L))

Check for
updates

Forum of Mathematics, Sigma (2024), Vol. 12:¢66 1-27
doi:10.1017/fms.2024.55 CAMBRIDGE
UNIVERSITY PRESS

RESEARCH ARTICLE

Orthogonality relations for deep level Deligne-Lusztig
schemes of Coxeter type

Olivier Dudas' and Alexander B. Ivanov 2

1'Université de Paris and Sorbonne Université, IMJ-PRG, Paris, F-75006, France; E-mail: olivier.dudas @imj-prg.fr.
2Mathematisches Institut, Universitit Bonn, Endenicher Allee 60, Bonn, 53115, Germany;
E-mail: ivanov@math.uni-bonn.de (corresponding author).

Received: 11 September 2022; Revised: 28 February 2024; Accepted: 13 April 2024
2020 Mathematics Subject Classification: Primary — 20G05, 20G25; Secondary — 20G40

Abstract

In this paper, we prove some orthogonality relations for representations arising from deep level Deligne—Lusztig
schemes of Coxeter type. This generalizes previous results of Lusztig [Lus04], and of Chan and the second author
[CI21b]. Applications include the study of smooth representations of p-adic groups in the cohomology of p-adic
Deligne—Lusztig spaces and their relation to the local Langlands correspondences. Also, the geometry of deep level
Deligne—Lusztig schemes gets accessible, in the spirit of Lusztig’s work [Lus76].
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1. Introduction

In the last fifteen years, various p-adic and deep level analogues of classical Deligne—Lusztig varieties
attracted a lot of attention; see, in particular, [Lus04, Boy12, CS17, Cha20, CI23, Iva23]. The interest
in them is justified by the fact that they allow application of methods from classical Deligne—Lusztig
theory to study representations of p-adic groups. Furthermore, they are very interesting geometric objects
in their own right (like the classical Deligne-Lusztig varieties are). In this article, we consider deep
level Deligne—Lusztig schemes of Coxeter type and prove orthogonality relations for the corresponding
representations, extending a classical result of [DL.76] to the deep level setup.

Let k be a nonarchimedean local field with uniformizer @ and Oy be its ring of integers. We assume
that the residue field Oy /@ is a finite field F, with g elements. Let k denote the completion of a maximal
unramified extension of k£ with residue field Fq. Let G be an unramified connected reductive group over
k, T € G a k-rational unramified maximal torus, and U the unipotent radical of a k-rational Borel
subgroup of G containing T. Let G = Gy be a (connected) parahoric Of-group scheme with generic
fiber G, whose corresponding facet x in the Bruhat-Tits building (over k) of the adjoint group of G lies
in the apartment of T, and let 7 C G denote the schematic closure of T in G.

Fix aninteger r > 1. Let G = G(O/@") and T = T (O /@”). In [Lus04, Sta09, CI21b], a certain
(perfect) F -scheme St,u = Sx.T,u.» equipped with a natural G X T-action was defined. In a sense, it
can be regarded as a deep level analogue of a classical Deligne—Lusztig variety.! As in the classical
Deligne—Lusztig theory, the cohomology of St y attaches to any character 0: T — Q(; (¢ # char F,) the
G-representation Rt y(6) = 2 ;ez(—1)" 'H é (St.U, Q{))g. One of the central features within the classical
Deligne-Lusztig theory is the Deligne—Lusztig orthogonality relation, which computes (in the classical
case, that is, 7 = 1, x hyperspecial) the inner product of two virtual representations Rt y(6), Ry v (6")
[DL76, Thm. 6.8].

The goal of the present article is to generalize the abovementioned classical orthogonality relations
to deep level schemes Sty of Coxeter type. There is a meaningful notion of a Coxeter pair (T, U) (cf.
Section 2.6), which essentially means that St y is the deep level analogue of a classical Deligne—Lusztig
variety of Coxeter type. In that case, the intersection of the apartment of T with the k-rational Bruhat—
Tits building of the adjoint group is just one vertex, X, and (as we assumed G to be unramified) this
vertex must necessarily be hyperspecial (cf. Section 2.6). The following theorem is our main result.

Theorem 3.2.3. Let (T,U), (T’,U’) be Coxeter pairs with X = Xt = Xy (then, automatically, X is
hyperspecial). Assume that g > 5. Then forallr > 1l and all 6: T — @?, 0T — @;, we have

(Rr,u(8), Rr,u (8"))G = #{w e W(T,T)F: 6/ =g},

where W(T,T’) = T(k)\{g € G(k): 8T’ = T}, and F denotes the Frobenius action.

Note that the assumption on g in the theorem and the corollaries below can be strengthened depending
on the root system of G; see Condition (3). Formerly, Theorem 3.2.3 was known only under the quite
restrictive assumptions — namely, that either » = 1, or 6 or 6’ is regular (i.e., ‘highly nontrivial’ on
ker(T(Ox/@") — T(Or/w" 1)) or G = GL,, (cf. Remark 3.2.2).

From Theorem 3.2.3 one easily deduces (cf. [Lus04, Cor. 2.4]) that the virtual representations R,y (6)
behave in a quite reasonable way:

!For example, if » = 1 and x hyperspecial, then there is a natural map from St y into some classical Deligne-Lusztig variety
attached to the special fibers of G, T, U this map induces an isomorphism of £-adic cohomology groups, up to a degree shift.
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Corollary 1.0.1. Let (T, U) be a Coxeter pair, let 6: T — @; be a character, and assume that q > 5.
Then the following hold:

(1) Rr,u(0) only depends on T and 6, but not on U.
(2) Rr.u(8) is up to sign an irreducible representation of G if and only if the stabilizer of @ in W(T)¥
is trivial.

The most interesting application of our main result arises when it is combined with the recent deep
results of Chan—Oi [CO23], who studied the representations Rt y(6) in a similar context. The setup
of the main result (Theorem B) of loc. cit. is more general than ours in that all pairs (T, U) with T
an elliptic torus and arbitraty U were considered, and at the same time, more restrictive in that the
character 6 had to be regular (called 0-foral resp. extra toral in [CO23]). Now the main result of [CO23]
compares Rt y(6) for regular 6’s with Yu’s construction of supercuspidal representaions [YuOl]. In
fact, the method of Chan—Oi works in a considerably bigger generality than just for regular 8’s — namely,
for all foral characters® 6 — provided that additionally the irreducibility of the G(Oy)-representation
+Rt y(0) is known; cf. [CO23, Rem. 7.4]. For regular 6’s, this G (O )-irreducibility was known due to
[Lus04, Sta09, CI21b]. Now, Theorem 3.2.3 grants exactly this irreducibility for arbitrary 6 with trivial
stabilizer in W(T)F , at least if one restricts attention to Coxeter pairs. Thus, just as explained in [CO23,
Rem. 7.4], our results allows to extend [CO23, Thm. 7.2] from regular 8’s to all toral 6’s:

Corollary 1.0.2 ([CO23], Theorem 7.2 or Theorem B + Theorem 3.2.3). Let (T, U) be a Coxeter pair,

assume that g > 5, and let §: T(k) — @? be smooth and toral. Then +Ry y(0) is isomorphic to the
representation attached to (T, ) through the theory of Yu’s cuspidal types (cf. [YuOl] resp. [CO23,
§3]). In particular, cInd(T}((lf)) a( Ok)(iRT,U(G)) is irreducible supercuspidal and provides a geometric
realization of Yu’s construction of supercuspidal G(k)-representations.

Let us also mention that for G = GL,, (or one of its inner forms), the special case of Theorem 3.2.3 was
one of the main ingredients in the proof of the main result of [CI23], which states that the cohomology of
a certain p-adic Deligne—Lusztig space Xy, (b), endowed with an action of GL,, (k) x T(k), realizes the
local Langlands and Jacquet-Langlands correspondences for a big portion of representations of GL,, (k).
In [Iva23], the spaces X, (b) were recently defined for all unramified connected reductive k-groups G.
Correspondingly, our Theorem 3.2.3 is supposed to be the key tool in studying the G(k)-representations
appearing in the cohomology of p-adic Deligne—Lusztig spaces (of Coxeter type) attached to general
G. Ultimately, this should lead to a purely local realization of a big part of the local Langlands
correspondence in the style of Deligne—Lusztig theory.

Another (related) potential application of Theorem 3.2.3 is that it opens the possibility to treat also
those G(k)-representations R% (6) for which # has non-trivial stabilizer in W(T)¥ — for example, in a
way similar to the classical case studied by Lusztig [LLus76]. For example, the case § = 6’ = 1 in Theorem
3.2.3 gives a tool to redefine the cuspidal unipotent representations of the p-adic group G (k) via X,, ().

Our proof of Theorem 3.2.3 follows an idea of Deligne and Lusztig [DL76], which consists in
extending the 7' x T’-action on various subschemes of ¥ = G\ (St,u X S1,1v) to an action of some torus
with finitely many fixed points. This considerably simplifies the computation of the Euler characteristic
of . For G = GL,, (and, essentially, for any unramified group of type A,), Theorem 3.2.3 was proven
in [CI23, §4]. However, the general case requires several serious improvements, which are the core of
the present work.

2. Setup and preliminaries
2.1. Some notation

Given a group G and g, x € G, we write éx = gxg~! and x8 = g~'xg. If § is an irreducible character of
a finite subgroup H of G, then 26 is the character of H2 given by 26(x) := 6(gxg™").

2The class of toral characters is much bigger than the class of the regular ones, and in a sense ‘as close as possible’ to the class
of all 8’s with trivial Weyl-stabilizer. For the precise definition and discussion of torality, we refer to [CO23, §3.3].
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Let p be a prime number. Given a ring R of characteristic p, we denote by Perfr the category of
perfect R-algebras, and by W(R) the (p-typical) Witt vectors of R.

Let k be a nonarchimedean local field with residue field F,, where g is some fixed power of p. The
ring of integers of k will be denoted by Oy. Let @ be a uniformizer of k. Given R € Perfy,, there
is an essentially unique w-adically complete and separated Oy-algebra W(R), in which @ is not a
zero-divisor and which satisfies W(R)/wW(R) = R. Explicitly, we have

W(R) = W(R) Ow (F,) Oy ifchark =0
| R[[=]] if char k = p

(i.e., W(R) are the ramified Witt vectors, details on which can be found, for example, in_[FFlS,
1.2]). In particular, W(F,)[1/w@w] = k. Fix an algebraic closure F, of F, and put O; = W(F,) and
k= W(Fq) [1/w]. The field k is the w-adic completion of a maximal unramified extension of k.

