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Abstract  We consider a nonlinear periodic problem driven by the scalar p-Laplacian and with a reac-
tion term which exhibits a (p — 1)-superlinear growth near +oo but need not satisfy the Ambrosetti—
Rabinowitz condition. Combining critical point theory with Morse theory we prove an existence theorem.
Then, using variational methods together with truncation techniques, we prove a multiplicity theorem
establishing the existence of at least five non-trivial solutions, with precise sign information for all of
them (two positive solutions, two negative solutions and a nodal (sign changing) solution).
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1. Introduction

In this paper, we study the following nonlinear periodic problem driven by the scalar
p-Laplacian:

—(Ju' (t)[P724/(t)) = f(t,u(t)) almost everywhere (a.e.) on T = [0,b], 1)
w(0) = u(b), «'(0)=u'(b), 1<p< . '

Here, f: T x R — R is a Carathéodory reaction, i.e. for all x € R, t — f(t,x) is
measurable and, for almost all (a.a.) t € T, x — f(¢,x) is continuous.

The aim of this work is to prove existence and multiplicity results for (1.1) when
the reaction f(¢,-) exhibits (p — 1)-superlinear growth but does not necessarily satisfy
the well-known Ambrosetti-Rabinowitz (AR) condition, which is very common when
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studying ‘superlinear’ problems. We recall that the AR condition requires that there
exist p > p and M > 0 such that

0 < pF(t,x) < f(t,z)xr foraa.teT, al|z| > M, (1.2)
where "
Flt,z) = / F(t, ) ds
0
(see [5]). Integrating (1.2), we obtain the weaker condition

Golz|* < F(t,x) for a.a.t €T, all |z] > M and some ¢y > 0. (1.3)

This implies the much weaker condition

F(t
lim 7( , )

= +o0 uniformly for a.a. t € T. (1.4)
r—+oo ‘x|p

Evidently, (1.4) is implied by the condition

f(t,z)

A T = 400 uniformly for a.a. t € T. (1.5)

Condition (1.5) implies that for a.a. t € T, f(¢,-) is (p — 1)-superlinear near +oo.

The AR condition ensures that the Palais—Smale sequences of the energy functional
of (1.1) are bounded. Therefore, the energy functional satisfies the Palais—Smale condition
and we can apply the minimax methods of critical point theory. However, the AR condi-
tion is rather restrictive and excludes many functions which exhibit slower growth near
+o0, as is evident from (1.3). For this reason, there have been efforts to replace (1.2) by
a weaker condition. We refer the reader to the recent works of Miyagaki and Souto [19]
and Li and Yang [18] for a discussion of the literature in this direction. In this paper,
motivated by the aforementioned works, we employ a condition involving the quantity
Ht,x) = f(t,x)x —pF(t,x) (see Hypotheses (H) in § 3), which is more general than (1.2)
and incorporates more reaction terms f(¢,x) in our framework.

Existence and multiplicity results for the periodic p-Laplacian can be found in the
works of Aizicovici et al. [1,2], del Pino et al. [11], Gasiniski and Papageorgiou [15],
Jiang and Wang [17], Motreanu et al. [20], Papageorgiou and Papageorgiou [22] and
Rynne [24]. Of these works, only [15] treats problems with a (p — 1)-superlinear reaction.
They prove the existence of three non-trivial solutions using a stronger ‘superlinearity’
condition near Foc.

In this paper, combining variational methods based on the critical point theory with
Morse theory, we prove an existence theorem and a multiplicity theorem. In the multi-
plicity theorem, we produce five non-trivial solutions and, in addition, we provide precise
sign information for all of them. For both theorems, we assume a similar behaviour of
f(t,) near zero, namely we require that it grows (p — 1)-linearity near zero.

