26]):

93';99;-

Therefore characterizing 2, is identical with characterizing 2,;. There
are quite a few instances that the Dirichlet integral plays very important
role to single out densities in 2, among 2.

The purpose of this paper is to clarify the efficiency of Dirichlet
integrals and at the same time its limitation in the study of the Picard
principle. For the purpose we further classify 2. A density P is said
to be finite if

I . P(z)dxdy < + oo

and we denote by 2, the family of finite densities on 2. The importance
of the class 2, lies in the fact that 9, C 2, (cf. [27], Kawamura [13]).
In connection with the class 2,, we consider the class D¢y of, what we
call, densities P of strongly D-type characterized by

L [V log ep(2)f dxdy < + o0 .

It is known that 2, C D¢y (cf. [27]). It is easy to see that the Dirichlet
integral Dy, < (w) of any v in %, is finite:

Dyocizi<r() = j Vw2 dxdy < + o0

0<fzi<r

for every r in (0,1). The same may or may not be true for the class #,.
If

Dio<iai<n(v) = J.0<Izl<'r [Fu(2)} dedy < + o0

for any v in #, and any r in (0, 1), then we say that P is of D-type, and
we denote by 2, the family of densities of D-type on 2. We know (cf.
[27]) that De; C 25 C Dy from which we deduced the relation 2, C 9.
Therefore it has been known that 2, C D¢y C Dy C Dy = Dy. We will
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study whether these inclusions are proper or not. The conclusion will be
the following:

9129@m<9m<9m:9%’

where < indicates the strict inclusion.

In §1 we will prove 2, = P4, by establishing an identity evaluating
the Dirichlet integral of loge, in terms of the integral involving P. In
§2 a necessary and sufficient condition is given for a rotation free density
P to belong to 25. Here a density P is rotation free, by definition, if P(2)
= P(|2|) for every z in £. As an application of the result in § 2, we will
see in § 3 that the simple density P(2) = |z|™* belongs to 95 — Des and
P(2) = |z|* (log |2])* belongs to D, — P,. Actually, as we will see in §3,
belonging to 2, is very delicate:

{C |2]* (log |2’ e 2,  for ce[0,1),
clz|* (log |2])* ¢ 25 for ce[l, 4+00).

§1. An identity

1. Consider a subregion S of 2 with its relative boundary S of a
simple closed curve in £ and with the ideal boundary z = 0. We do not
exclude the case S = 2 so that S = 32. For every closed punctured disk
V.:0 < |2] £ ¢ contained in S, we denote by w, the harmonic measure of
8S considered on S — V,. Then the Stokes formula yields

de(z) ;. de(2)
s on ds—.[aw—v.) w{2) on ds

= L_v Vw.(2)-Ve(z)dxdy + L_V w,(2)de(z)dxdy ,

where 9/on is the outer normal derivative and ds the line element. By
the maximum principle and the Harnack principle, we see that w, 1 1 uni-
formly on each compact subset of S U 8S. On setting w,=0 on V,, a
simple application of the Stokes formula yields

L P(w, — w.)(E)} dxdy = L \Pw.(2)f dxdy — j Pw.(2) dxdy
S
for e < ¢. Hence in particular we see that

f Fw@Fdzdy 0 (] 0).
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By the Schwarz inequality

2

( J 4 w,(z)-Ve(z)dxdy) gf ~ Pw.(2)f dxdy-f [Ve(2) dxdy .
§-Ve S-Ve S~V

Since the Dirichlet integral of any function in %, is finite,

J |Ve(2)* dxdy

S-V¢
is dominated by
L (Pe(2)} dxdy < +oo .
Thus we may conclude that
lim ) Fw,(2)-Ve(z)dxdy = 0 .

0 Js-
Observe that

j‘s—m w,(R)de(z)dxdy = L w(2)e(2)P(2)dxdy .
The Lebesgue-Fatou theorem implies that

lim w(2)de(z)dxdy = L e(2)P(2)dxdy .

e—0 JS-V¢

We finally conclude that

(1) LS 6(;(:) ds = L e(2)P(2)dxdy .