2.2. Loop functors

Let X be an O-scheme. We have the functor of positive loops and its truncations for » > 1 (also called
Greenberg functors, following [Gre61])

LtX: Perfﬂsq — Sets, (L*X)(R) = X(W(R))
LIX: Perfﬁq — Sets, (L7X)(R) = X(W(R)/w"W(R)).

If X is affine of finite type over Oy, then L*X and L} X" are representable by affine perfect schemes,
and the latter is of perfectly finite type over @q, as follows from [Gre61].
Moreover, if X is equipped with an O-rational structure (i.e., X = Xy ®p, O for an Ok-scheme

Xb), then L*X and L} X both come equipped with geometric Frobenius automorphisms (over Fq),
which we denote by F: L*X — L*X resp. F: LTX — LT X.

2.3. Perfect schemes and {-adic cohomology

We fix a prime £ # p and an algebraic closure Q, of Q. Without further reference, we will make use of
the formalism of étale cohomology with compact support, as developed in [Del77]. If f X — Spec F
is a (separated) morphism of finite type, then we put H.(X, Qf) = R! f;Q[, where Qg is the constant
local system of rank 1 on X. Then H' (X, Qg) is a finite dimensional Qg vector space, which is zero for
almost all i € Z, and we may form the ¢-adic Euler characteristic H: (X) = Y;cz(=1)'H.(X, Q[) of X,
which is an element of the Grothendieck group of finite dimensional @[ vector spaces.

For an introduction to perfect schemes, we refer to [Zhul7, Appendix A]. If X is a perfect scheme
over Fq, such that the structure morphism f: X — Spec ]F is (separated and) of perfectly finite type,
we may choose any model fy: Xo — Spec Fq of finite type over ]Fq, such that f is the perfection of
fo. Then the étale sites of X and X, agree, so that H.(X) = H}(Xo). Hence, the above cohomological
formalism extends to (separated) perfectly finitely presented perfect schemes over ﬁq. In particular,
H?(X) makes sense as a virtual (finite) @g-vector space. If X is acted on by a finite group G, we may
similarly consider the G-equivariant Euler characteristic H}(X), which is an object in the Grothendieck
group of Q,[G]-modules.

Below (in Section 7.2), we often encounter the following situation. Let X and G be as in the preceding
paragraph. Suppose that X is affine and that there is a torus T over Fq which acts on X, and that this
action commutes with the G-action. Then

H:(X)=H:(X") (1)
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as @[ [G]-modules, as follows from [DM91, 10.15]. This will apply to schemes iw, %, constructed in
Sections 5.1,5.2. We also must apply this to the schemes Y, ,, (resp. Z,, ,,) constructed in Section 5.3,
which are locally closed subschemes of Ev,w of which we do not know that they are affine. However, the
action of the torus T on Y, ,, (resp. Z, ,,) will be the restriction of an action of the same T on iw (resp.
i‘,). In this situation, the proof of [DM91, 10.15] still applies and hence (1) still holds for Y, v, Z, .

In the rest of this article, all schemes over F, or }I_Jq will be separated, perfect and of perfectly
finite type (unless specified otherwise). Whenever we consider objects over FF, or E], we simply write
‘scheme’ for ‘perfect scheme’.

2.4. Groups, parahoric models and Moy—Prasad quotients

Let G be a connected reductive group over k which splits over k. For E € {k, k}, let B(G, E) be the
Bruhat-Tits building of the adjoint group of G. The Frobenius of k/k induces automorphisms of G (k)
and B(G, k), both denoted by F, and we have G(k)* = G(k) and B(G, k)¥ = B(G, k).

Let Torig ;. (G) be the set of k-rational k-split maximal tori of G. Given T € Tori %k (G), we denote
by X*(T) (resp. X.(T)) the group of characters (resp. cocharacters) of T, and by ®(T, G) € X*(T) the
set of roots of T in G. Given a € ®(T, G), U, denotes the corresponding root subgroup. Furthermore,
we denote by F the automorphism of X*(T) resp. X, (T) induced by the Frobenius of k/k. Let A(T, k)
denote the apartment of T in B(G, k), and put A(T, k) = A(T, k)F.

From the theory of Bruhat-Tits, we can attach to any point x € B(G, k) a connected parahoric Og-
model Gy of G [BT84, §4.6, 5.2.6]. It is smooth affine and has generic fiber G. The group Gx(Oj)
admits a Moy—Prasad filtration by subgroups Gx(Oy), for r € Rso = Rsg U {r+: r € Rso} [MP94,
§2]. By [Yul5, 8.2 Cor., §9.1], there exists a unique smooth affine Or-model G of G satisfying
Gx (Op) = Gx(Oy),. It is obtained from Gy by a series of dilatations along the unit section.

For the rest of this article, we fix an integer » > 1. We consider the fpqc-quotient

G=G, = L*Gy/L*G ™" )

of sheaves on Perfp, . It is representable by a (perfect) affine F,;-group scheme, perfectly of finite type
over F, [CI21a, Prop. 4.2(ii)]. We denote this group scheme, as well as its base change to Fq, again by

G. The Fq -group G admits a geometric Frobenius automorphism F': G — G attached to its F,-rational
structure. We have

G(Fy) = Gx(O) /Gx(O)(r-1ys  and  G(F,) = GF = Gu(Ox) /G (Or)

(by taking Galois cohomology and using that g;’ is pro-unipotent for r’ > 0; see [MP94, §2.6]). For
more details on this setup and for a more explicit description of G in terms of root subgroups, we refer
to [CI21b, §2.4,2.5] (such an explicit description will not be used below).

Remark 2.4.1. Instead of (2), we could work with the seemingly more natural object LGy (r-truncated
positive loops of Gx). However, the advantage of the normalization in (2) is that G, is canonically
isomorphic to the reductive quotient of the special fiber Gx ®0, F, (cf. [MP94, §3.2]), whereas LTQX
identifies with the special fiber of Gy, which is less useful. On the other side, if x is hyperspecial (as will
be the case in our main result Theorem 3.2.3), then L} Gy = G,.

2.5. Subschemes of G

Let H C G be a smooth closed k-subgroup. The schematic closure H C Gy of H is a flat closed Og-
subgroup scheme of Gy by [BT84, 1.2.6,1.2.7]. Applying L; gives a closed immersion L Hy € L} Gy
by [Gre61, Cor. 2 on p. 639]. We define the closed Fq—subgroup H C G as the image of L # under
LGy » G.If H is already defined over k, then H is defined over O, and hence, H is defined over F,.
In this case, we usually will write H := H(F,).

https://doi.org/10.1017/fms.2024.55 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.55

6 O. Dudas and A. B. Ivanov

Furthermore, for each 0 < r’ < r, we have a natural homomorphism H = H, — H,~, and we denote
its kernel by H”" (resp. simply H").

In particular, this procedure applies to any T € Toriy , (G), any root subgroup U, (witha € ®(T, G))
and the unipotent radical U of any k-rational Borel subgroup containing T. This gives the subgroups
T,U,,U C G, etc., and we will use this notation without further reference.

2.6. Coxeter pairs and Coxeter tori

Suppose that G is unramified (that is, quasi-split over k and split over k). Let Ty € By C G be a k-rational
Borel subgroup and a k-rational maximal torus of G contained in it. Let Wy = Ng(To)(k)/To(k) be
the Weyl group of Ty. It is a Coxeter group with the set of simple reflections Sy determined by By.
The Frobenius of k/k induces an automorphism o~ of W, fixing the set of simple reflections. Changing
(To, Bg) amounts to replacing (W, Sg, o) by a triple canonically isomorphic to it (just as in [DL76,
1.1]). In particular, whenever we have a vertex x € B(G, k) as in Section 2.4, we may assume that
X € A(T(), k)

Any pair (T, B) with T € Torig , (G), and B a k-rational Borel subgroup containing it, determines
the triple (W, S, F), where W is the Weyl group of T, S the set of simple reflections determined by B and
F: W — W is induced by the Frobenius. There is a uniquely determined coset gTo(k) C G(k) with
£(To,Bg) = (T,B), and we have g~' F(g) € Ng(To)(k) mapping to some element w = wt B € Wp.
In this case, the triples (W, S, F) and (W, So, Adw o o) are canonically isomorphic, and we may (and
will) identify them.

Definition 2.6.1.

(i) Given w € W), we say that wo (or by abuse of language w) is a twisted Coxeter element if a (any)
reduced expression of w contains precisely one simple reflection from any o-orbit on Sy. If Wy is
irreducible, the order & of wo is called the Coxeter number of (Wy, o).

(ii) We say that (T, B) (resp. (T, U), where U is the unipotent radical of B) is a Coxeter pair, if wr go
is a twisted Coxeter element.
(iii) If (T, B) is a Coxeter pair, we say that T € Toriy Jk (G) is a Coxeter torus.

Recall that a torus T € Toriy /k(G) is called elliptic (or k-minisotropic) if one of the following
equivalent conditions holds: (i) X*(T)F = X*(Z(G)°)F, where Z(G)® is the connected component
of the center of G; (ii) the group T(k) has a unique fixed point (necessarily a vertex) x = Xt in
B(G, k) = B(G, k)¥. Any Coxeter torus is elliptic. Note that the property of a torus to be Coxeter (resp.
elliptic) is stable under the equivalence relation of stable conjugacy.

Lemma 2.6.2. Suppose G is unramified.

(i) If T is a Coxeter torus, then Xt is a hyperspecial vertex.

(i) T — xt induces a natural bijection between G(k)-conjugacy classes of Coxeter tori and G(k)-
orbits on the set of hyperspecial points of B(G, k).

(iii) If (T, U), (T’,U’) are Coxeter pairs with Xt = X, then there is some g € Gx(Op) with8(T,U) =
(T,U").

Proof. For (i), we may pass to the adjoint group of G. Then G = []; G;, with G; simple and of adjoint

type, and B(G, k) = I1; B(G;, k). Tt thus suffices to prove the result in the case G is k-simple and

of adjoint type. Then G = Resy;x G’ is the restriction of scalars along a finite unramified extension

k’/k of an unramified absolutely simple group G’ over k’. Each maximal k-torus of G is of the form

T = Resy T’ for a maximal k’-torus T’ C G’. We may identify B(G, k) = B(G’, k'), and under this

identification, Xt corresponds to xy-. Thus, we are reduced to the case that G is absolutely simple. In

this case, all Coxeter tori are G(k)-conjugate by [RecO8, Prop. 8.1(i)]. Moreover, by [DeB06, Thm.