In the next section, for the convenience of the reader, we recall some of the main
mathematical tools which we use in this paper.
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2. Mathematical background

Let X be a Banach space and let X* be its topological dual. By (:,:) we denote the
duality brackets for the pair (X*, X). Let ¢ € C*(X). We say that z € X is a critical
point of ¢ if ¢’'(z) = 0. If z € X is a critical point of ¢, then ¢ = ¢(z) is a critical value
of ¢. We say that ¢ satisfies the C condition if the following is true.

Every sequence {zn}n>1 C X such that {¢(x,)}n>1 € R is bounded and (1 +
lznl)¢' (x) — 0 in X* as n — oo admits a strongly convergent subsequence.

Evidently, the C condition is more general than the well-known Palais—Smale condition.
However, as was shown by Bartolo et al. [6] (see also [21]), it suffices to have the minimax
theorems of critical point theory. In particular, we have the following slightly more general
version of the mountain pass theorem (see [5]).

Theorem 2.1. If ¢ € C'(X) satisfies the C condition, xg,z1 € X, |21 — x| > 0 > 0,

max{p(2o), p(21)} < inflp(z): |z —2oll = o] = 10,

c= inf max (y(t), where I'={y € C({0,1], X): 4(0) = 20, 7(1) =21},

then ¢ > 1, and c is a critical value of .

Given ¢ € C*(X) and ¢ € R, we introduce the following notation:

¢ ={z e X:p(x) <c},
K, ={z € X: ¢ (z) =0},
Kg ={r € K,: p(z) =c}.

If Yo CY; C X, then, for every integer k > 0, by Hy(Y1,Ys) we denote the kth relative
singular homology group for the pair (Y7, Y3), with integer coefficients. The critical groups
of ¢ at an isolated critical point xg € X, with ¢ = ¢(x¢), are defined by

Cr(p,xg) = Hp (e NU,p°NU\ {x0}) forall k> 0.

Here, U is a neighbourhood of o such that K, N ¢°NU = {x¢}. The excision prop-
erty of singular homology theory implies that the above definition of critical groups is
independent of the particular choice of the neighbourhood U of xg.

Suppose that ¢ € C'(X) satisfies the C condition and —oo < infp(K,). Let ¢ <
inf (K ). The critical groups of ¢ at infinity are defined by

Cr(p,00) = Hi(X, ) forall k > 0.

The second deformation theorem (see, for example, [21,23]) implies that the above
definition of critical groups at infinity is independent of the choice of the level ¢ <
inf p(K,). If ¢ satisfies the C condition, has a finite critical set K, and, for some k > 0,
we have Cj (¢, 0) # 0 and Ck(p, 00) = 0, then ¢ has a non-trivial critical point (see [23]).
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In the study of (1.1), we use the following two spaces:

Wik (0,6) = {u € WHP(0,b): u(0) = u(b)}
and

CY(T) = CH(T) N W2 (0,b).
Recall that WP (0, b) is embedded continuously (in fact compactly) in C(T'), and so the
evaluations at ¢ = 0 and ¢ = b in the definition of W}:2(0,b) make sense. The space
CL(T) is an ordered Banach space with positive cone

Cy={ueCYT): u(t) >0forallteT}
This cone has a non-empty interior given by
intCy ={ueCy:u(t)>0foralteT}.

Next, we recall some facts about the spectrum of the negative periodic scalar p-Laplacian.
So, we consider the nonlinear eigenvalue problem

—(l/ P2 (1) = Mu®)P~?u(t) on T = [0,8], u(0) = u(b), w'(0) = u'(b). (2.1)

A number ) € R is an eigenvalue of the negative periodic scalar p-Laplacian if (2.1) has
a non-trivial solution, which is an eigenfunction corresponding to M It is easy to see that
a necessary condition for A € R to be an eigenvalue is that A > 0. In fact, \g = 0 is an
eigenvalue with corresponding eigenspace R (i.e. the space of constant functions). Note
that Ao = 0 is the only eigenvalue with eigenfunctions of constant sign. All eigenvalues
A > 0 have nodal (i.e. sign changing) eigenfunctions.