This means that e(z)P(z)dxdy is a finite measure on £.

2. Consider a continuous function f on 9S. We denote by Hf the
uniquely determined bounded harmonic function on S with continuous
boundary values f(z) on 8S and by A, the harmonic function on S — V,
with continuous boundary values f(z) on dS and 0 on 3V,:|2| =& Then
the Stokes formula yields

LS f(z)ag&(nz)ds - j

= ~ Vh(2)-Ve(z)dxdy + _ h(2)de(z)dxdy .

S-Ve¢ S-7V¢

3 (z)%%lds

(S=Ve)

Since the family of A, is uniformly bounded on S, converges to H} uni-
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formly on each compact subset of S U S as ¢ —> 0,
f P(h, — h)(2)F dxdy — J \Ph.(2) dxdy — I PR (2)F dxdy
S S S

for ¢ > ¢ > 0 by setting h, = 0 on V,, and e(2)P(z)dxdy is a finite measure
on 2, the most right hand side of the above identity converges to

j TH5@)-Pe()dxdy + L H5(2)e(2)P(2)dxdy

as ¢ — 0 by the similar reasoning as in no. 1. Therefore we have a gene-
ralization of (1):

(2) LS f (Z)Aag(:’) ds = L VHS(2)-Ve(z)dxdy + L H3(z)e(z)P(z)dxdy .

3. We will give an upper estimate of the Dirichlet integral of the
harmonic function H, on S. Observe® that e < HS. Since HS attains
its minimum value on 3S we have

H@)* < (masn Hf>—4 = (min e>_4 = maxe™*

EN a8

on S. Applying the Dirichlet principle to functions Hp,, 1/HS, Hf, and e
on S, we have

[ IPHs.@F dedy < [ 1P1IHEE)F dxdy
= |, @) IPB @ dxdy
and similarly
[ IrBz@pdxdy < | (Pe@F dxdy .
Therefore we have the following estimate:
(3) L \VHE,(2)] dxdy < (négx e“*) L [Ve(2)[F dxdy .

4. We next give an evaluation of the Dirichlet integral of loge on
2 — 8. By the Stokes theorem we have

* Here and also in no. 6 we use the fact that e is subharmonic in |z| < 1 by defin-
ing e(0) = lim sup,—o e(2).
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de(2) de(z) ;. 0e(z)
LD 22) ds — LS (1fe() 22 ds = j s, W@ 22 ds

= [, PQe@)-Ve2)dxdy + [ (1fe(@)e(@)dxdy .
If we set S = £ in (1), then we have

0e(2) 4o f e(2)P(2)dxdy .
@ on 2

In view of the identities F(1/e(2))-Ve(z) = —|V log e(2)| and (1/e(2))de(z) =
P(z), we deduce

f |7 log e(2) dady = j P(2)dxdy — f e(2)P(2)dxdy
(4) 2-8 2-8 2
+ [ e as.
as on

5. The identity (4) shows that the Dirichlet integral of loge over 2
is essentially controlled by the integral of (1/e)(@e/on) over 3S. Therefore
we have to study the behavior of the integral of (1/e)(Ge/on) over 9S as
2 — S exhausts 2, or, what amounts to the same, S | §. For the purpose
we consider two cases separately: limsup,.,e(z) =0 and >0. First we
consider the case limsup,.,e(2) =0, ie. lim, ,e(z) = 0. For every ¢ in
(0, 1) consider the subregion S;:e(2) <t of 2, then S, | @ ast— 0. More-
over from (1) it follows that

0< L e(2)P(2)dxdy = LS %ds < j . (1/e(z))ﬁ?a(ni)ds

N OO - lf e(2)P(2)dxdy < f P(z)dxdy .
t Jas. adn t Jse S

Therefore the integral of (1/e)(de/on) over 3S,, which is nonnegative, con-

verges to 0 as ¢t — 0 if P(2)dxdy is a finite measure on £.