3.4.1], there is at least the G (k)-conjugacy class of Coxeter tori attached to a (any) hyperspecial vertex

x of B(G, k) and a (any) Coxeter torus in Gy ®o, Fy. Now the map in (ii) is well defined by (i) and
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[Kall9, Lemma 3.4.12(3)]. Its bijectivity and part (iii) follow from now from [DeB06, Thm. 3.4.1] and
the fact that in a finite Weyl group, all twisted Coxeter elements are conjugate. O

If T € Torig, «(G) is arbitrary and x € A(T, k), then we have the torus 7 C Gy, and the subgroup
T, € G, for any r > 0 (as in Section 2.5). This gives the two Weyl groups

Wx(T, G) :=W(T,G;) € W(T,G)

attached to T (and x). We denote them by Wy and W if T, G are clear from the context. If x is a
hyperspecial vertex — which is by Lemma 2.6.2 necessarily the case whenever T is Coxeter — then the
situation simplifies to G| = LTQX =Gx ®p, Fy and Wy = W.

2.7. A condition on q
Identifying X, (G,,) with Z, we have the perfect pairing of Z-lattices

X (Ty) X X.(Ty) > Z, (a,v)+— {a,v)

such that (Fa, v) = (a, Fv) for all , v. This pairing also induces the analogous pairing for T*I‘d (where
T is the image of T in the adjoint quotient of G) and for the Q-vector spaces obtained by extension of
scalars.

Recall that the choice of U is equivalent to the choice of a set of simple roots A C ®(T, G), and it
endows W with a structure of a Coxeter group. The simple roots A form a basis of X* (T"i‘d)Q. We will
denote by {a*: @ € A} C X*(Tzl‘d)Q the set of fundamental coweights, defined as the basis of X*(Tzl‘d)@
dual to A. Let ¢ denote the highest root. We will prove the orthogonality relations of Coxeter-type
Deligne-Lusztig characters under the following restriction on g:

g > M = max {ag, a*). €))
a€eA

Note that this condition depends only on the group G and on no other choice (like that of A). For the
irreducible types, we can explicitly compute the constant M from Condition (3): type A,,: M = 1; types
B, Cy,Dy: M = 2; types Go, E¢: M = 3; types Fy, E7: M = 4; type Eg: M = 6. In general, the constant
M for Gy is the maximum of the values of M over all connected components of the Dynkin diagram of
Gj. In particular, (3) holds whenever g > 5.

3. Deep level Deligne—Lusztig induction

We work in the setup of Section 2.4. In particular, the connected reductive k-split group G/k, the point
x € B(G, k), and the integer r > 1 are fixed. We omit x and r from notation, and we write G for the
Og-group Gy, and G, T, etc. for G,, T,, etc.

3.1. The schemes Sty

Let T € Torig Jk (G), such thatx € A(T, k). Let B = TU be a Borel subgroup, defined over k. containing
T, and with unipotent radical U. As in Section 2.5, we have the corresponding closed subgroup U € G,
defined over F,. Following [Lus04, CI21b], consider the F,-scheme

Sx,1,ur — FU

Lg ’l
G

G —
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where Lg: G — G, g — g‘lF(g) is the Lang map. We usually write Sty for SxTu,, as X, r
remain constant throughout the article. The finite group G x T = G(F,) x T(FF;) acts on Sty by

—X
(g,1): x — gxt~. For a character §: T — Q,, we obtain the virtual G-representation

Rru(0) = Ry 1./ (0) := Z(—l)iHﬁ-(ST,U,@f)e,
i€Z
where the subscript 6 indicates that we take the 6-isotypic component. By inflation, we may regard
Rt y(0) as a virtual smooth G(Oy )-representation.

Remark 3.1.1. The varieties St y are closely related to classical Deligne—Lusztig varieties. Indeed, the
group UN FU acts by right multiplication on St,y, and we may form the quotient Xty = St,y/UN FU.
If » = 1, then Xty is equal to the classical Deligne-Lusztig variety )?Tl cp, attached to the reductive
Fy-group Gy; cf. [DL76, 1.17(ii), 1.19] and Remark 2.4.1.

Remark 3.1.2. In the light of Remark 3.1.1, Xt y are deep level analogs of classical Deligne—Lusztig
varieties. Moreover, the fibers of the morphism Sty — Xty are isomorphic to the perfection of a
fixed finite-dimensional affine space over F,. It follows that H;(Sty) = H}(Xtv). In turn, Xty is
the r-truncated integral version of the p-adic Deligne—Lusztig spaces X,, (b) (or rather their coverings
X,; (b)) defined in [Iva23]. Cf. Section 4.1 below.

3.2. Main result

Let (T, U), (T",U’) be two pairs where T, T" € Torig , (G) satisfy x € A(T, k) N A(T’, k), and U
(resp. U’) is the unipotent radical of a k-rational Borel subgroup of G containing T (resp. T”). We have
the groups 7, T, T,U, U attached to T, U by Section 2.5, and similarly for T, U’.

Using Remark 3.1.1, the classical orthogonality relations for Deligne—Lusztig characters [DL76,

Thm. 6.8] can be expressed as follows: for » = 1 and any characters 8: T — @?, 0T — @;, we have
(Rr,u(0), Rr,w (0)G = #{w € W(T,T)": 0’ ="}, 4)

where
Wx(T,T") = W(T, T)) = Ti\{g € G;: 8T| =Ty} 5

is the transporter principal homogeneous space under Wy (T, G). We may ask for a generalization of
this to deeper levels.

It is natural to ask whether (4) holds in general — that is, for arbitrary G, x, r, T, T’, U, U’, 6, 6’. In
this generality, the answer is no, as the following example shows.

Example 3.2.1 (This example was explained to us by an anonymous referee). Let G = GL,, T =T’ a
split torus, x a hyperspecial point in the apartment of T, r = 2,8 = 6’ = 1. Let U be the unipotent radical
of any Borel B containing T. Then Ry y(1) = Indgl has three irreducible components: the trivial and
the Steinberg representations (both inflated from level » = 1) and a further irreducible representation of
dimension ¢* — 1. Thus, (Rt.y(1), Rr.u(1)) =3 # 2 = #W(T)F.

However, the generalization of (4) is known in many cases, summarized in the following remark.
Remark 3.2.2. The generalization of the formula (4) holds in the following cases:

(1) If r = 1 by [DL76, Thm. 6.8].

(i) If r > 2, and 0 or ¢’ is regular in the sense of [Lus04] (roughly, ‘regular’ = ‘highly nontrivial
on ker(7, — T,-1)’) by [Lus04] if G reductive and char £ > 0, resp. [Sta09] if G reductive and
char k = 0, resp. [CI21b] in general.

(iii) If G = inner form of GL,,, and (T, U), (T’, U’) are Coxeter pairs, by [CI23, Thm. 4.1].
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In this article, we concentrate on the Coxeter case and prove the following generalization of Remark
3.2.2(iii).

Theorem 3.2.3. Suppose G is unramified, and (T,U), (T’,U’) are Coxeter pairs with X = Xt = Xp.
Suppose that Condition (3) holds for q and the root system of G. Then forallr > 1 and all 6: T — @;
0:T — @; we have

(Rr,u(8), Rr,w(0))G = #{w € Wx(T,T')F : ' ="}, (6)

where Wy (T, T") is as in (5).

We will show Theorem 3.2.3 when (T, U) = (T’,U’) is a given Coxeter pair and W is irreducible.
The various reductions needed to deduce the theorem from this particular case are studied in the next
section.

4. Reductions

The purpose of this section is to show that it is enough to prove Theorem 3.2.3 when (T, U) = (T’,U’)
is a given Coxeter pair and W is irreducible. There is a small price to pay, and one will actually need to
show a stronger statement — namely, Theorem 4.2.1 — which behaves well with respect to our reductions.

4.1. Changing Coxeter pairs

Suppose G is unramified and x is hyperspecial. Then G is a reductive group over Oy, and we have
G = L}G (cf. Remark 2.4.1). Let Tp € By C G be as in Section 2.6, such that x € A(Ty, k) and
Wo = Ng(To)(k)/To(k). Then Ty € By C G are a maximal torus and a Borel subgroup containing it
and defined over Oy. Let Uy (resp. Up) be the unipotent radical of B (resp. By).

The Oy-group G is quasi-split, By € G is a rational Borel subgroup, and the quotient G/By is
projective over O; cf. [Conl4, Thm. 2.3.6]. Then G admits a Bruhat decomposition in the following
sense: letting G act diagonally on (G/By)?, there are G-stable reduced subschemes O(w) C (G/By)>
for each w € Wy, flat over O, such that for any geometric point x € Spec O, the fiber O(w), is the G-
orbit of (1 Bo_x, W - Bo,x) in (G/By)? like in the usual Bruhat decomposition, where w € Ng (70)(O;)
is any lift of w. Analogously, for any w € W, we have a reduced subscheme O (W) C (G /Up)?, flat over
Ok, such that for each x as above, O (W), is the Gy-orbit of (1 “Up x, W - Up.x) in (G/Up)x-

We have the following integral analogue of [Iva23, Def. 7.3].

Definition 4.1.1. Let w € Wy and w € Ng(79)(Oy). Define the integral p-adic Deligne—Lusztig spaces
X9(1), and X‘f‘; (1) by Cartesian diagrams of functors on Perqu

X9(1) L*O(w) X5 (1) L*O(w)
| P |
L*(G/Bo) 2L 1+(G/Bo) x L*(G/Bo) LG o) "L 1(GJUy) x LH(G /o)

Similarly, replacing L* by L} everywhere, define their r-truncations X9 (1), ngv’r(l).

The functors X¥ (1), X g’r(l) are representable by (perfect) Fq-schemes; the latter are of perfectly

finite presentation. If w maps to w, then there is a natural map ng.v’r(l) — Xfi’r(l). Let 7o, de-
note the torus over Ok, which is obtained from 7y by twisting the Frobenius action by Ad(w); then
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G X To.w(Ox/w") acts on ng.v’r(l), G acts on Xg,’r(l), and the above map is G-equivariant finite étale
To.w (Ok /w")-torsor. Recall the definition of the space Xt y from Remark 3.1.1.

