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Introduction.

In this note, we associate a foliated singular homology theory to a
foliation on a compact manifold X and construct a spectral sequence which
relates the foliated homology to the ordinary homology of X. Since the
foliated homology is so constructed as to be related closely to a certain
topological behavior of the foliation, we may expect that further study of
the spectral sequence reveals some information on topology of foliation.
The study and applications will be given in a sequel.

1. A double complex associated to a plane field.

Let X be a compact smooth manifold having a plane field . A
smooth map « of (i + j)-cube I'x I’ into X is called a singular (i,j)-cube
on (X; II), if the map e« satisfies that

(i) for any Q € I, the restriction of a to the i-plane I'xQ of I'xI’ is
tangent to the plane field, that is,

dalpr(Tp(Ii)) C Hu(PxQ)’ (for all Pe Ii),

(i) for any Pe I’ the restriction of a to j-plane PxI’ is transversal to
the plane field, that is,

da|pxi(To(I) N Wypxy =0 (for all @ € IY).

Denote by Cj;(X,II) the free abelian group generated over all the
(,j)-cubes and define face operators F,f;, F ’k (¢=10,1) as to be the linear

maps satisfying that
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(Fpa)(sye s o8y tye oot = alsye v = Spmqy & Spoo S5y oo -1))

(F;k fa)(sye e 08y Ereooly)=fsye o5, 1 vlroyy & fpo o R
Define operators & = &5, 9 =17;; on C,; by

&= (CVF — FLY), 7= (=12, (=DHF, = F,0),
then &, 7 satisfy that

§oé=n9o9=0, Eonp+79o&=0,

Let D, (resp. D;k) be linear maps of C/_,; into C/; (resp. C};-,—>Cl;)
such that

(D, @) (s17 + + S0y tye = o£) = a(sys + *Spmgy Sprre = *Siy Bye v o 1))

(D;ka) (Sy° ¢ *8g Fyio .tj) = a(Sye ¢Sy Ey** o fpmys Frwy® < ;)
then it is easy to see that

Dk;oDm; = Dm+1;oDk;’ D;koD;m = D;m+1°D;k(k§m)’

F,*oD, = (D,  oF (k<m), F, oD = (D, oFf (k<m)

1 k= m), 1 (k= m)
D, ° Fk_lf (k> m), E,o° F;k_ls (k> m).

Therefore the quotient C,,; of C}; given by
Cij=Ci; 1 245 D, Cieay + 2421 D, €y

turns out to be a double complex having boundary operators & 7. Denote
by (Si(X),d) the (normalized) cubical singualr chain complex of X, then
the single complex C, = X};+j=n C;,; is naturally imbedded into S,(X) as a
subcomplex because the operators &, 7 and ¢ satisfy that

§+9=20.
LemMA 1. Let N be an integer and let e,,, be a map of I*X I’ into I*~'X
[p/N, p+ 1INIxI*=*x[g/N, g+ 1/N] given by
€p.g(S1® @ = Sgy Byo e ot) = (10 2 Simyy D+ SN, v 2 b4myy, g+ EIN) A
then for any a € C},; there exists f(a) € Ciyy; + Chjra Such that

E+)fla)+ f((§+n)a) =a— 2, acey, it Ciy
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For a chain 7 = X crax(c; %0) of C;;, define Car(7) to be liak(lixlj)
and for an open set U in X let

Ci,;V={recCi,|Car(r)cU},
Coff = €19 izt D, Cloyy ¥ + 242t D, Clyey ¥,
CnU = Ei+i=n Ci.IU-

ProposiTioN 1. Let {U} be an open covering of X and let C,1U be the
union of C.V, U {U}. Then the inclusion C,1U} into C, is a chain equivalence.

A plane field II on X is said to be completely integrable if there is a
foliation on X such that for any z € X, II, agrees with the tangent plane
at z of the leaf through =.

LemMaA 2. Suppose that the plane field I on X is completely integrable then
Sor any open set U of X and for any point x € U, there is a neighbourhood V of
@ such that V. c U and C,7 is acyclic.

Proof. Take a flat coordinate (&, -2, ¥, -y, (—e<ux; y;<é€) in
a neighbourhood V of x so that p-planes defined by {y; = const.} form
(locally) the leaves of the foliation around z. Then the homotopy %} in V
defined by

Bi(@ye s o @y, Yie v 2 Yg) = (B« <28y, Yo ot Yy)
gives a chain homotopy in C,” between a€C/ ;" and a chain z'(a)eC{;",
also the homotopy #.* defined by
0. - ‘0, Yy 'yq) =(0-- +0, ty;- - 'tyq)

gives a chain homotopy in C;" between zla € C{ ;7 and z¥z'a) € Ci,,".
Thus, following a standard method of homology theory of (co-)sheaves
(1] [41), we have

ProrposiTiON 2. If the plane field 11 on X is completely integrable then the
Cech homology group H,(X; G) is isomorphic to the projective limit of the homology
groups Hy(C,1UY; G) for any module G.

