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UNIQUENESS IN STRUCTURE THEOREMS 
FOR LCA GROUPS 

D. L. ARMACOST AND W. L. ARMACOST 

The classical Pontrjagin-van Kampen structure theorem states tha t any 
locally compact abelian (LCA) group G can be writ ten as the direct product of 
a vector group Rm (where R denotes the additive group of real numbers with 
the usual topology, and m is a non-negative integer) and an LCA group H 
which contains a compact open subgroup. This impor tant theorem, which 
van Kampen deduced from the work of Pontrjagin, was first s tated and proved 
in [5, p. 461]. A more modern proof may be found in the monograph of Hewi t t 
and Ross [4, 24.30]. As in the lat ter reference, the theorem is often accompanied 
by a uniqueness s ta tement , namely, tha t if Rm X H and Rn X K are both 
representations of the type described above for a given LCA group G, then 
m = n. One can hardly refrain from asking whether or not we also have 
H ~ K (here and throughout we use = for topological isomorphism). No such 
assertion is to be found either in van Kampen ' s paper or in the book of Hewi t t 
and Ross. 

Nevertheless, the assertion tha t H and K are indeed topologically isomorphic 
does occur in the l i terature, but , as far as the authors are aware, only twice. 
The first is in Braconnier 's impor tant 1948 paper [2, Théorème 1, p. 4]. Bracon
nier, giving no proof, refers the reader to the van Kampen paper cited above, 
where, as we have noted, the assertion is not made. Braconnier also refers to 
certain sections of Pontrjagin's book [6], bu t again, no such uniqueness s ta te
ment is to be found there. The second reference in the l i terature may be found 
in Corwin's 1970 paper [3, Theorem 1.2]. The author, making no reference to 
Braconnier 's paper, invokes the five-lemma to sketch a proof tha t H = K, 
several of the details being left to the reader. 

W h a t Braconnier probably had in mind and what is implicit in Corwin's 
proof is the following line of a t tack in showing tha t H = K. L e t / be a topologi
cal isomorphism from Rm X i / o n t o Rn X K. Let i be the injection from H into 
Rm X H and let p be the projection from Rn X K onto K. Then the composi
tion g = pfi is the desired topological isomorphism from H onto K. There is 
sufficient machinery developed in van Kampen ' s paper for Braconnier to have 
proved this easily, and, as pointed out above, Corwin does it by using the 
five-lemma. 

The argument tha t g is the desired isomorphism between H and K is the 
s tar t ing point for our results. We shall formulate a rather general and quite 
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elementary uniqueness theorem (Theorem 1) for direct products of topological 
groups (not necessarily locally compact or even abel ian) . This theorem will 
i l lustrate a general way to prove tha t maps similar in construction to g are 
topological isomorphisms. T h e theorem will provide a unified approach to 
various uniqueness problems for decompositions of LCA groups. In part icular , 
it yields an immediate proof of the Braconnier-Corwin result (see Corollary 1) 
as well as a uniqueness s ta tement for a more refined s t ructure theorem due to 
Robertson and hi ther to unpublished. 

We shall employ addit ive notat ion for all groups, whether abelian or not. 
If A and B are topological groups, then A X B denotes the Cartesian product 
of A and B with the product topology. 

T H E O R E M 1. Let A1 and Bt be topological groups, and let d be a subgroup of 

Bffor i = 1,2. Suppose that f is a topological isomorphism from A\ X B\ onto 

A 2 X B2 such that 

( i ) / G 4 i X CO = A9X C2 and 
( i i ) / ({0} X d ) = {0} X C2. 

Then AX^A2andBi ^ B2. 

Proof. We first show tha t B\ ~B2. Let i be the injection from B\ into A i X 
B\ and let p be the projection from A2 X B2 onto B2. Define g: B\—*B2 by 
g = pfi (all maps are writ ten to the left of their a rguments ) . I t is evident tha t 
g is a continuous homomorphism. We will show tha t g is a topological isomor
phism from Bi onto B2. 

By (ii) it is clear tha t g(C\) = C2. Let gf be g restricted to C\. I t is easy to 
see t ha t g' is a topological isomorphism from G onto C2, for in essence g' is 
j u s t / r e s t r i c t e d to G . We use this fact to show tha t g is the desired isomorphism 
from Bi onto B2. Suppose first t ha t gif>\) = 0 for some b\ in B\. This means tha t 
fi(bi) e ker (p) = A2 X {0} Ç A2 X C2, s o i ( M M i X Ci by condition (i). 
Therefore bi £ Ci, so 0 = g{b\) = g'(bi), so b] = 0 and g is one-one. W e com
plete the a rgument tha t B1 ~ B2 by constructing a cont inuous mapping 
h: B2—> Bx which turns out to be the inverse of g. WTe do this by construct ing 
two continuous mappings u and v such t ha t if we set h = u + v we have 
gh{b2) = b2 for each b2 in B2. 