Lemma 4.1.2. Suppose T € Torig (G) such that x € A(T, k). Identify W(T, G) with Wy, and let
w € Wy be the element satisfying FU = “WU. Then we may identify T with Ty (Ok/@"). Let w €
Ng(T0)(Oy) be an arbitrary lift of w. Then Xty = )'(g’r(l), equivariant for the G X T-actions.

Proof. This has the same proof as [DL.76, 1.19]. There are no subtleties due to the loop functor cf. the
similar results of [Iva23, Prop. 11.1 and Lem. 11.3]. m]

oG.r . . . . .
To X*" (1) we may apply the technique of Frobenius-cyclic shift. Let £ denote the length function
on the Coxeter group (W, Sp).

Lemma 4.1.3. Suppose w = wiwy, w' = wrF(wy) € Wy, such that £(w) = £(wy) + £(wy) = £(w’).
Then there is a G-equivariant isomorphism ngv’r(l) = Xf)’,r(l). If w, W', w1, wo € G(Op) are lifts of
w, w’, wi, wa, satisfying w = wiwa, W = woF (W), then there is a G X T-equivariant isomorphism
X9 (1) = X (1).

Proof. The same proof as in [DL76, 1.6] applies. Again, the use of the (positive, truncated) loop functor
causes no problems; cf. [Iva23, Lem. 7.23]. O

As a corollary we deduce the following:

Corollary 4.1.4. Suppose G is unramified, and (T, U), (T’,U’) are Coxeter pairs with X = Xt = X
(in particular, X hyperspecial). Then Xty = Xy (G X T = G X T'-equivariantly). In particular,
H;(Stu) = H. (St w). To show Theorem 3.2.3, it suffices to do so under the additional assumption
(T”,U’") = (T, U) is a fixed Coxeter pair.

Proof. We prove the first statement. By Lemma 4.1.2, it suffices to show that whenever w, w’ € W, are
two twisted Coxeter elements, Xv%’r(l) = X;C.’V;r (1). First, when w1, w2 € Ng(70)(Oy) are two lifts of w,
then ng.vl’r(l) = ngr (1) equivariantly (same argument as on [DL76, p. 111], along with an application
of Lang’s theorem to the connected R,-group LTy with Frobenius Ad(w) o F). Using this, the first
statement of the corollary follows from Lemma 4. 1.3 along with the fact that all twisted Coxeter elements
are conjugate by a sequence of cyclic shifts in Wy (cf. the corresponding discussion in [Iva23, §7.5]).

The second claim follows from the first and Remark 3.1.2, and the third claim follows from the
second. O

4.2. First step toward the proof of Theorem 3.2.3

In the proof of Theorem 3.2.3, we follow the general strategy of [DL76, §6] and [LusO4]. Let the setup
be as in the beginning of Section 3.2. Attached to (T, U), (T’,U’) we may consider the [F;-scheme

> =S = G\(S1u X S1.v) (7

= {(x,x’,y) e FUX FU' xG: xF(y) = yx'}.
We will write U"U'Y, whenever the choice of U, U’ is relevant, and simply £ whenever it is clear from
context. In (7), the group G acts diagonally on Sty X ST v, and the second isomorphism is given by
(g,8") ¥ (x,x",y) withx = g7'F(g), x" = g""'F(g’),y = g"'¢’, just as in [DL76, 6.6]. Now T x T"

acts on X by (£,¢): (x,x’,y) — (txt~',¢’x’t""1,tyt’"!), and an application of the Kiinneth formula
shows that

(Rr,u(0), Rrw(0")); = dimg, H(2,Qp)os0 -

Let pr: G = G, — Gy denote the natural projection. We have the locally-closed decomposition G; =
Uvew ) U vT{U7. This induces a T x T’-stable locally closed decomposition £ = [ [, ew ) DIV
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with
T, = {(x,x",y) € Z: y e pr  (UppT U}, (8)

where v is an arbitrary lift of v to G(Fq) fixed once and for all. To prove formula (6) for the given
T, T’,U0,U’, 0,0, it suffices to show

. — 1 ifF(v)=vand 6 ="6.
d‘IIl* H* Z s (()2 = 9
img, He(Zv. Qoo {O otherwise. ©)

We shall show that a stronger statement holds for a specific choice of a Coxeter pair. Let Z = Z(G)
be the center of G and Z := Z be its rational points. The group Z embeds diagonally in T x 7", and
its action on X (hence on its cohomology) is trivial. The action of 7 x# T on ¥ extends to an action of
(T x%T")F, and the cohomology of the cell X, for that action is given by the following theorem.

Theorem 4.2.1. Suppose G that is unramified and that condition (3) holds for q and the root system of
G. Then there exists a Coxeter pair (T, U) such that for allv € W,

(10)

H*(U,Uzv) — Hg((VT)F’@[) l:fV (S WF,
¢ 0 otherwise,

as virtual (T x% T')F -modules.

Equation (9) follows easily from this theorem. Indeed, if 6|7 # 0|’ > then Hy(Zy)gge = 0 since Z
acts trivially on X,,. However, since T x% T’ c (T x*T”)¥, Theorem 4.2.1 implies that the cohomology
of £, as a virtual T x# T-module is the same as the cohomology of (vT)¥ for which the analogue of
(9) clearly holds.

The proof of Theorem 4.2.1 in the case where W is irreducible will be given in Section 7. The

reduction to that case is the purpose of the remainder of this section.

4.3. Reduction to the almost simple case

Let G be an arbitrary unramified connected reductive group over k. Let n: G — G be the simply
connected covering of the derived group of G. Let Z denote the center of G. Adjoint buildings of G and
G agree, and we have the parahoric Ox-model G of G, corresponding to the same point as G. Moreover,
7 extends uniguely toamap n: G — G [BT84, 1.7.6], which, in turn, induces the map 7: G — G. Put
T=n'T), T =x"(T), T=n""(T), and similarly for U, Z, etc.

Remark 4.3.1. If = 1, then G — G is the simply connected covering of the derived group of G, and
the situation is precisely as in [DL76, 1.21-1.27]).

The map 7 induces maps on rational points G = @(Pq) — G(F,;) = G, and similarly, T —>T.In
particular, any character y of T pulls back to a character y of T. Now the general case of Theorem 3.2.3
follows from the next proposition.

Proposition 4.3.2. If Theorem 4.2.1 holds for G, T, then it holds forG, T.

Proof. LetS=TxTand S =T X T (resp. S=rx1 (S) and S = §(Fq)). We have the spaces X = Sty
and X = S5 g carrying actions of G X T"and G X T, respectively. Moreover, we also have the quotients
T=(XxX)/Gand T = (X X X)/ G acted on by S and S, respectively. The G X T-action on X factors
through the action of the quotient G x? T = G x T/{(z,z""): z € Z}, which, in turn, extends to an
action of the bigger group (G x% T)F given by the same formula. Similarly, the S-action on X factors
through an action of S/Z (Z embedded diagonally), which extends to an action of (S/Z)F given by
same formula. These two extensions of actions also hold when we put a (-) over each of the objects.
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Recall the notion of the induced space from [DL76, 1.24]: if «: A — B is a homomorphism of
finite groups, and Y a space on which A acts, then the induced space IndﬁY = Ind,Y is the (unique
up to unique isomorphism) B-space I, provided with an A-equivariant map ¥ — I, which satisfies
Hompg(1,V) = Homu (Y, V) for any B-space V.

Lemma4.3.3. Lety: (g/Z)F — (S/Z)F be the natural map induced by nr. Then ¥ = Indyi. Moreover,
forv e W, we have X, = Ind, X,

Proof. We have the natural map a: (S xZ @)f — (Sx%?G)F . Kernel and cokernel of & are canonically
isomorphic to the kernel and cokernel of 8: S — SF (same argument as [DL76, 1.26] with S instead
of T). One checks that X = Ind%l; X. Thus, similar as in [DL76, 1.25],

X x X =IndgX x X =Ind, X x X. (11)

Now, we have the commutative diagram with exact rows:

| —>GF — = EXxEG)F — = (S/)F — =1 (12)

L

|l —=Gf ——= (Sx2G)f ——=(S/2)f ——=1

which is obtained from the same diagram for the algebraic groups (with all F’s removed) by taking
Galois cohomology and using Lang’s theorem and connectedness of G, G. Now the first claim of the
lemma formally follows from (12) and (11), using that £ = (X x X)/GF and T = (55 X )?)/GF. Let
(X X X), € X X X be the preimage of £, under X X X —» X,, and similarly for (X x X),. The
same argument as above shows that to prove the second claim of the lemma it suffices to show that
(X xX), = Indﬁ(f x X),. Both are locally closed subvarieties of X X X = Ind/g()? x X) (the latter
by functoriality of Ind). Let now (g,g’) € X x X, and let (7,7") € S, (g,8") € X XX be such that
(g.8") = (m(g)7T,m(g")7’). Writing G,, := pr~! (U1vT,U}) € G and similarly for G, C G, and recalling
(7) and (8), we have

(2.8) € (XxX), & g '¢g'€G,
= 7@ 'n(@E@)7r €G,
= v 73 ') €G,
= ¥ G,
= (8.8) € (XxX),
where in the fourth step we used that TG, T = G, and that 77 1(G,) = @v. Thus, Indﬁ(f x X ), and

(X x X), agree on geometric points, and as both are locally closed perfect subschemes of X x X, they
must be equal. O

However, if v € W, then we also have (vT)F = Indy(\'/T)F as (S/Z)F -varieties. Therefore, Proposi-
tion 4.3.2 follows from Lemma 4.3.3. O

Assume now that G is semisimple and simply connected. In this case, there is some s > 1 such
that G = [];_, G;, where each G; is an almost simple and simply connected unramified reductive k-
group. We have then similar product decompositions for the Bruhat-Tits buildings, the parahoric models
G = []; Gi, their Moy—Prasad filtrations, the maximal tori, their Weyl groups, the unipotent radicals
of the Borels, etc. Upon applying the functor G +— L*G/L*G"~D* this induces an isomorphism
Xrt,u = [1; Xt,,U;, and finally an isomorphism X = []; X; (with obvious notation), equivariant for the
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action of T X T = [];(T; x T;). Applying the Kiinneth formula shows that Theorem 4.2.1 holds for G, T
whenever it holds for all G;, T;.