6. Assume next that limsup,.,e(2) = a > 0. There exists a closed
set E thin at z = 0 in £ such that e(z) - a as z— 0 with z¢ E (cf. Brelot
[4]). Then we may take a decreasing sequence {t,} in (0,1) with E N
{z;|2] = t,} = 0 for every m and lim,_. ¢, = 0. Applying (2) to the func-
tion 1/e and the subregion S,:0 < |z| <, of 2 we have

f  (1/e(@) a;(:) ds = L VHSHz)-Ve(2)dxdy

+ j . Hi@e(2)P@dxdy .
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The second term on the right hand side of the above equality is dominated
by

(r?&x e“) j . DP@dxdy,

and moreover by (3) we have
(], PHS@ Pe@dzdy) < [ IPHE dady- [ Pe@)F dudy
m Sm Sm

< (max e“‘) (f Ve(2)f clxdy)2 .
Sm Sm
Therefore we have

lim (1/e(z))%ds ~0.

m—oo J 0Snm

7. Apply (4) to S =S, in the case of no. 5 or S,, in the case of no.
6 and make ¢t — 0 or m — o« accordingly. Then we obtain the following
evaluation of the Dirichlet integral of loge on 2:

THEOREM. For every density P(z)dxdy on 2
j 7 log e(2)[ dxdy = j (1 — e(2))P(2)dxdy .
2 2

Here in the above equality it may happen + oo = 4-c0, which is
exactly the case P is not finite. As a direct consequence of this we
obtain the following:

91 =9@$-

§2. Rotation free densities

8. Consider a rotation free density P(z)dxdy on £, i.e. the density with
P(z) = P(|z]) on 2. For every nonnegative integer n we set P,(2) = P(2)
+ n?/|z]}, which is also a rotation free density on £. Since the P, -unit
e,, i.e. the unique bounded solution of du = P,u on £ with the boundary
values 1 on 92, is also rotation free, it may be viewed as a function of
rin (0,1]. In other words, e,(r) may be considered as the unique bounded
solution of

L(r) = £, () = gr}wr) + -}g;«p(r) — P,(r(r) =0

on (0, 1) with e,(1) = 1, where we follow the convention P, = P and ¢, = e.
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We recall some of fundamental properties of e, (cf. [21], Imai [10]): For
any pe (0, 1],

en+1(r) en(r) = “e
(8) onp) Se@ T 0Lo)

for every r in (0, p]; If we denote by +’ the derivative d+-/dr, then

IA

(n=0,1,---)

6 0< Cn(r) _ er) - 1
(6) = o) o) =7
on 0,1; H P<Qon 2,:0< 2| <p (0 <p < 1) for another rotation free
density @Q(2)dxdy on 2, then

en(p)e,,“(r) fn(p)fn +1(r) =0 .
(7) e = fonlofiry 0L

on (0, p], where @,(2) = Q(2) + n*/|z[, f, the @,-unit with the convention
f; = f being @-unit; The Picard principle is valid for P if and only if

. oe(r) _
(8) 1713)1%———0.

In particular (7) was first shown by Imai [10; p. 182].

9. Consider a bounded solution u of Lu =0 on £, ie. ue%, In
this and following nos. we will study the Dirichlet integral of ufe in a
neighborhood of z= 0. For a continuous function w on £ the Fourier
coefficients

c(r) = ¢ (r; w) = 1 J.h w(ret’)ds
2z Jo

a,(r) = a,(r; w) = 1 .r” w(re*’) cos nfde ,
T Jo

b,(r) = b,(r; w) = 1 JZ” w(re) sin ndde
T Jo

of w are functions of r alone in (0,1). Since u is a bounded solution of
Lu = 0, the Fourier coefficients of u satisfy that

a: . 1 d . . du 1 du
E{co(r: u) + 7 ECo(r, U) = C0<7‘, —a—;z— -4 _;. F)
2
=a(ridu— L T8) = Pyt ),
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d? 1 d o . _ 1 du
e a,(r; u) +- a,(r; u) = an(r, du kT )
= P(r)a,(r; u) — —r'—ﬁ—bn<r;%g—> = <P(r) + %)an(r; u),