Construction of u: Pick b2 in B2. Find {au bi) in AiY^Bi such t h a t / carries 
(«•i, &i) to (0, &2). Set w(^2) = &i. Then it: B2 —+ B\ is a cont inuous homomor
phism, as may be seen from the "sequence" 

b2 > (0, b2)-^—> ( ^ , 6 0 >b! = u(b2). 

Construction of v: Let t ing b2 and (ai, bi) be as above, we see by condition (i) 
t ha t the image u n d e r / of (alf 0) has the form (a2, c2) for some a2 G A2 and 
c2 G C 2 .Sety(^ 2 ) = (g')~l(c2). Thenar B2 —> Ci is a cont inuous homomorphism, 
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as may be seen from the * 'sequence" 

r1 / 
b2 — - > (0, b2) -—> (au bi) > (cii> 0 ) > (a2j c2) > c2 > v(b2). 

We now set h = u + v. I t is clear tha t h is a continuous mapping from B2 

to B\ (although it is not immediately clear tha t h is a homomorphism, since B\ 
need not be abelian). Now let b2 be an element of B2 and retain all of the no
tat ion used in the construction of u and v. Then gu{b2) = g(b\) = pfi(b\) = 
Pf(0, bi) = pf(au bi) - pf(ai, 0) = p(0, b2) - p(a2} c2) = b2 - c2} while 
gv(b2) = g(gf)~1(c2) = c2. Hence gh(b2) = (b2 — c2) + c2 = b2. Therefore g 
has h for continuous inverse (and hence h is an isomorphism), so tha t g is a 
topological isomorphism from B\ onto B2. 

I t remains to show tha t Ai ~ A2. This could be done by an independent and 
simple argument , bu t it is perhaps quicker to use what we have already proved. 
Suppose tha t Gt and Ht are topological groups and Kt is a subgroup of Gt for 
i = 1, 2. Suppose further tha t there is a topological isomorphism <p from 
Gi X Hi onto G2 X H2 such tha t (i ;) ç>(Kx X Hx) = K2 X H2 and (ii') <p(Ki X 
{0}) = K2 X {()}. An evident modification of our earlier a rgument shows tha t 
Gi ^ G2. Let us then take Gt = Au Ht = Ct and Kt = {0} for i = 1, 2 and 
take for <p the restriction of / to Ai X G\. I t is then evident tha t conditions 
(ir) and (ii;) are satisfied, so A1 = A 2, which completes the proof of the theorem. 

We can now give an immediate proof of the Braconnier-Corwin s ta tement . 

COROLLARY 1. Suppose Rm X ff = Rn X K, where m and n are non-negative 
integers and H and K are LCA groups each containing a compact open subgroup. 
Then m = n and H = K. 

Proof. In Theorem 1 take Al = Rm, A2 = R\ Bx = H, B2 = K and let 
d and C2 be the identi ty components of H and K respectively. If / is a topolo
gical isomorphism from A\ X B\ onto A2 X B2, then condition (i) holds since 
identi ty components must correspond, while condition (ii) holds since the 
compact elements [4, 9.9] ofthe identi ty components must correspond. 
Hence Rm ~ Rn and H — K. Finally, it is easy to see tha t a continuous iso
morphism between the topological groups Rm and Rn must also be a linear map
ping between Rm and Rn considered as vector spaces. Hence m = n, and the 
proof is complete. 

I t should perhaps be pointed out here tha t Theorem 1 and its corollary 
provide a very easy proof of the uniqueness of decomposition of a compactly 
generated LCA group, a problem which is treated a t some length in [4, 9.12 
and 9.13]. For if G is compactly generated and G ^ Rm X Zv X H ^ Rn X 
Zq X K, where w, n, p, and q are non-negative integers, Z is the addit ive group 
of integers, and H and K are compact, then m = n and Zv X H = Zq X K 
by Corollary 1. Taking Ax - Zp , A2 = Z\ Bi = Ci = H and B2 = C2 = K, 
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we conclude from Theorem 1 tha t Zv = Z*7 (and hence p = q by a rank 
argument) and H ~ K. In sum, m = n, p = q and H ~ K, which is to say 
tha t the decomposition of G is unique. 