Finally, if G is almost simple and simply connected, then there is some m > 1, and an absolutely
almost simple group G over k,, the degree m subextension of k/k, such that G = Resy,, /1 G is the
restriction of scalars of G. We thus may assume that G = Resy,, /x G. The Bruhat-Tits buildings % (G, k)
and %’((A} k) are canonically isomorphic. Let x be a vertex of %(G, k) with attached parahoric Oy-
model G of G, and let x also denote the corresponding vertex of 93((3, k), with attached parahoric
Ok,,,-model § of G. Then there is a canonical isomorphism G = Res@km /@k§ inducing the identity on
generic fibers [HR20, Prop. 4.7]. Reducing modulo @” and applying [BGA 18, Thm. 10.2] (with e = 1),
we deduce a canonical identification G = ReSqu /Fy @ where G, G are attached to g, _C'; as in Section 2.5.

We have T = Resy,, /k'f for a Coxeter torus of G/ k., and we may identify W = Hlf'z’l W where W is
the Weyl group of T. Furthermore, under this identification, one can assume that F acts by F((wy)",) =
(f(wm) Wi, Wine 1), where F is the Frobenius of W. In particular, WF = {(wi,...,w1): f(wl) =
wi} = (W)F Choose U such that F(U) = “U, where ¢ = (¢c,1,...,1) eWandc e W is the twisted
Coxeter element of W satlsfymg F (U) U. Then (T,U) is a Coxeter pair. Now, if we consider the

m

decomposition G F, = G]F , the equation xF (y) = yx’ for (x,x’,y) € U X U X G can be written

(-x1$ e 9xm)(F(ym)’yls e ,)’m—l) = (y17 e ’Ym)(x;, e 9x;n)9
which, in turn, is equivalent to
TF(y))=yx and Vie{2,....m}y =x;yi-1(x)) 7,

where X := x; F(xmxm_l ...xp)and X" := xif(x,;x”n_l ... x}). Therefore, we can remove all the y;’s for
i > 2 to show that

2 = {((x0), (x)), y1) € UX U x G: XF (y1) = yi¥'}.

This scheme lies over the scheme X = {(%, %", y1) € Ux U x G: XF(y;) = y1x’} attached to G, via the
natural map (x;), (x), y1 = (x,x”, y1). All fibers of this map are isomorphic to the perfection of a fixed
affine space of some dimension, so that H}(X) = H (f) This shows that Theorem 4.2.1 holds for G
whenever it holds for G.

Summarizing the results obtained in this section, we have that Theorem 4.2.1 holds whenever it
holds for any absolutely almost simple group. In particular, we shall, and we will, only consider the case
where W is irreducible in Sections 6 and 7.

5. Extensions of action

Throughout this section, we work in the general setup of Section 2.4. We fix two arbitrary pairs (T, U),
(T’,U’) with x € A(T, k) N A(T’, k). Then we have the corresponding subgroups U, U’ C G and for
v € W(Ty, Ti), the scheme X, = "V, as in (8). Pushing further the ideas from [DL76, (6.6.2)] and
[CI23, §4.3 and §4.4], we will extend the action of the finite group 7 X T’ on X, to the actions of various
bigger groups.

5.1. Lusztig’s extension

First, we have the extension of action due to Lusztig (and a minimal variation of it). The geometric
points G'(F,) of the group G' = ker(G — G) can be written as a product of all ‘root subgroups’
Ua(Fq), a € O©(T, G) contained in it, and these can be taken in any order [BT72, (6.4.48)], so we have
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pr~ (UvT)UY) = UvG'T'U’

=wv[C7'D T ) U T T

= U T'K!'U,
where we put

K:=Kyuy,, = iUt AU,
Then X, can be rewritten as
T ={(x,x,y) €y e UvT'K'U’}.
Consider
3, = {(nx.y.1.2,y") e FUX FU' x UX T’ XK' x U': xF(y"vrzy”) = y'vrzy"x’},  (13)

with an action of T X T’ given by

1 ’ 7,—1

¢ r—1 Ntl—l).

(t,t): (6, x',y 1,2,y = (ext™ L ex e~ ey v o

Then we have an obvious T X T’-equivariant map PO S (e, x, v, 1,2, y") = (o, x!, y'vrzy”),
which is a Zariski-locally trivial fibration with fibers isomorphic to the perfection of a fixed affine space.
Then the £-adic Euler characteristic does not change, so that we have an equality of virtual 7' x T’-
modules
H(2,) = H(Z,). (14)
Now make the change of variables xF (y’) — x, x’F(y”)™' + x’, so that
T, = {(0,x,y,1,2,y") e FUX FU'XUXT xK' xU": xF(v1z) = y'vrzy”’x’}. (15)
Lemma 5.1.1 ([Lus04], 1.9). (i) This T x T’-action on iv extends to an action of the closed subgroup
H, ={(t,t) e TXT v " 'F(t)v =" 'F(¢') centralizes K = (vilU NnU)"}
of T X T’, given by

(x.x",y",7.2,3") P (F(OxF ()" F()x'F(t')"  F()y'F() ™', ..
v v e F )y F ()Y

for (t,t') e TX T R
(ii) Similarly, the T X T’-action on X, extends to an action of the closed subgroup

H, = {(t,t') e TXT: F0)"tF(t) 'F(») = ' F(t')" centralizes F(K) = F(*_ UNU’")"}
of T X T’, given by

1 7 -1 7 .—1

(t,1): (x,x",y 1,2,y = (et~ e ey v o T ey .

Proof. (ii) is proven in [Lus04, 1.9]. The proof of part (i) is completely analogous. O
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5.2. Another extension of action

To extend the action differently, we replace the resolution 3, 5%, by a different one. For that purpose,
note that the (F,-points of the) closed subgroup

Ut AU (U AT (16)

of V"'U™ can be described as being cut out by a certain concave function on ®(T, G). More precisely,
it is equal to the quotient of Uy (in the sense of Bruhat-Tits [BT72, §6.2]) with f: ® U {0} — R being
the function

o ifa=0o0rae®(T," U)
fl@)=40 ifeec®(T,” ' UNL)
1 ifeed(T,”'UNUN)

by the normal subgroup ker(L*G — G;,) (E,) NUy (which is itself of the form Uy for a further concave
function f’). By [BT72, 6.4.48], the order of the roots in the product expression appearing in (16) can
be chosen arbitrary; thus, the group (16) is also equal to
CTUTAUTAFU) (U AT AFUT) - (U AU AFU) (U AU N FUY) (17)
=(TUT N FUTY - (U N FUYY,
where (VﬁlU‘ N FU’")’ denotes the closed subgroup of v'U~ N FU’~ determined by the appropriate
concave function on roots (and similarly for (Vﬁ] U™ N FU’)’). Then on F,-points, we have

pr (U T = pr (U9 T) (" Uy N UY))
TG U N
=UvT' (" U NUD)' (U nUY),

using that G' (Fq) decomposes into the product of ‘root subgroups’ UG(E) contained in it, taken in
any order. Using this and the expression (17) of the group (16), we can rewrite

T, = {(x,x,y) € FUX FU' x UvT' (" 'U~ N FUY (" U™ N FU'Y: xF(y) = yx'}.
Now consider
S, = {(nxy 1.2.y)) e FUXFU' XUXT x (" U NFU™) x (" U nFU’)':
xF(y'vrz1y)) = y'vrziyx’},
with T X T’-action given by

l,llx/[/_l,tylt_l

(t,0): (x5, X,y 7,20, ¥!') v (ext™ T Tt Ty !

Then the map EV - X, (x,x",y, 1,21, yi’) — (x,x’, y'\'/Tzlyi’) is a T X T’-equivariant Zariski-locally

trivial fibration, with fibers isomorphic to the perfection of some fixed affine space. In particular, we
again have an equality of virtual 7 X T’-modules

Hi(Zy) = Hi(Z)). (18)
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..’/

Now we make the change of variables xF (y’) = x, y{'x’ = x’, so that
% = {(x, Y, T, 21, y{) € FUXFU' xUXT x (V'U* NFU™) x (VﬁlU’ NFU):
xF(vtziy)) = y'vrzix'},
with the action of 7 X T’ given by the same formula as before.
Lemma 5.2.1. (i) The action of T X T’ on S, extends to an action of the closed subgroup
H! ={(t,t) e TXT: v'F ()" 'tv = 'V F~1 (') centralizes U FU'"},
of T X T given by
(t,): (0, X',y 1,21, y)) e (et 0™ ey T e T T ()Y F ().
(ii) The action of T X T’ on 3, extends to an action of the closed subgroup
H! ={(t,t) e TxT v 'F ()t = " VFI(¢') centralizes vIFUT N U},
of T X T’ given by
(t,): (0, x Y 1z, y)) e (et e ey v o T T F N @)y ET ).

Proof. The proof is a computation similar to Lemma 5.1.1. O

5.3. An isomorphism

The extensions of actions from Sections 5.1 and 5.2 suffice to prove Theorem 3.2.3 in type A,,, as was
done in [CI23, Thm. 4.1]. The proof was, however, based on a particular combinatorial property of this
type. For the general case, we need the following new idea. One immediately checks that
a=Yq: By , UFUy
(x.x",y) = (x, F(x'), yx')

is an T X T’-equivariant isomorphism. In general, it does not preserve the locally closed pieces X,,.
However, we have the following lemma.

Lemma 5.3.1. Forv,w € W(T},T}), letY, ,, C UFU'S | be defined by the Cartesian diagram

U,FU
Yv,w > Zw

| |

Q(U,U’Zv) N U,FU'ZW 5 U,FU'ZW

where the left lower entry is the scheme-theoretic intersection inside U.FU's . Then Y, v is stable under
the action of H,, on U’FUIZW defined in Lemma 5.1.1(i).