Therefore combining the propositions 1 and 2, we have

TuHEOREM 1. If the plane field 11 on a compact manifold X is completely
integrable, then for any module G. It holds that

HJ(X; G)=HJ(C,®G, &+1).
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2. A spectral sequence associated to C, ;.

Introduce two regular filtrations F' and F' into C;,; as follows:

FiC= 3%, Cro FiC= T T Cpus.
r<p s<q

Then there result filtrations of H,(C,&+ ) and two spectral sequences I7,;
and II7,; ([2]), we investigate several terms of the spectral sequences in case
that II is completely integrable.

2.1 On terms II};.
It is known ([2]) that
1o =H(C; 37), Wi; = H(C,; j6).

On the other hand, we easily have

Lemma 3. If the plane field T is completely integrable, then the chain
complex (C; o, &) ts identified with the chain complex (14] Si(L),d), where the sum %
is taken over all the leaves of the foliation.

The lemma 3 above obviously yields

ProposiTION 3. If the plane field 11 is completely integrable, then it holds
that

Mio = SUH(L; 2),

where the sum % is taken over all the leaves of the foliation.

LEmMA 4. If the plane field 11 is completely integrable and if an (i, j)-cube
o 1S non zero in c;,,./gb;kcg,,_,, then the first i-faces Fk;ea(8= 0,1) are non
zero in Cg_l,j/Zk}D;kCQ_,,,_l.

Proof. Suppose on the contrary that F, ‘a is independent of the co-
ordinate ¢, of I’ and let Q(x) denote the point (z, t,+-+¢,) of I/, then
for any z eI, a(I'xQ(z)) lies in the same leaf L, because they have a
point a(sy++ +s; @, ¢, +t;)) in common, therefore the vector a6z = 8/3¢,
is mapped by de into the tangent plane of L, thus we have that da/ot;=0
at every point of I'xI’ and conclude that e itself is independent of .#,.

Lemma 5. If the plane field 11 is completely integrable, then for each chain
v Cyj there corresponds a chain 7'€CY.;, such that 1" =7 in C,; and satisfying
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(i) &r=0 in C,; implies &' =0 in C;,jlf‘_,ka; C; 2,
(ii) &r =17, in C,; tmplies &7, =71} in C;,,/}I‘"_‘.Dk;Ci_l,j.

Proof. Let V,; be a set of all the (i,j)-cubes which are indepent of
t, for some 1<k<j and let W, ; be the set of all the (i,j)-cubes which
are not in V;; Then C{; decomposes into a direct sum of free groups
A; ; and B, ; generated over V,; and W, ; respectively. Denote by 2’ and

z'" the A;; and B,; component of =z C}; respectively, then Lemma 4
yields that

(6x)'" = &) for € Cl ;.

Now choose a representative 7 C},; for v C;; and define 7 by
v’ = (7). Suppose that

& =01in C;y
then
& =z for some & & 3D, Cipy, + 23D, Closym
Thus we have that
1)=& — (7)) = & — (67)" = & — 2",
therefore we see that
£r)=01n Ci_;/ 2D, Cisy,

and we also see (ii) as in the same way above.
Define a linear map F;Q(Q e I;) of Cj; into C}, by

(Fqa) (sye v v 83) = alsye 555 £4(Q)r + + 1(Q)),

then we easily see that F,, commutes with F, and D, for any 1=<k<i.
Thus Lemma 5 yields

ProposiTiON 4,  If the plane field 11 is completely integrable, then for each
chain v < Cy,; there exists a representative 1/ < C},; satisfying

(1) & =0 in C; ; implies EFqr) =0 in Cy o
(i1) &ry =171, in C,; implies §(Fgr1) = Frs in Cyp

In the other words, 7 € C,; ; is a é-cycle only if there is a j-dimensional
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family of d-cycles of %Si(L) and a é-cycle 7, is a &-boundary only if every
o-cycle of the family is a 9-boundary of %‘.SM(L).

2.2 On terms 1%,

Since 7 commutes with &,7 defines canonically a homomorphism of

H(C; ;&) into H(C; j-;,&) which is denoted also by ». Then it is known ([2])
that

i, = H(H(C; 5€), 7).
Therefore we deduce from Proposition 3 that
ProrosiTioN 5. If the plane field 11 is completely integrable, then it holds
that
fo= ;Hi(l‘; Z)(H(Cy,1, €),

where the sum ZL} is taken over all the leaves of the foliation.

DerINiTION.  In case that the plane fields 11 is derived from a foliation, we
call the terms Wi, and 3. the i-th homology groups of the foliation of the first

and second kind, respectively, and we write
H(ID) = i, PH(IT) = T3,.

Roughly speaking, for » = dim II, the dimension of free part of II},
represents the number of oriented closed leaves of the foliation and that of
II:, corresponds to the number of oriented closed leaves which can not be
connected each other by any 1-dimensioned family of oriented closed leaves.