We now state and prove a s t ructure theorem of Robertson [8] for LCA 
groups; this theorem consti tutes a refinement of the Pontr jagin-van Kampen 
theorem. Our proof of the existence of the decomposition is a simplification of 
Robertson 's proof, which remains unpublished; the corresponding uniqueness 
s ta tement is new and follows from Theorem 1. In our opinion Rober tson 's 
theorem is the best s t ructure theorem available for general LCA groups, and 
the accompanying uniqueness s ta tement is useful in various contexts. 

A word about notat ion. If G is an LCA group, B(G) denotes the subgroup of 
compact (or bounded) elements of G [4, 7.10], while D(G) denotes the maximal 
divisible subgroup of G [4, A.6]. If X is a cardinal number , then Qx* denotes 
the weak direct product of X copies of the addit ive group of rational numbers , 
taken discrete. The dual of this group is the (full) direct product of X copies 
of the dual group Q of Q with the product topology. This group will be denoted 
Qx. T h e Pontrjagin Dual i ty Theorem and its e lementary consequences will be 
assumed throughout (see [4, §§ 23 and 24]). 

LEMMA. Let G be an LCA group having compact identity component. Then 
G ~ Qx* X H, where X is a cardinal number and H is an LCA group satisfying 
D(H) Ç B(H). The representation is unique in the sense that if (>* X K is 
another such representation, then X = \x and H ~ K. 

Proof. Let D(G) be the closure in G of D(G). I t is evident t ha t each non-
trivial character of D(G) mus t have infinite order, so the dual group (D(G)Y is 
torsion-free. Now since G has compact ident i ty component , G mus t have a 
compact open subgroup. Hence the same is t rue of D(G) and (D(G)Y- I t 
follows from this t ha t the identi ty component U of (D(G)Y is compact . We 
now combine [4, 25.30(c), 25.8 and 25.4] to conclude t ha t (D(G)Y is topologi
c a l ^ isomorphic with the internal direct sum of U and F, where U ~ Qx and 
r is a to ta l ly disconnected closed subgroup. By [4, 24.17] the elements of F 
are compact . Hence D(G) is itself the internal direct sum of two of its closed 
subgroups S and T, where 5 ^ Û, T ^ V and T C B(G). Since S ^ Çx* we 
have .S C\ B(G) = {0}. Since 5 is divisible we conclude from [4, A.S] t ha t there 
is a subgroup H of G containing B(G) such tha t algebraically G is the internal 
direct sum of S and H. Now B(G) is open in G by [4, 9 .26(a)] , so H is open in 
G. I t follows from [4, G. 11] t ha t the decomposition is topological, t ha t is, 
G^S X H. Wre also have D(H) Q B(H). For if h G D(H) then certainly 
h Ç D(G), which is the direct sum of 51 and T, so there exist s G S and t G T 
such tha t h = s + /. Hence s = h - t e H, since T Ç 73(G) Ç H. But S Pi 
H = {0},soh = t £ B(G), which means tha t h G B (H). Therefore G ^ QX* X 
H with D(H) ç B(H). 

For the uniqueness par t we use Theorem 1. Set Ai = Qx*, A2 = QM*, 7ii = 
H, B2 = K, Ci = D(H) and C2 = D(K). I t is evident t h a t conditions (i) and 
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(ii) must hold for any topological isomorphism from Ai X B\ onto A2 X B2. 

Therefore Qx* ~ (>*, whence \ = p by a rank argument [4, A. 14] and 

H^ K. 

Remark 1. If G has compact identi ty component, then the s ta tements (a) 
G has no subgroups topologically isomorphic with Q and (b) D{G) ç B(G) 
are equivalent. For it is clear tha t (b) implies (a). The other implication is 
most quickly proved by the lemma. If (a) holds for G then in the representa
tion G ^ (2X* X H we must have X = 0, so G ^ H and D(G) QB(G). 

Definition. Call an LCA group G residual if and only if D(G) Ç B(G) and 

D(G) QB(Ô). 

I t is evident tha t G is residual if and only if G is residual. I t follows further 
from the remark tha t if G has compact identi ty component, then G is residual 
if and only if neither G nor G contains an isomorphic copy of the discrete group 
Q. The name ' ' residual" is motivated by the following result, which, except 
for the uniqueness part , is due originally to Robertson [8]. 

T H E O R E M 2. Any LCA group G can be written in the form G == Rn X Qx* X 
(> X E, where n is a non-negative integer, X and p are cardinal numbers and E is 
residual. The representation is unique in the sense that if Rm X Qp* X Qa X F 
is another such representation, then m = n, p = X, a = p, and F ~ E. 