Proof. In terms of the presentation (13) of UF US,, where we denote the coordinates by
X1,X{, Y1, 71,21, Y]’ consider the morphism

inlelyi’F_l(xi)_I: s, — G.
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The subscheme Y, ,, is the preimage under this morphism of pr=! (U vT{U}). Now we apply the change
of coordinates (x;F(y;) — x1, x]F(y})™" + x}) from (13) to (15). Then the expression F~!(x})~!
in the old coordinates gets yg"lF ‘l(x{ )~! in the new coordinates. Thus, in the new coordinates,
Yy € UFU'S,, is the preimage under

yi=ypwnzF () S, - G

of pr‘l(UlvT{ U’) € G. We have to show that for any Fq-algebra R and any (z,¢") € H,, (R), the map
(t."): Yy o = PFUE,, g factors through ¥, ,, g € UFU'S, g~ thatis, y o (1,#'): ¥, g = Gr
factors through the locally closed subset pr‘l(UlfxTiUi)R C Gg. It suffices to do so on points. Let

(X1, X[, Y[, T1,Z,,Y]") €Y, (R") for some R-algebra R’. Then

yo (t,t) (X1, X[, Y], T1, Z1,Y]") = y(F() X, F ()", F()X|F(t')™", F(t)Y[F (1),
wlwTie ™ ez F ()Y ()Y
=F(Y/F(t)y " 'twhz F~H(x) ™!
=F(Y/F™ - ¢« -yt yiwnzoF (x0Tt
R , S~—— ~——

——

, ) ( Rr

€U(R) TR cur)  eprwpruy®R)  TER)
by assumption

The last expression clearly lies in pr=! (U, vT{U})(R’), and we are done. )

Let us also look at the converse situation. The inverse of @ is given by (x1,x],y1) =
(e F7H) i FH () 7).

Lemma 5.3.2. Forv,w € W(T,T}) let Z, ,, € UUS, be defined by the Cartesian diagram

—~

a4
Zv,w >

| |

’ _ a a
U,U T, Na I(U,FU Ew) 0, U =,

v

where the left lower entry is the scheme-theoretic intersection inside UFU's . Then Zy . is stable
under the action of H), on U’U/Zv defined in Lemma 5.1.1(ii).

Proof. In terms of the presentation (13) of U’U'iv where we denote the coordinates by x,x’,y’, 7,2, y",
consider the morphism

yvrzy”x': E, — G.
Then Z, ,, is the preimage under this morphism of pr! (UWwT]FU]). Now we make the change of
coordinates (xF(y) — x, x’F(y”)™' + x’) from (13) to (15). Then the expression x” in the old
coordinates becomes x'F(y”’) in the new coordinates. Hence, in the new coordinates, Z, ,, is the
preimage of pr~! (UWwT| FU}) under
yi = yvrzy ' x'F(y"): 3, — G.

Let R be an Fq—algebra and (#,#") € HJ(R). As in the proof of Lemma 5.3.1, we have to show
that y; o (¢,¢'): Z,.,w.r — Gg factors through pr‘l(Ulvi/TiFU;)R C Gg. Let (X, X",Y',T,Z,Y") €
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Z,.w(R') for some R-algebra R’. Then

yio(t, )X, XY T,Z,Y") =y Xt~ , /X't ey e v oo = e 2= ey Y
Y VTZY X't VF(YF(Y)F(1')™!
¢t YVTZY'X'F(Y”)-FY")'. vV \F()FY")F@i)™".
N—— ——
€T(R)  eprl (U wT|FU,)(R) €FU/(R) €T(R) eFU'(R)
by assumption

The last expression lies in pr=! (U WwT{FU])(R’), and we are done. O

Remark 5.3.3. There seem to be no analogues of these lemmas for >, (from Section 5.2) instead of iv.

6. Regularity of certain subgroups

The purpose of this section is to show that the groups H,, H,,... produced in Section 5 contain
connected Fq -reductive subgroups under which the varieties ¥, and T, have finitely many fixed points.
This will be the key for computing their cohomology, as given in Theorem 4.2.1. Note that this strategy
was already used in [Lus04, 1.9(e)], but with much bigger versions of H,,.

Throughout this section, we work in the setup of Theorem 3.2.3. In particular, G is unramified, x is
hyperspecial, and (T, U), (T’, U’) are Coxeter pairs with x = Xy = x. Thanks to the reduction results
in Section 4.3 we will assume in addition that G is absolutely almost simple over k (i.e., that the Dynkin
diagram of the split group G is connected).

6.1. Pull-back of a cocharacter under the Lang map

We may identify the groups of cocharacters X,.(T;), X.(T), and similarly for characters. The Frobenius
F acts on X.(Tp), X*(T}), and these actions induce Q-linear automorphisms of the Q-vector spaces
X.(T1)g, X*(T1)g. Let G be the adjoint quotient of G and T the image of T in G, such that X, (T?%)
is a quotient of X, (T), and X*(T*!) ¢ X*(T).

For y € X.(T;), we are interested in (the connected component of the) subgroup

H,={teT:t"'F(t) eim(y: G, — T1)} C Ty. (19)
Lemma 6.1.1. Let y € X.(T)). There exists 0 # pu € X,.(T1) such that Fu—pu € Q- y. Such p is unique

up to a scalar and we have H), = im(u).

Proof. By [DMO1, Prop. 13.7], the map F — 1: X,.(T) — X.(T;) is injective and has finite cokernel.
Therefore, there exists 0 # u € X..(T1), unique up to a scalar, such that Fu—pu € Q- y. This implies that
im(u) is a one-dimensional subtorus of T contained in H,. Since H, is one-dimensional, this forces
im(p) = Hy. O

Recall from §2.7 that {a*: @ € A} C X. (Tzl“d)@ is the set of fundamental coweights, defined as the
basis of X,.(T%!)g dual to A.

Proposition 6.1.2. Assume Condition (3) holds for q and G. Then there exists a set of simple roots
A c ®(T, G) such that

(i) F acts on X*(T) as qco where o satisfies o(A) = A, ¢ € W and co is a twisted Coxeter element
of (W, o) such that

L(co(c) - (e)) = it(c)

Jorall 0 < i < h/2, where h is the Coxeter number of (W, o).
(i) Forall@ € A, and all y € ®(T,G), we have H,. ¢ ker(y).
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Proof. Let T = q~'F. Then the order of 7 is &. Let g € G be such that Ty = 8T. By assumption on T,
the endomorphism 87 of X*(Ty) lies in the Wy-conjugacy class of twisted Coxeter elements (this class
is unique by [Spr74, Thm. 7.6]). Therefore, the same holds for 7 in W. Let { = exp(2xi/h). By [Spr74,
Thm. 7.6], the -eigenspace of 7 on X*(T*)c is one-dimensional and is not contained in any reflection
hyperplane. Let 0 # v € X*(T*)c be an eigenvector of 7 for the eigenvalue ¢ such that Re({(v, @")) # 0
for all @ € ®(T, G). Then as shown in the proof [Spr74, Prop. 4.10], the condition Re({v,a")) > 0
defines a set of positive roots ®* c ®(T, G) — hence, a basis A. Let ¢ € W be the unique element in W
such that ¢(A) = 7(A) and o = ¢~'7. Then o-(A) = A and (i) follows from [BM97, Prop. 6.5].

Let & € A be a simple root and y € ®(T, G) be any root. The orbit of y under 7 = ¢! F = co has
exactly & elements; see [Spr74, Thm. 7.6]. If V = (ti(y): i = 0,..., h — 1) is the C-vector subspace
of X*(T*)c spanned by the orbit, then 7 restricts to an automorphism of V of order h. In particular, it
must contain the eigenvector v defined above. Since " is a non-negative combination of simple coroots,
we deduce that Re((v,a*)) > 0, which forces (?(y),a*) # 0 for some i. Let ip € {0,...,h — 1} be
maximal such that (77 (), a*) # 0. Then

h-1 ) h-1 o
DUF (),a") =D g @ (),
i=0 i=0
io—1
=g (T (y),a") + ) 4" (T (1),
i=0
so that

h-1

D (Fi().a)
i=0

ip—1

> qi0|<Ti°()/), a*>| — Z qi|(Ti()/), (l/*>|
i=0

io—1

) ) ) o _ 1
Zq“’—ZQ‘M=q’°—Mq
i=0

qg-1

q“ -1

1
qg-1

>q" - (g-1)

since by Condition (3), we have ¢ — 1 > M. This proves that Zf’:_ol(F “(y),a*) # 0. Now recall that
F" = ¢" on X*(T). We have (F — 1) Z?:_ol Fi = F" — 1 = ¢" - 1; therefore, (F — 1) is invertible on
X*(T)g and (F - 1)~" = (¢" - 1)"' 3 F'. We deduce that

(F=1)7'y,a") = (. (F-1)"'a") #0.

Consequently, for any 0 # p € (F —1)7'Q - o* N X,(T), we have (y, u) # 0. Using Lemma 6.1.1 we
get H;,, = im(u), and we deduce that H;,. ¢ ker(y). O

6.2. A consequence

We have the short exact sequence of F-groups
0— T! —-T—->T; >0,

which is (canonically) split by the Teichmiiller lift. Moreover, we have an isomorphism T = T' x T;
which sends the unipotent part Ty to T! and the reductive part Treq to Ty. This also applies to T’
instead of T.
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Let now L be a proper Levi subgroup of G containing T, and let v € W (T}, T). We will be interested
in the closed subgroup

Hy,,={(tt)eTxT :t7'F(r) = v’ ' F()v"! centralizes L} C T x T". (20)

Being affine and commutative, Hy, ,  decomposes into the product of its unipotent and reductive parts,
Hy,,r= HL,v,r,unip X Hy, y r red, and we have Hy, ,, ; red © Tred X T;ed =T x Ti

Proposition 6.2.1. Assume Condition (3) holds for g and G. Suppose that (T, U), (T’,U’) are such that
the corresponding sets of simple roots satisfy the conclusion of Proposition 6.1.2. Let L, v be as above.
Consider the connected component Hy of the reductive part of Hy, y . Let H (resp. H') denote
the image of Hy under

L,v,r,red

v,r,red

pr
Hi’v,r’red — Hy,, = TxT » T xT; » Ty,

(resp. the image of the same map with T\ on the right replaced by T} ). Then for all y € ®(T,G), H is
not contained in the subtorus ker(y) C Ty, and similarly for H and all v’ € ®(T’, G).

Proof. Enlarging L makes its centralizer smaller; hence, we may assume that L is a maximal proper
Levi subgroup containing T. We show only the claim for H; the one for H’ has a similar proof. Let

Hy, ={t € T: t"'F(r) centralizes L} C T.

The projection to the first factor Hy, ,, , — HL, (f,1’) + t is surjective (by Lang’s theorem for the
connected group T’), and hence induces also a surjection on the reductive parts and hence also on their
connected components, so it suffices to show that the connected component of

H = im(H} g = Hiy =T > Ty)

is not contained in ker(y) for any y € ®(T, G).