Let 7, = 27m(p — 1)}/?/psin(r/p). Then, the sequence

{j\n _ <2n7rp)p}
b n=0

is the set of all eigenvalues for (2.1). If p = 2 (linear eigenvalue problem), then m = 7
and we have the well-known spectrum of the negative periodic scalar Laplacian, which is

(=51
An = | — .

b n=0
If u € CYT) is an eigenfunction of (2.1), then u(t) # 0 a.e. on T and, in fact, the
zero set of w(-) is finite. The LP-normalized principal eigenfunction is denoted by g
and ig(t) = 1/bY/P for all t € T. The sequence of eigenvalues {\,},>0 can be obtained
using the Ljusternik—Schnirelmann theory (see, for example, [12]). In this way, we have

minimax characterizations of the eigenvalues. An alternative minimax expression for
A1 > 0 (the first non-trivial eigenvalue) is the following (see [20]).
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Proposition 2.2. If 0BF" = {u € LP(T): ||ull, = 1}, M = WkP(0,b) N OBF" and

I'={5 € C([-1,1], M): 4(~1) = —do, 4(1) = @0},

then

p
A1 = inf max
JEI —1<s<1

()

P

A detailed study of the spectrum of the negative periodic scalar p-Laplacian can be
found in [7].
Let A: W1P(0,b) — WLP(0,b)* be the nonlinear map defined by

per per
b
mwm»:AhAMW%wmwmtﬁnwmyemxm@. (2.2)

The next proposition summarizes the properties of A (see, for example, [2]).

Proposition 2.3. The nonlinear map A: W3P(0,b) — W,2(0,b)* defined by (2.2)
is continuous, bounded (i.e. maps bounded sets to bounded ones), strictly monotone
(hence maximal monotone too) and of type (S) (i.e. if u, —u in WLP(0,b) and

per
lim sup(A(uy,), un, — u) <0, then u, — u in W2E(0,b)).

n—oo per
In what follows, by || - || we denote the standard norm of W (0,b). Moreover, for
u € WLE(0,b), we set u* = max{+u,0}. Recall that u = v — v~ and |u| = ut +u".

Finally, by | - |1 we denote the Lebesgue measure on R.

3. The existence theorem

For the existence theorem, the hypotheses on the reaction term f(¢,x) are the following.

(H) f: T xR — R is a Carathéodory function such that, for a.a. t € T, f(¢,0) = 0 and
the following hold.

Q) |f(t,z)] < a)(1 + |zt for aa t € T, all z € R, with o € LY(T),
p<r<oo.

F == d
(tvx) / f(t,s) S,
then
li l (t7l)

= 400 uniformly for a.a. t € T
z—+oo \x|1’

and if 9(¢,x) = f(t,z)x — pF(t,x), then there exists 5* > 0 such that

I, z) < It y)+ 6" foraa.teT, al0<z<yory<a<0. (3.1)
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(iii) Ome of the following alternatives holds:
(a) there exist m > 0 and 7,7 € L°°(T) such that

Am <) <AE) < Angr ace.on Ty A £ 1, 1 # Amst
and

t t
fta) o )
=0 |z|P~2r T S0 |xP2z

<(t)

uniformly for a.a. t € T
(b) there exists 1y € L*(T') such that ny(t) < 0 a.e. on T, 19 # 0 and

F(t
lim sup pi( )

ol < no(t) uniformly for a.a. t € T.
z—0 x

Remark 3.1. Hypothesis (H) (ii) classifies the problem as p-superlinear (the super-
linearity condition is imposed on the potential function F(t,x)). However, we do not
employ the AR condition. Instead we use (3.1), which allows us to consider functions
with slower growth near oo, as the following example illustrates. Hypothesis (H) (iii)
(both options) implies that asymptotically at zero we have non-uniform non-resonance
with respect to any eigenvalue.

Example 3.2. The function
f(@) = |z[P~22(In(1 + |z]) + 1), withp € A, Ami1),

satisfies Hypotheses (H) (for the sake of simplicity we drop the ¢-dependence) for some
m = 0orn<0.
Note that this f(-) does not satisfy the AR condition.