and similarly

d?
d 2

1 d

burs )+ = L0 = (PO) + 2 )butri ).
r r

Therefore they are bounded solutions of Zn = 0 or £,)» = 0. For any
fixed p in (0,1) we have

cr; u) = S B oy |

e(o)
a.(r; u) = ("( )u) e.(r),
b(r; ) = O (:;’ )“) e(r)

on (0, p]. Therefore the Fourier coefficients of du/df may be represented
in terms of e, in the following way:

52)-.
an(r; gl;) = nb,(r; u) = nb,(o; u) L ngrg

and similarly

bn(r; gz> = —na,(p; u)* Er;

If we set r = p then the Parseval identity yields that
3 n@(o; uf + bulo; W) = L j ( u(pe“’)) 49 < +oo .
Moreover from (5) it follows that

ou\* 2 2 ex(r)2
. < .
an<r, %0 ) =n bn(p; u) el(p)z s

. au>2< 2 Loer)
bn<r, %) = na,(o; u) ey
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for every positive integer n. Thus applying the Parseval identity to du/od

we have
= o —]'——Q—u(re“))zddﬁ
J:.[o(r 096 e(r) rar

Z n*(a.(o; u)’ + b.(o; u)°) f : < (:((:)) )

(9)

=

el(P)z
for every p in (0, 1).

10. The Fourier coefficients of d(u/e)/dr are represented in terms of e,:

5 ) eln 3G k) et i

r e e
_ alpswe)  eefo; u)e(r) o
e(re(p) e(rYe(o) ’
.9 u\_ 1 d — )
an(r,ﬁ?) = o5 G = L v

_ ap;we,(r) (er) _ ’(r))
e(r)e,(p) \e (r) e(r)y /’

and similarly

.0 u\ _ bpsuwer) (er) _ &)
b,,(r, or e) e(r)e.(o) \eJr) e(r) ) )
Then by (6) we have
.0 uy na.(o; we.(r) \:
an(r, or e) ( re(r)e, (o) )
< N'a,(p; u) ( e(r) )2
= el \e@r)

IA

and similarly

I/\

d u n’b,(o; uf [ e(r) \’
b <r 7’?7?) = rieo) \e(r) )

for every positive integer n, where ¢, = e. Therefore applying the Parseval
identity to d(u/e)/or we have

. (—57 ”iiii” Jrera

3% @05 + b5 ) || (j((:;) .

1( )
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for every p in (0,1). Thus in view of (9) and the above inequality the
Dirichlet integral of ufe on 2, satisfies the following:

J -@dedy
(10) ol o)
2r &, L o\e o (Pl e
= o 2 e W+ b ””L?(T(r) )dr

for every p in (0, 1).

11. Consider the function v,(re'’) = e,(r) cosfd/e(r) on £ and observe
that L(e,(r)cosd) = 0. Then v, is a bounded solution of Lv=0 on 2.
Moreover from the fact that

o~ L e\ .
v = 7;(?(’7> sin® @

it follows that

(11) L)p Vv dxdy = = J: %(%Ydr

for any p in (0, 1), where z = re’. Here note that

f r(e,(r)e(r)ydr < + oo

o
for every p in (0, 1).

12. In view of (11) the divergence of the integral of r~*(e,(r)/e(r))* over
(0, 1) implies the existence of a bounded solution of Lv =10 on 2 whose
Dirichlet integral over a neighborhood of z = 0 is infinite. Conversely
assume that the integral of r-‘(e,(r)/e(r))* over (0,1) is finite. Take an
arbitrary bounded solution v of Lv =0 on 2. Then the function ve is a
bounded solution of Lu = 0 on 2. In view of (10) the Dirichlet integral
of v=vele on a neighborhood of z = 0 is finite. Therefore we obtain
the following

TueEorREM. Let P(z)dxdy be a rotation free density on 2. Then the
Dirichlet integral of every bounded solution of I:Pv = 0 on a neighborhood
of z= 0 is finite if and only if

(12) [ _}(%{’)Z)hr < too.
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We have thus characterized 25 N {rotation free densities} completely:
It is exactly the set of rotation free densities with (12). We feel charac-
terizing the general 9, is very difficult and we do not have even the
foggiest idea at present.