By maximality of L, there exists a system of simple positive roots A C (T, G) and some @ € A
such that LL is generated by T and all Ug, U_g with 8 € Ay \ {e}. Alternatively, we can characterize L
as follows: A forms a basis of X* (Tad)Q, and we have the fundamental coweights {5"}gca, Which form
the dual basis of X, (Tad)Q. Then L is equal to the centralizer in G of a (any) lift of a* to X, (T)g (again
denoted a*). By Proposition 6.1.2, the subgroup H,. of T; studied in Section 6.1 is not contained in
ker(y) for any y € ®(T, G). Thus, it suffices to show that H| 2 H,..

We have the Teichmiiller lift TM: Ty — T, inducing an isomorphism T} S Tieq onto the reductive

part of T. Restricted to H,., TM induces an isomorphism TM: H?,. — TM(H o~) onto a subgroup of
Tred~

Lemma 6.2.2. For any t € TM(HS,.), i~V F (7) centralizes Ug,, for all B € ®(T,L), and consequently,
it centralizes L. In particular, we have TM(H,.) € Hy,.

Proof of Lemma 6.2.2. Teichmiiller lift commutes with Frobenius F; hence, the map ¢ +—
Y AOF H?. — im(e") induces a map 7 UF(D): TM(H:,.) — TM(im(a*)). Thus, we have
to show that TM(im(a*)) C T centralizes Ug .

We have the homomorphism T — Aut(Ug) given by the action of T on Ug. The group Ug = Ug
comes with a filtration by closed subgroups Uiﬁ = ker(Ug,,, — Ug,;) (0 < i < r), and the action of T,
preserves this filtration (i.e., the above homomorphism factors through a homomorphism

T — Autg (Uﬁ) N
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where Autg (Ug) C Aut(Ug) is the subgroup of automorphisms preserving the filtration). This subgroup
fits into an exact sequence

1 — Autg0(Ug) — Autg(Ug) —» Q — 1,

where Autg o (Ug) is the subgroup of automorphisms inducing the identity on the graded object gr*Ug =

EB:()I Uk’l. +1> and Q is defined by exactness of the above sequence. The composition
TM(im(a*)) € T, — Autg(Upg)

factors through Autg) 0(Ug). Indeed, the image of TM(im (")) in T lies in im(a*) < ker(/3) (the latter
inclusion holds as (3, a*) = 0); hence, it acts trivially on U,lé ;4 foreach0 <i <r—1.But Autg0(Up)
is unipotent, whereas TM (im(a*)) = im(a™) is a torus. Hence, the resulting morphism

TM(im(a")) — Autg o(Up)
is trivial. This proves the lemma. O

By Lemma 6.2.2, TM(H:,.) € Hy,,. Being reductive and connected, TM(H?,.) is thus contained

in Hy This shows that the image of H} in Ty contains the image of TM(H?,.), which is just
H

L,r,red’ ,r,red
° m]

Corollary 6.2.3. Under the assumptions of Proposition 6.2.1, let H( resp. H’) denote the image of the
map

H S HL,, 5>TXT ST

,v,r,red

(resp. the image of the same map with T on the right replaced by T’). Let V be the subgroup of G
corresponding to the unipotent radical V of an arbitrary Borel subgroup of G containing T. Then

V7 = {1} (ie, the only element of V fixed by the adjoint action of H is 1). The analogous statement
holds for TV, V', H’.

Proof. We prove only the first claim. The proof of the second is similar. Any element of V(Fq) has
a unique presentation as a product of elements in the subgroups U, corresponding to root subgroups
U, € G for y € ®(T, V), and this product decomposition is compatible with the adjoint action of T.

This reduces the corollary to the claim that U)’,’ = {1} for all y € ®(T, V). For the latter, we can use

induction on 1 < r’ < r: it suffices to show that if x € U.’Z % and x projects to 1 under U,, , — U, ,._1,
then it projects to 1 under U,, . — U,, ,». The adjoint action of T; on U;/;,l can be described as follows:

fix an isomorphism G, ; - U,, which is part of an épinglage for G. It induces an isomorphism

u;‘rl G, 7, S U;';,l, and the adjoint action is given by Ad(t) (u;;l (x)) = u;;l (y(t)x). Now the
result follows, as the image of H in T} is not contained in ker(y) by Proposition 6.2.1. O

7. Cohomology of X

As in Section 6, we assume that G is an unramified absolutely almost simple group. Moreover, we will
assume that Condition (3) holds for G and g. We fix a Coxeter pair (T, U) as in Proposition 6.1.2. In
particular, the action of F on W is given by F(w) = ¢ - o(w) - ¢~!, where ¢ is an automorphism of W
permuting the simple reflections and co is a twisted Coxeter element of (W, o). The purpose of this
section is to show that (10) holds for such a Coxeter pair. This will imply Theorem 3.2.3 for general
unramified groups.
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7.1. Nonemptyness of cells

We give here conditions for a cell VUS| to be empty (see (8) for the definition of the cell). Unlike
Theorem 4.2.1, which is stated in the case where U = U’, we will work here with more general Coxeter
pairs.

Proposition 7.1.1. Let a € Z and set U’ := F*(U). If v € W is such that “"Y'Y,, # @, then at least one
of the following holds:

@i v € wk;
(ii) ¥ U N is contained in a proper Levi subgroup of G containing T.

Proof. Recall from Proposition 6.1.2 that F' = gco with co a twisted Coxeter element. Given v € W,
let us consider the condition

vIBIF(Bv) NB|F(B)) # 2. (21)

From the definition of V""'S,,, we see that if ""U'S,, is nonempty, then there existx € F(By),x” € F(B/)
and y € ByvB] such that xF(y) = yx’. Writing y = bvb’ with b € B and b’ € B, we deduce that
v 1b~1xF(bv) = b’x’F(b’)" so that (21) holds. Therefore, it is enough to show that if (21) holds for
v, then (i) or (ii) hold as well.

Since F(B) = “B, we have B = F9(B)) = 9B, with d = co(c)--- 0% (c) = (co)®o*. Using
the fact that ™' F(d) = 0% (c)c™!, we get

vIIBiF(Biv) NB/F(B)) = (v 'B1“B1F(v)) N (dB1d"'F(d)°BF(d™"))
= (v'BieBio(v)e™) N (dB1o? (c)Bio(d )™t
= v_l((Bchlo'(vd)) N (vdBlo'“(c)Bl))O'(d_l)c_l.

Therefore, (21) is equivalent to
(BicBio(vd)) N (vdBio“(c)B1) # @,
which, in turn, is equivalent to
(B1cBio(vd)By) N (BivdBio%(c)B,) # @. (22)

Let A € ®(T, G) be the set of simple roots corresponding to U. Since co is a twisted Coxeter
element, there exists a set of representatives of o--orbits of simple reflections sy, ..., s, withr = |A /|
such that ¢ = sys2---s,. Given I C {1,...,r}, we will denote by W; the smallest o -stable parabolic
subgroup of W containing s; for all i € I and by ¢; = [];¢; s; the element of W; obtained from ¢ by
keeping the simple reflections labelled by 1. Note that c; o is a twisted Coxeter element of (W, o).

Assume that (22) holds. Since ¢ contains each simple reflection at most once, the Bruhat cells BjuB
contained in By c¢Bjo(vd)B; (resp. in BjvdB;0%(c)B;) are attached to elements u € W of the form
u=cyo(vd) forsome I c {1,...,r} (resp. u = vdo“(cy) for some J C {1,...,r}). Consequently, if
(22) holds, then there exists I,J C {1,...,r} such that c;o(vd) = vdo®(cy). Setw := wovd where wq
is the longest element of W. Since o-(wq) = wg, we have ("cy)o(w) = wo?(cy). Let K c {1,...,r}
be such that W := "oW;. Then "°cjo is a twisted Coxeter element of W (but not necessarily equal to
ck o). By [GPOO, Prop. 2.1.7], one can write w = wixw, where x € W is K-reduced-J (i.e., of minimal
length in WgxW;) and (w1, w;) € Wk X W;. Since x is K-reduced-J, we claim that

Winkx if o(x) = x

Wy ﬂxileU-(x) = {@ otherwise.
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The proof of this claim follows, for example, from the proof of [GPOO, Thm. 2.1.12]. Indeed, if
W; N x~'Wk o (x) is nonempty, then there exists y € W; and z € Wx such that xy = zo (x). Since x
is reduced-J and o (x) is K-reduced, we have necessarily €(y) = £(z). Lety = y; - -+ y,,, be a reduced
expression of y. We define inductively z; € Wi and x; a K-reduced element by the conditions xy = x
and x;_1y; = z;x; foralli = 1,...,m. In particular, z = z; - - - 2, and x,,; = 0 (x). By Deodhar’s Lemma
[GPOO, Lem. 2.1.2], we have €(z;) = 1 and x; = x;_1 for all i (the case z; = 1 does not happen since
£(z) = £(y) = m). In particular, o-(x) = x and the result of [GPOO, Thm. 2.1.12] applies.

Recall that o-(Wy) = Wy and o(W;) = W,. The equality ("ocy)o(w) = wo?(cy) forces Wy N
x~ "Wk o (x) to be nonempty; therefore, o(x) = x. Now the element

-1 -1 -1 -1 -1 -1
wao(cp)o(wa)™ =x"wi ("ep)o(wix) =x7 (wi wocpwy o (wi))x

lies in W; Nx~! (Wk)x and is o-conjugate to a twisted Coxeter element of W;. Since Coxeter elements
are elliptic, this forces Wyngx = W;y; hence, J ¢ K*. Similarly, we find K c *J; hence, *J = K. In
particular, one can write w = w’x with w’ € Wk.

Let us now look more precisely at what elements u € W can appear. If Bjvdo?(c;)B; C
BivdBio%(c)B; with J = {j; < jo < -+ < jnu}, thenforalli =0,...,m and all j; < [ < ji1,
we must have vdo (s, - - - s;,51) < vdo?(sj, ---sj;), with the convention that jo = 0, jue1 =7 + 1
and s, = 1. However, w = w'x with w’ € Wk and x is K-reduced. Since *J = K, we can write
K ={ki,..., ky} with xsjl.x‘l = 5,. Then the condition

wo (s, - 8j81) > wo(sj, - 8j,)
can be written
W o (s, - Skxsp) > W o (sgy - Sk X).