Let ¢: WLP(0,b) — R be the energy functional for (1.1) defined by

per

per

b
ﬂW:5W%—AF((»M for all u € WP (0, b).

We know that ¢ € CH(WLE(0,0)).

per
Proposition 3.3. If Hypotheses (H) hold, then ¢ satisfies the C condition.

Proof. Let {u,}n>1 € WLP(0,b) be a sequence such that

per
lo(un)] < My for some My >0, alln > 1, (3.2)

and
(1+ [Jun )¢ (un) = 0 in Wy 2(0,b)* as n — oo. (3.3)

From (3.3) we have that
_enllRll 1p
f Jup)hdt| < ST o] for all h € W,:(0,0), (3.4)

with &, = 07.

https://doi.org/10.1017/50013091513000370 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091513000370

Superlinear perturbations of the periodic scalar p-Laplacian 811

In (3.4), we choose h = u,, € W'2(0,b) and we have that

per
b
—lun 1P +/ f(t up)u, dt <e, foralln > 1. (3.5)
0

On the other hand, from (3.2) we have that

b
oAl —/ pF(t ) dt < pM;  for all n > 1. (3.6)
0

Adding (3.5) and (3.6), we obtain that

b b
/ It uy,) dt = / [f (&, un)un — pF (t,upn)]dt < My for some My >0, all n > 1.
0 0
(3.7)
Claim 3.4. {u,}n>1 € WLP(0,b) is bounded.

per

We argue indirectly. So, suppose that the sequence {uy, },>1 € W.LP(0,b) is unbounded.

per

By passing to a subsequence if necessary, we may assume that ||u,| — co as n — cc.
We set y,, = un/||unl|, n = 1. Then, ||y,|| =1 for all n > 1, and so we may assume that
Yn =y in ngg(o, b) and yn —y in C(T). (3.8)

First suppose that y # 0. We set Z(y) = {t € T': y(t) = 0}. Then, |T'\ Z(y)|» > 0 and
|t (t)| = o0 for a.a. t € T'\ Z(y). Hypothesis (H) (ii) implies that
Flt,un(t) Pt ua(t))
[[n [P |un ()P

lyn ()P — 400 for a.a. t €T\ Z(y). (3.9)

From (3.9) and Fatou’s lemma we have that

/b F(t, un(t))
0

Tunll? dt - 400 asn — oo. (3.10)

But, from (3.2) we know that

Lo P F(t,un(t)) M,
——lyn |5 +/ dt < for all n > 1. 3.11
A S TR T TR g 10
Passing to the limit as n — oo in (3.11), and using (3.8) and (3.10), we reach a contra-
diction.
Therefore, we may assume that y = 0. To treat this case, first note that by passing to
a suitable subsequence if necessary, we may assume that

lynll, = B3>0 for some 3> 0, all n > 1. (3.12)

Indeed, otherwise we have ||y, ||, — 0, which, in conjunction with (3.8), implies that
Yn — 0 in W2L(0,b) (recall that y = 0), which contradicts the fact that ||y,|| = 1 for all
n > 1.
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For every n > 1, we consider the continuous function o, : [0,1] — R defined by
on(1) = o(Tuy,) for all T € [0,1].
Let 7, € [0,1] such that
On(Tn) = maxfo,(7): 7 €[0,1]], n>1. (3.13)

For A > 0, let v, = (2\p/B3)/Py, € WLP(0,b), n > 1. Then, v,, — 0 in C(T) (sce (3.8)

per
and recall that y = 0). From the dominated convergence theorem (see Hypothesis (H) (i)),

we have that

/b F(t,on(t))dt =0 asn — oo. (3.14)
0

Since ||un|| — oo, we can find an integer ng > 1 such that (2\p/B)*/?1/|u,|| € (0,1) for
all n > ng. Then, from (3.13) we have that