§3. Examples
13. Consider the rotation free density P(2)dxdy = |z|"*dxdy. The P-
unit d and the (P(2) + 1/|z[)-unit d, are given by d(r) = r and d\(r) = rv=.
Observe that
'l
J 7 log d(2) dxdy = 24 lar= 4o
2 or

and yet

J:—}‘—( Z‘((:)) >2dr = J; rividr < oo,

Then from Theorem in no. 12 it follows that Pe 935 — D¢, and therefore
ggg < 955 .

14. We will give a rotation free density belonging to 94 — 2,. Let
0<sa<1)2

1/2
b

po = max (26 + 20001 + 20)) ", (L@ + 2000 + 2070 —2)) ")

for « > 0, and p, = 2. Then the function
Fox) =1 — (6 + 20)1 + 20)x7" — 75(3 + 20)(1 + 20*(1 — 2c)x~*

of x in [p,, + o) satisfies that F,>1—« for « >0 and 0 F, < L.
Consider rotation free densities P,(2)dxdy and P,(2)dxdy defined by

1 _ (og |2)* _
P { gy T log 12D O 0 < [2| < exp (—p.),
P,(exp (—p.)) (exp (—p) <2 1),
and P,(z) = P,(z) + 1/|z. Observe that the function
_ 1 logr?' (4 1 1\
O T <1 1@+ 201 + 20) <log 7) )

of r in (0, exp (—p,)) satisfies G, = 0 and
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a

G.(r) + G.(r) + 2G.(r) = P.(r) .
dr r

Then the function

E(r) = exp <— J ” G dt)

of r in (0, exp (—p,)] is a bounded solution of
by, p0(r) =0 with E,(exp(—p,) =1.

Moreover it is easy to show the fact that E,(r)(p./log r=')"/*** is a bounded
solution of 4, , (r) = 0 on (0, exp (—p,)) with the boundary values 1 at
r = exp (—p,). Therefore the P,-unit (P,-unit, resp.) e, (e., resp.) may
be represented in terms of E, on (0, exp (—p,)) as follows:

e, (r) = E(r)e, (exp (—p.)

(en(r) = B = ) ew exp (—p), resp) .

By the above representation we have

e,(r) _ Ca (exp (——pa)) l/2+a(——“1—-)1/2+n
eao(r ) €. (exp (——— ‘oa)) “ lOg r-1

and hence in view of (8) and Theorem in no. 12 we deduce P, € 2, (@« > 0)
and P, e 9, — D4, where P, = P, with « = 0.

15. Since the function F, satisfies that F, > 1 — « for « > 0 and F,
<1 on [p,, + o) P, satisfies that

1—a  (oglzlf
PO = G oy ek

for « > 0 and

P(2) < (log |2])"
- e

on 0<|z| < exp(—p,), where P,2) = P,(2) with « =0. Observe that
lim, ., (1 — &)1 + 2a)* = 1. Then in view of (7) and Theorem in no. 12
the rotation free density c|z|* (log|z|)’dxdy satisfies

13) {c |2]% (log |2])* € @ for ce[0, 1),

clz]?(oglzl)e 2,  for cell, +o0).
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However c|z|* (log|z))* € 25 for every ce [0, + o). The relation (13) sug-
gests the delicacy of the class 9, It is not convex. It is known that
Dy = Dy is also not convex (cf. [23], Kawamura [15]). We have thus
completed the classification as announced in the introduction:

(14) 91=9@®<9‘D<99&=9ﬂ3<9'

As for the last strict inclusion see e.g. [21].
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