2.3 On terms I,
Since it is known ([2]) that

2i+j=n H?J = gH(CmE + 7))9

we see that Theorem 1 implies that

ProrosiTiON 6.  If the plane field 1L is completely integrable, then it holds
that

Dirj=n U7 = & Ho(X; 2).
3. Remarks for dually foliated structures.

A pair of plane fields (II,, II,) on a compact manifold X is called an
orthogonal splitting of the tangent bundle 7(X) if it holds that
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o, 1 O, I+ I, = T(X).

Let (X; II,, II,) be a compact manifold with an orthogonal splitting
(I, I,). A smooth map a of (i + j)-cube I'xI’ into X is said to be a
singular (i, j)-cube of (X; II,, II,) if the map « satisfies that

(i) for any Q € I’, the restriction of @ to the i-plane I'XQ of I'XI’ is
tangent to the plane field II,.

(i) for any Pe I‘, the restriction « to the j-plane PxI’ of I‘xI’ is tan-
gent to the plane field II,.

The free abelian group I'j; generated over all the (i,j)-cubes of
(X; I, II,) has face operators F,, F, and degeneracy operators D,, D,

defined in the same way as in §1. Therefore I'/,; and the quotient
Fiy=T; | 2D i+ 2Dyl
turn out to be double complexes with boundary operators &7 given by
=2 (-1 (Fl,— F}), 7 =2 (=1 (Fl,— F3).

An orthogonal splitting (II,, IT;) of T(X) is said to be completely integr-
able if the plane fields II,(i =1,2) are completely integrable by foliations
(F;) (i =1, 2) on X, and if each point x € X has a coordinate neighbour-
hood U(®,+ -2, y;+* -y, such that the p-plane given by y, =const. is a
leaf of (F;) in U and the g-plane given by ;= const. is a leaf of (F,) in U.
The following theorem is proved easily as in the same way in §1;

THEOREM 2. If an orthogonal splitting (11, I1,) on a compact manifold X
is completely integrable, then for the single complex I'y = Xi4jan Iy jy 1t holds that
H(X; Z) = H(Iy §+ 7).
Therefore as in §2 the spectral sequence (E7,;) associated to the filtration

Fo=2 2Ty,

s<q p

relates E3,; = H(H(I'; ;,€),7) to HJ(X; Z).
Since C;, = TI;,, we obviously have

Lemma 6. If an orthogonal splitting (11, I1,) is completely integrable, then it
holds that
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‘Hi(Hl) =FElo.
Define linear maps F,, and Fp, (Q €1, Pe ) of I'l; into I'j, and
r,;, respectively, by
(F;Qa) (sg0 2 8;) = asye+ o5y £,(Q)e+ - £4Q))
(Fpa)(tye s o £;) = alsy(P)+ « «5(P), ty+ 1)

Then we have the following proposition of which proof is quite similar
to that of Proposition 4.

ProrposiTION 7. If an orthogonal splitting (I1,,I1,) is completely integrable,
then for each chain v € I';,; there exists a representative 1’ € I'},; such that

(i) -1 & =0 in I';; implies &F.gr") =0 in I';,

(i) -2 77 =0 in I';; implies n(Fp1') =0 n Iy
(ii)-1 7y =T, in Iy implies §(Fgri) = Fgry in Iy,
(i1)-2 07y =1, in Iy tmplies 9(Fpii) = Fpth in Ly .

CororrLARY 1, Let (II,, I1,) be a completely integrable splitting of T(X),
if there exists non trivial &-cycle v € I'y,; or n-¢ycle ¥ € I'y 5, then there exists a j-
dimensional family of &-cycles Tq € I';o(Q € I') or an i-dimensional family of 7-
cycles 1p € Iy {P € I"), respectively.

Thus we see that for a completely integrable splitting, if there is a non
trivial »-cycle & € Iy ; of the form

x=8y-+nz, yeIli; 2&Il;,

then there is an 1-dimensional family of p-cycles zp e I'f; (P€I) or a
(j — 1)-dimensional family of &-cycles zo € I';,, (@ € I'™Y),
Now assume that X is a 3-dimensional compact manifold for which

and that 7(X) splits into mutually orthogonal 1-plane field II, and 2-plane
field I, such that the pair (II,, II,) is completely integrable. Then if there
is a non trivial y-cycle 2 € I, ,, an easy compution of the spectral sequence
(E%.;) shows that there exists at least one non trivial é-cycle y < F,.,o or a
1-dimensional family of z-cycles 2z, TI'f,. Thus we have the following
theorem as an elementary application of the spectral sequence.
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TueEOREM 3. Let X be a compact 3-manifold having a 2-dimensional foliation
(Fy) and let (F,) be the 1-dimensional foliation defined by the 1-plane field orthogonal
to (F,). Then, if (F;) has only isolated closed leaves and if 2-dimensional integral
homology of X vanishes, there should be at least one closed orbit in (F,).
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