2 \P 1
on(Tn) 20(() > for all n > ng
s [

= o(Thun) = ©(vn)

1 b
= Ly pin - / F(t,0,) dt
p 0
b

> 2X — / F(t,v,)dt (see (3.12))
0
>A>0 foralln>n; >2ng (see (3.14)).
(3.15)
Since A > 0 is arbitrary, from (3.15) we infer that
P(Thun) = +00  as n — oo. (3.16)
Note that 0 < 7,u} < ub and —u,, < —7,u,, <0 for all n > 1. So, from (3.1) we have
that
b b
/ I(t, Tut) dt < / I(t,ul) dt + 3D, (3.17)
0 0
b b
/ It —rrus) dt < / I(t, —u ) dt + 5. (3.18)
0 0

Since ¥(¢,0) = 0 for a.a. t € T, adding (3.17) and (3.18), we obtain that

b b
/ I, Truy) dt < / I(t, up)dt +28%b for all n > 1. (3.19)
0 0

Note that ¢(0) = 0 and |p(u,)| < My for all n > 1 (see (3.2)). These facts together
with (3.16) imply that 7, € (0,1) for all n > 1 large, say n > na. From (3.13) we have
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that

d
0= Tnd—ga(Tun)
T

b
— (! (Tt Tntin) = [l [[2— / F (b Tt (Fmt) dit
0

T=Tn

b
= |Imnuy|b :/ f(t, Tun)(Thuy)dt - for all n > no.  (3.20)
0

From (3.19) we have that

b b
/ [f (&, Tnun) (Trtn) — pF(t, Thuy,)] dt < / Ht,u,)dt +268%0 foralln >1
0 0

b b
= [T, ||h — /0 PF(t, Thuy,) dt < /0 It un) dt +26%0  for all n > ngy
(see (3.20))

b
= pp(Tnun) < / It up,) dt + 26%b  for all n = ngy
0

b
= / W(t, up)dt - +oo asn— oo (see (3.16)).
0

However, this contradicts (3.7). This proves the claim.
By virtue of the claim, we may assume that

U, = u in WEP(0,0) and  wu, —u in C(T). (3.21)

per

In (3.4), we choose h = u, — u, pass to the limit as n — co and use (3.21). Then,

lim (A(up),up —u) =0 = u, —u in WLP(0,b)

T
n—oo pe

= ¢ satisfies the C condition.

Proposition 3.5. If Hypotheses (H) hold, then Cy(¢,00) =0 for all k > 0.

Proof. Let 0B; = {u € W;2(0,b): |lul| = 1} and u € B;. Hypothesis (H) (ii) implies
that
o(tu) - —00  as T — +0o0. (3.22)

By virtue of (3.1), for every u € W1P(0,b), we have that

per
0=49(t,0) <I(t,ut(t) + B
and
0=19(t,0) <I(t,—u"(t))+ p* foraa.teT

= 0< V(¢ u(t))+26* foraa teT
= —9(t,u(t)) = pF(t,u(t)) — f(t,u(t))u(t) < 26" foraa.teT. (3.23)
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Then, for u € WLP(0,b) and 7 > 0, we have that

 plru) = (¢! (ru), u)

24! (ru), )

il [ il

N

b
71_[||Tu’||£—/0 pF(t,Tu) dt+25*b} (see (3.23))

_ %[pg@(Tu) + 23", (3.24)

By virtue of (3.22), we see that, for 7 > 0 large, we have ¢(7u) < p < —206*b/p, and
so from (3.24) it follows that

at”
Then, for u € 0By, we can find a unique y(u) > 0 such that ¢(y(u)u) = . Moreover,
invoking the implicit function theorem (see (3.25)), we have v € C(9B1). We extend v
to WLP(0,b) \ {0} by setting

per

(Tu) < 0. (3.25)