Proof. Wri te G ~ Rn X H, where n is a non-negative integer and H has 
compact open subgroup and hence compact identi ty component. By the lemma 
wTe can write H = Qx* X L, where D(L) Ç B(L). Now L also has compact 
identi ty component, so £ ^ (>* X M, where D{M) Ç B{M). Set E = M. 
Then G = Rn X Çx* X & X E, and one verifies directly t ha t E is residual. 

As to the uniqueness, suppose tha t G has two representations as in the s tate
ment of the theorem. By Corollary 1 we get n = m and QX* X Q" X E ~ 
Qp* X Q0 X F. By the uniqueness par t of the lemma we conclude tha t X = p 
and (> X E ^ Q° X F. By taking duals we have (>* X Ê ^ Qa* X F, so 
again by the lemma we have p. = a and E ~ F, whence E = F, which com
pletes the proof. 

Remark 2. £ may contain closed subgroups of the form Q. For instance, let D 
be a discrete free abelian group having quotient Q. Set G = D. Then G has 
a closed subgroup of the form Q, but G = E in the decomposition of G. 

As Theorem 2 shows, each LCA group G has four u i nva r i an t s " associated 
Math it. Three of these are cardinal numbers, while the fourth is the ' 'residual 
p a r t " of G. Thus the s tudy of LCA groups is reduced to tha t of residual LCA 
groups. For example, G is self-dual if and only if X = p. and E ~ Ê in the 
decomposition of G. Admit tedly this is not much help in determining the 
self-dual LCA groups. Nevertheless, the decomposition, besides being of some 
intrinsic interest, is useful in a number of situations. We cite as an example 
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A lackey's s t ructure theorem for divisible torsion-free LCA groups (see [4, 

25.33]). We present here a short proof derived from Theorem 2. 

COROLL ARY Z. I 1 divisible torsion-free LCA group G can be written uniquely in 
the form G = Rn X <2X* X QM X E, where n is a non-negative integer, X and n 
are cardinal numbers and E is a minimal divisible extension of a product of p-adic 
integer groups for various primes p. 

Proof. For the existence par t , it suffices to show tha t the residual pa r t E of 
G has the form mentioned. Now since E is torsion-free, E has a divisible dense 
subgroup (see [7, Theorem 5.2], or [1, Theorem 1] for an al together different 
proof), so Ê = D(Ê) Ç B(Ê). T h u s the elements of E are compact , so E is 
totally disconnected [4, 24.17]. In part icular , E has a compact open subgroup 
K. I t then follows from [4, 25.8] tha t K is a product of ^-adic integer groups. 
Since E is divisible, we have E = B(E), so E/K is a torsion group. Hence E is 
a minimal divisible extension of K (see [4, 25.32 and A. 17]), which completes 
the existence par t of the proof. 

As to the uniqueness, suppose tha t G has a representat ion of the type 
described. Then it is easy to see from the form of E t ha t both E and E are 
totally disconnected, so the elements of E and of E are compact . In part icular , 
D{E) ÇZ B(E) and D(Ê) çz B(Ê), so E is residual. I t now follows from the 
uniqueness par t of Theorem 2 t ha t X, /x and E are uniquely determined. We 
may carry the a rgument a bit further and show tha t the par t icular product of 
^-adic integer groups of which E is the minimal divisible extension is also 
uniquely determined, bu t this requires a separate a rgument (see [4, 25.33(b)]) . 

We close with a few remarks about cancellation of LCA groups. We say tha t 
an LCA group G is cancellable if and only if from G X H = G X K it follows 
tha t H — K for each pair of LCA groups H and K. I t is qui te difficult to say 
much about cancellable LCA groups generally, and to show tha t a given LCA 
group is cancellable can present quite a challenge (even the problem of de
scribing the cancellable groups in the class of discrete abelian groups is far from 
solution). We show here, as a by-product of Corollary 1 and Theorem 2, t h a t 
R and Q are cancellable. 

As for R, suppose tha t R X H ^ R X K. Wr i te H ^ Rn X H' and K ^ 
Rm X Kf, where m and n are non-negative integers and Hr and Kf contain 
compact open subgroups. Then Rn+l X Hf = Rm+l X Kf, so m = n and 
W ~ K' by Corollary 1. Therefore H ~ K and R is cancellable. T h e proof tha t 
Q is cancellable follows the same pa t te rn bu t uses Theorem 2 instead of Corol
lary 1. Of course, an LCA group G is cancellable if and only if its dual G is 
cancellable, so Q is cancellable as well. In the absence of s t ruc ture theorems 
involving groups other than R and Q (with corresponding uniqueness s ta te
ments) it appears to be generally qui te difficult to decide whether a given LCA 
group, even one having a simple na ture , is cancellable. For example, we do not 
know whether the £>-adic integers or £>-adic numbers are cancellable groups. 
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