Now, since w'o“(sx, - - - Sk;) € Wk and *s; ¢ Wk, this forces xo“(s;) > x; hence, xs; > x (recall that
o (x) = x). Indeed, if @; denotes the simple root associated to s;, then w'o? (s, - - - sg;x) (7)) > 0
by assumption. Since x(@;) is not in @k, the root subsystem associated to Wk, the element
w'o%(sk, - Sk,) € Wk cannot change the sign of x(a;); therefore, x(a;) > 0. Since / runs over
all the elements in {1,...,r} \ J and x is reduced-J, this proves that xs > x for all simple reflections s
in 7, and therefore, x = 1 since x is o--stable. Consequently, vd = wow = wow’ € woWg = Wywq. If
J#{l,...,r},then? "' UNU=9"(""UNU) is contained in the Levi subgroup of G correspond-
ing to Wy ; hence, (ii) holds. Otherwise, I = J = K = {1,...,r}, and the relation c;o-(vd) = vdo?(cy)
is just co(vd) = vdo?(c), which with d = (co)?o~¢ gives v € W = WF'; hence, (i) holds. O

7.2. Comparison of various cells

In this section, we prove that (10) holds for the Coxeter pair (T, U). Note that the Coxeter number / (the
order of co) is even unless W is of type A, with n even and o trivial. In particular, if 4 is odd, then o
acts trivially on W. Proposition 6.1.2 implies that when £ is even, we have co(c) - - - />71(¢) = wy,
the longest element in W.

Lemma 7.2.1. Assume thatv € W \ W¥. Then
H:(775,) =0

as a virtual (T x* T)F -module.

Proof. 1f Y"UZ, is empty, then the statement is trivial. Otherwise, Proposition 7.1.1 ensures that v'unu

is contained in a proper Levi subgroup L of G containing T. In particular, the torus H := Hy | 4

defined in §6.2 is contained in H,, which by Lemma 5.1.1 acts on 3. Using Corollary 6.2.3, we see
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that (Y- Ug )H is empty since F(v) # v. By (1), this shows that (Y- Uy v) = 0. The same holds for
U.Uy since it is related to VU, by a (T xZ T)F -equivariant map %, — X, which is a Zariski-locally
trivial fibration with fibers isomorphic to the perfection of a fixed affine space. O

Given a € Z and v € WF, we define the virtual (T x* T)F -modules

hav = H(PFO5,,Qp) = H (PFVE,, Q) = HA(PF VL, Qp),
hy = HA((VDF,Qp) = Qe (vT)F .
Note that 4, ,, depends only on the class of a modulo #, the Coxeter number.
Lemma 7.2.2. Let ¢, = (co)?o~?. Assume that either

o hiseven and vcy € {wo, cwo, woor®(c™ 1)}, or
o hisoddandvc, = c|p2)s1-

Then hg,,, = hy.

Proof. Assume first that & is even. If ve, = wo, then V™ UN Fe(U) = iU ncal = a((vea) U NT) =
€a (U~ NU) = 1. Hence, the group H, € T xT’, which acts on £, by Lemma 5.1.1, is equal to the group
Hy,, » from (20) attached to the Levi subgroup L = T. By Corollary 6.2.3 applied to L = T, the map

vre(ODF — (1,1, 1,7, 1,1) €S,
induces a (T x# T)¥ -equivariant isomorphism
()" = () ),

and the result follows. If v, = woo?(c™!), then we have vegyr = veqao®(c) = wy, so that v'u-n
F(FA(U™)) =V ' U™ N el = an ((Vear) U= A TU™) = art (U~ N U™) = 1. Hence, the group H//
which acts on X, by Lemma 5.2.1(i) is equal to Hy,,,, » from (20) for L = T, and we can conclude as in
the case vc, = wq above (using Ev instead of Ev). Finally, if ve, = cwy, then we have c,wg = v,
so that V™ (F(U™)) N F4(U™) = V'€~ N €U~ = WU~ A U~ = a("U~ N TU-) = 1. Hence, the
group H;” which acts on >, by Lemma 5.2.1(ii) is equal to Hy, ., from (20) for L = T, and we again
can conclude as in the case vc, = wq (using Ev instead of fv).

When £ is odd, then W is of type A, with n even and o = 1. In that case, h = n+ 1 and {(c) = n. By
Proposition 6.1.2, we have £(c"/?) = n?/2 and £(c"/**") = €(¢™/?) = n?/2. Therefore, if k = | h/2] =1,
we have £(wocy) = n(n+1)/2-n?/2 = n/2 < n, which forces wocy to lie in a proper parabolic subgroup
of W. Consequently, " U N F4(U) = VU N %l = a((Vea) U A T) = ¢a ()™ U= N U) lies in a
proper Levi subgroup L of G containing T. By Lemma 5.1.1, the group Hy, ,, » from (20) acts on T,
and we once more conclude as in the case when £ is even and vc, = wy. O

The key observation is the following proposition.

Proposition 7.2.3. Leta € Z/hZ and v € WF. We have ha.v = hgs1,y, unless o is trivial and v = woc™
orv =woc %L,

Proof. As in Section 5.3, we have the isomorphism a: U'F* Wy — UF*“'(D)5 and the cell V-F* Uz,
decomposes into finitely many locally closed (T xZ T)¥ -stable pieces:

UFU)y - U a;l(a(U,Fa(U)Zv) [ UF (U)ZW). (23)

weWw
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As in Lemma 5.3.1, we have the (T xZ T)F -stable piece Yy v =Yy C U.Fert (U)iv, and it satisfies
HL(“Yy ) = He (77D, ) n BF <U>zw).
This and (23) give

haw = ), HA(Yu, Q). (24)

weWw

By Lemma 5.3.1, *Y, ,, C U.Fe! (U)EW is stable under the H,, -action on U Fet (U)iw as in Lemma

5.1.13G). If wlynFatl (U) is contained in a proper Levi subgroup of G containing T, then using again the
argument as in the proof of Lemma 7.2.1, we have H} (“Y,, ,,,Q,) = 0 (cf. Section 2.3). Consequently,
by Proposition 7.1.1 applied to U’ = F4*!1(U), we only need to consider the case where w € W', so that

haw= Y HAYyw Q). (25)

wewF

Analogously, one can decompose the cell V¥ ! (U3, into finitely many locally closed (T xZT)¥ -stable
pieces as follows:

U, Fatl (U)Zv _ U a(U,Fa(U)ZW) mU,Faﬂ(U)ZV’
wew

and using Lemmas 5.3.2 and 5.1.1(ii) instead of Lemmas 5.3.1 and 5.1.1(i), we show

haviy = D) Hi("Yu, Q). (26)

wewl

Lemma 7.2.4. Let v,w € WF. Assume that ¢ vow # @ and v # w. Then o is trivial, v = woc™ and
v =wec.

Proof. The scheme “Y,,, can only be nonempty if a/(-F“x,) nU-F*" M3, 2 ¢ If this is the case,
there must exist a point (x,x’,y) € UF*Ox  such that a(x,x’,y) = (x, F(x’), yx’) € WF™Ox
Let y; = yx’, and let X', ¥, y; denote the images of x’, y, y; in G;. Write By = T1U;. Given k € Z, we

write cx = (co)kok so that F¥(B) = °«B. We then have

j € BivF4(B)) = Byve,Bic,!, & € F©*'(U;) =“1U;, and

§1 € BiwF“* (B)) = BiwcanBic,. 27
From the latter two of these three conditions, it follows that y = yli’_l € BlwcmlB]c;h, and we

deduce from the first condition in (27) that BlwcaHBlc;}rl N BlvcaBlc;I contains y, and hence is
nonempty. Multiplying by ¢ from the right and using that ¢4+ = c,0%(c), we get

(BiwcanBio®(c™h) N (Bive,B1) # 2. (28)

By [Spr74, Thm. 7.6(v)], there exists k,/ € {0,1,...,h— 1} suchthatc* = o/ = landv = ¢, w = ¢;.
Therefore, the previous equation can be written

(BictarBio*(c™)) N (Bick+aBr) # 2.
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This implies that

(Bicira+1Bio?(c™)B1) N (Bick+aB1) # @

(29)
(Bicira+1B1) N (Bick+aB10(c)B1) # 2.

As in the proof of Proposition 7.1.1, recall that the elements u € W such that BjuB;, C
Bick+aB10%(c)B) are of the form cy,0%(cy), where c; is obtained by removing some simple reflec-
tions in c¢. Therefore, by (29), we have cx+q0%(c;) = cj+q+1 for some ¢; < c, yielding k € {l,1+ 1}.
In addition, when £(ciias1) = €(c) + €(Cksa) (or when £(c1yq) = €(c™") + €(Clras1)), only ¢ = ¢
can appear, in which case, k = [, and hence, v = w, which contradicts the assumptions of the Lemma.
Therefore, we have k = [ + 1, (cCksar1) # £(¢) + €(Crsa) and €(cira—t) # €(c™") + €(Cisa). Conse-
quently, £(cksa) > €(Crsas1); therefore, cxyq = wo. Note that we also have o = oo~/ = 1, and the
lemma follows. O

Now we finish the proof of Proposition 7.2.3. Applying Lemma 7.2.4, we deduce from equation
(25) that hg, = H:(“Yy v, Qp) unless o = 1 and v = woc™®. Similarly, equation (26) yields hg41,, =
H:(%Y,.,,Qy) unless o = 1 and ve = woc™@. Therefore, if o # 1 orif v & {woc™, woc™4"!}, we have

ha,v :Hz(aYv,Vs@t’) = ha+l,v’ (30)
which finishes the proof. O

Proof of Theorem 4.2.1. By Lemma 7.2.1, it suffices to show that kg ,, = hy, forall v € W Recall that
by [Spr74, Thm. 7.6(v)] the elements in WF are of the form ¢, = (CO’)kO'_k for some k € Zwitho* = 1.

If o is nontrivial, then there exists a € Z such that ve, = wy (for example, a = h/ 2- k). By Lemma
7.2.2, we have h, ,, = hy, and from Proposition 7.2.3, we deduce that hg, = hgy = hy.

If o = 1, then v = ¢k. Without loss of generality, we can assume that v # wq (equivalently, k # h/2)
since in that case, Lemma 7.2.2 applies. Assume first that 0 < k < h/2. Then ve® = ¢+ £ wy, for all
0 < a < h/2 — k. Therefore. by Proposition 7.2.3, we have hg , = h,,, in that case. If & is even, then
veh2=k=1 = yyoc=1, in which case, hp/2-k_1., equals i, by Lemma 7.2.2. If & is odd, then A |j,/2| .,
equals Iy by Lemma 7.2.2 again. When h/2 < k < h, we have ho, = h_,, forall0 < a < h/2 +k,
and a similar argument applies. O
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