o) _ (L or all u L.p
) = oo () for all w € WD)\ (0}

[l

Clearly, 4 € C(WXE(0,b) \ {0}) and ¢(%(u)u) = p. Moreover, ¢(u) = p implies that

per

(u) = 1. So, if we set

. 1 if p(u) < p,
do(wy = ¢+ e <u (3.26)
V() if p(u) > p,
then 49 € C(Wy2(0,) \ {0}).
We consider the homotopy h: [0,1] x (W,2(0,b) \ {0}) — W2(0,b) \ {0} defined by

h(s,u) = (1 — s)u + syo(u)u.
Note that

h(0,u) =u, h(l,u) € p* foralluec WLP(0,b)\ {0} (see (3.26))

per

and
h(87 ')ltp“ =id |Lp“, ERS [Oa 1]- (3.27)

From (3.27) it follows that ¢ is a strong deformation retract of W,2(0,b) \ {0}. Using

the radial retraction we see that B is a deformation retract of W:2(0,b)\ {0} (see [13,
Theorem 6.5, p. 325]). Therefore, we infer that

©" and 9B; are homotopy equivalent
= Hp(WLP(0,b), ") = Hy(WLP(0,b),0B;) forall k>0. (3.28)

per per
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Since W:£(0,b) is infinite dimensional, dB is contractible in itself. Hence,

H(W)2(0,0),0B1) =0 forallk >0 (see [16, p. 389])
= Hp(WLP(0,b),0") =0 forallk>0 (see (3.28))

per

= Ci(p,00) =0 forall k>0 (choose p <0 with || big).
O

Proposition 3.6. If Hypotheses (H) hold, then Cp,+1(¢,0) # 0 or Ci(p,0) = 0k 0Z
for all k > 0.

Proof. First assume that (H) (iii) (a) is in effect. Let 3 € (A, Am+1) and consider
the C'-functional ¢: WLP(0,b) — R defined by

per
= L = Zulp for all w e whr(0,b
w(U)f];Hu IIP*EIIUIIP orall u € (0,0).

per
Since 8 ¢ o(p) (the spectrum of the negative periodic scalar p-Laplacian), it follows that
1) satisfies the C condition.
We consider the homotopy h: [0,1] x W1P(0,b) — WLP(0,b) defined by

per per

h(s,u) = (1 —s)p(u) + sp(u) for all (s,u) € [0,1] x WLE(0,b).

per
Note that h(0,-) = ¢ and h(1,-) = ¢ and that both functionals satisfy the C condition

(see Proposition 3.3).
Suppose that we can find {s,}n,>1 C [0,1] and {up}n>1 € W2E(0,b) \ {0} such that

per

$p — 8 € [0,1], up — 0 in WLP(0,b) and A, (s,,u,) =0 for all n > 1. (3.29)

per

From (3.29), we have that

Alun) = (1 — 5,)Ns(up) + spBlun P 2u, for all n > 1, (3.30)
with Ny(u)(-) = f(-,u(-)) for all u € WL(0,b).
We set ¥, = un/||unll, n = 1. Then, |ly,|| =1 for all n > 1, and so we may assume
that
Yo =y nWE0,6) and gy, —y in C(T). (3.31)

From (3.30), we have that

Ny (tn _
Alyn) = (1= Sn)| (tin) + 8, Blyn|P "2y, for all n > 1. (3.32)

Jun [P~
By virtue of Hypotheses (H) (i), (ii), we can find & € L'(T), such that

If(t,2)| < a)(|z|P~ + |z|"7) foraa. teT, allz € R

Ny (un o :
= {”f(ﬁ)_)l} C LY(T) is uniformly integrable (recall that p < r).
Uy,
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Thus, by virtue of the Dunford—Pettis theorem, we may assume that

Nf (un) w

l[un [P~

in LY(T). (3.33)

Using Hypothesis (H) (iii) and reasoning as in [3, Proof of Proposition 31], we have that
g(t) =€) |ylP~%y for a.a. t € T, with n < & < 7. (3.34)

