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Previous work on the plane circular restricted problem of three 
bodies (Message 1953, 1959, 1970, and Fragakis 1973) has shown the 
existence, in association with each of the commensurabilities 2:1 and 
3:1 of the orbital periods, of a pair of families of asymmetric 
periodic solutions, branching from the stable series of symmetric 
periodic solutions of Poincare's second sort associated with that 
commensurability. (Each solution of either family is the mirror image, 
in the line of the two finite bodies, of a member of the other family 
of solutions associated with the commensurability.) The stability is 
transferred at the bifurcation to the two series of asymmetric orbits, 
each of which is therefore stable. Recent numerical integrations 
carried out by one of us (P.J.M.) have found such asymmetric periodic 
orbits associated also with the 4:1 commensurability, and quantities 
describing orbits of one of the two series are given in Table 1, show
ing the run of such orbits up to a second bifurcation with the same 
series of symmetric periodic orbits from which it sprang. Quantities 
describing some members of this series of symmetric orbits are given 
in Table 2. It is seen that stability is transferred back to the 
symmetric series at the second bifurcation. (The unit of distance is 
the distance between the two finite bodies, the unit of speed is the 
speedtof their relative motion, and the initial conditions given 
(x , x , y ) are for a crossing of the line of the two finite bodies, 
this line being taken as axis of "x" in a rotating Cartesian frame in 
the usual way. The mean values of the major semi-axis and eccentricity 
are denoted by a and e, respectively, C is Jacobi's constant, and y0 

is the mean value of the critical argument y = 4A - A' - 3co. The 
mass ratio used is 0.000954927, T is the period of the solution in 
units of the period of the motion of the two finite bodies, and 2TT C/T 
is the non-zero characteristic exponent.) 

It was shown earlier (Message 1970) that a bifurcation of a series 
of asymmetric orbits from a series of symmetric orbits of the second 

2 * 
a H * 

sort implies a zero of — » — , where H is the long-period part of the 
9y2 
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322 P. J. MESSAGE 

Table 3 

2 * 
3 H 

Values of the mean eccentricity at zeros of — r r - in the limit m' •> 0 

9y2 

Commensurability 

2:1 

3:1 

4:1 

5:1 

6:1 

7:1 

8:1 

mean 
eccentricities 

0.03652, 0.95927 

0.12211, 0.97178 

0.20112, 0.97792 

0.26711, 0.98162 

0.32184, 0.98413 

0.36767, 0.98594 

0.40657, 0.98732 
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Hamiltonian function, and y. = (p+q)A - pA' - qco is the critical 
2 * 
3 H 

argument. Recalculations of —^— by one of us (D.B.T.) have led to 
8y2 

the finding of an error in the programme originally used in the calcu
lation of this quantity, of such a type that the values previously 
given for the mean eccentricities at which such bifurcations can be 
expected need correction for those commensurabilities with q ̂  1. 
Corrected values of the mean eccentricity at which zeros occur, in the 
limit as the mass ratio tends to zero, for commensurabilities with 
p = 1 and q = l , 2, 3, ..., 7, are given in Table 3. No zeros are now 
found for the cases with p = 2 , q = l , 3, 5, 7, with p = 3, q = 1, 2, 
4, 5, with p = 4 , q = l , 3, 5, with p = 5 , q = l , 2, 3, 4, with p = 6, 
q = 1, with p = 7, q = 1, 2, and with p = 8, q = 1, so that no 
asymmetric periodic orbits are now indicated at these commensurabili
ties. 
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