On (3.32) we act with y, —y € W;2(0,b), pass to the limit as n — oo and use (3.31)
and (3.33). We obtain that

lim <A(yn)ayn - y> =0

n—roo

= y, —y in WLP(0,b) andso |ly]| =1 (see Proposition 2.3). (3.35)

per

So, if in (3.32) we pass to the limit as n — oo and use (3.33)—(3.35), we obtain that

Aly) = (1= )€+ Pyl %y
= —(' ("Y' (1) =&y Y1) ae on T, y(0) = y(b), ¥'(0) =y'(b),

where & = (1 — s)§ + s (see [2]).
Note that R R R R
Am < fs(t) <Ang1 ae.onT, Ay 7£ £y Ama1 7é &s-

Invoking [1, Proposition 2], we infer that y = 0 (see (3.36)), which contradicts (3.35).
This argument shows that we can find ¢ € (0,1) small such that « = 0 is the only
critical point of the family {h(s,-)}scjo,1) in B, = {u € WkE(0,b): ||lul| < o}. Invoking

the homotopy invariance property of critical groups (see [9, p. 334]), we have that

Cr(R(0,-),0) = Cx(h(1,-),0) foral k>0 = Ci(p,0) = Cy(1),0) forall k> 0.
(3.37)
Let ¢ > 0 and introduce the two sets
Co = {u € Wk (0,0): [['[[p < Bllullb, [lu]l = o'}

per

and

D = {u e Wy(0,b): [u|[5 > Bllullp}.

per
Evidently, both are symmetric sets and Co N D # (), 0 € D. The set 9B, = {u €
W32(0,b): [|ull = ¢'} is a Banach C'-manifold of codimension 1, and, hence, it is locally
contractible. The set Cj is an open subset of 0B,. So, it follows that Cy is locally
contractible too. Also, it is clear that the open set W,2(0,b) \ D is locally contractible.
If by ‘ind’ we denote the Fadell-Rabinowitz cohomological index [14], we have ind Cy =
m+1 and ind C = m+1 (see [23, p. 68]). Then, invoking [10, Theorem 3.6], we can find

K C WLP(0,b) such that the pair (C' U K,Cp) and D homologically link in dimension

per
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m + 1. So, from [8, p. 89], we have that C,,4+1(¢,0) # 0 and by virtue of (3.37) we
conclude that Cy,41(p,0) # 0.

Now, suppose that Hypothesis (H) (iii) (b) is in effect. Then, by virtue of Hypotheses
(H) (i) and (iii) (b), given &€ > 0, we can find a. € L'(T); such that

F(t,z) < =(no(t) + &)|z|P + ac(t)|z|” for a.a. t €T, all z € R.

SR

Then, for all u € W1P(0,b), we have that

per \»

—~

Lo (7
() = Sl - / F(t,u(t)) dt
b

1 X
>l = [ @ de = Sl — afull - for some &> 0
p 0 p

€o

= T_EHUHP — ¢|lul|”  for some 50 >0 (see [2, Proposition 7])

= u = 0 is a local minimizer of ¢ (recall that p < r)
= Ci(p,0) =0k 0Z forall k>0 (see [8]).

Propositions 3.3, 3.5 and 3.6 lead to the following existence theorem (see §2).
Theorem 3.7. If Hypotheses (H) hold, then (1.1) has a non-trivial solution ug €
CHT).
4. The multiplicity theorem
For the multiplicity theorem, the hypotheses on the reaction f(¢,x) are the following.

(H') f: T xR — R is a Carathéodory function such that for a.a. t € T, f(¢,0) = 0 and
the following hold.

Q) |ft,z)] < a@)(1 + ||t for aa t € T, all z € R, with a € LY(T),
p<r<oo.

(ii) limg a0 F(t,2)/|2|P = 400 uniformly for a.a. t € T and there exists * > 0
such that

It ) < Ht,y)+ " foraa. teT, all0<z<yory<z<O0.

(iii) There exist A* > A, and /) € L*(T), such that

S
* < 9 <
VS e S TR T

uniformly for a.a. t € T.
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(iv) There exist real numbers c_ < 0 < ¢4 such that
flt,eo) < P- <0< By < f(tyey) foraa.teT.

(v) For every ¢ > 0, there exists £ > 0 such that, for a.a. t € T, x — f(t,z) +
&5|[P~?2 is non-decreasing on [—p, g].

Remark 4.1. The asymptotic condition at +00 (see (H') (ii)) remains the same. The
asymptotic condition at 0 (see (H’) (iii)) is somewhat weaker than (H) (iii), since we
do not require that the quotient f(¢,z)/|x[P~2x asymptotically stays in the spectral
interval [5\k,5\k+1}. We only require that, for a.a. t € T, f(t,-) is (p — 1)-linear near
0 and the quotient f(¢,)/|x[P~2x near zero stays above A; > 0. Of course, we also
added Hypotheses (H') (iv) and (H’) (v). Hypothesis (H’) (iv) states that the reaction
has non-trivial zeros.

Example 4.2. The following function satisfies Hypotheses (H’) (as before, for the
sake of simplicity, we drop the t-dependence):

n(lzfP=2e = 20z|%2)  if 2 <1,
fx) = ,2 P
|z|P~*xIn || — nlz|” %z if |z| > 1,

withn > A, 1 <7 <p<gq<o0.

We start by producing two constant sign solutions. To this end, we introduce the
following truncations—perturbations of the reaction f(¢,z):

0 if z <0,
folt,z) = ft,x)+ 2P~ if0<x<cy,
flter) + cﬁ_l ifey <w
and
flt,eo) +le_P2c_ ifz<ec,
fo(tx) =< ft,z) + |z|P—22 ifeo <x<0, (4.1)
0 if0 <.

Both are Carathéodory functions. We set

b
F:I:(tvx) :A f:l:(tvs) ds

and consider the C'-functionals ¢4 : W1P(0,b) — R defined by

per

b
G (u) = —[lulI} + llullp] — / Fy(t,u(t))dt for all u € Wy(0,0).
0

1
p
Proposition 4.3. If Hypotheses (H') hold, then (1.1) has at least two non-trivial

constant sign solutions ug € int Cy, vo € —int Cy and c— < vo(t) < 0 < ug(t) < ¢y for

allteT.
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Proof. We show the proof for the positive solution ug, the proof for the negative
solution vy being similar.
Evidently, ¢ is coercive (see (4.1)) and it is sequentially weakly lower semi-continuous.

So, by the Weierstrass Theorem, we can find ug € ng}r’ (0, ) such that

P+ (uo) = inf[py (u): uw € Wi (0,0)] = 1y (4.2)
By virtue of Hypothesis (H') (iii), we have that
My = @4(up) <0=¢4(0) andso wug#0.
Also, from (4.2) we have that

Aluo) + [uoP~?ug = Ny (uo), with Ny (u)(-) = fi (- ul-)), (4.3)

for all u € WLP(0,b).

per
Acting on (4.3) with —ug € W}E(0,b), we obtain ug > 0. Next, we act on (4.3) with
(uo — ¢4 )t € W, 2(0,b) and obtain that

b
(Aluo), (uo = )"} + [ o - )"
b ’ b
:/ f(t,c+)(uo—c+)+dt+/ At ex)(wp — ex )t (see (4.1))
0 0

b
= (A(w) = Ales). (w0 =) )+ [ @7 = o e e <
H

(see (H'

0
) (iv))
= [{ug > c4}1 =0, ie up < cy.
Hence, 0 < up < ¢4 and so (4.3) becomes
A(ug) = Ny(ug) (see (4.1)) = ug € C \ {0} solves (1.1).
Let o = cy and let £ > 0 be as postulated by Hypothesis (H') (v). Then,
—(Jup (P~ 2up (1)) + Euot)P > 0 ae.on T = ug € int C'y  (see [25]).
For 7 > 0, set ur = up + 7 € int C’+. We have that
= (e (O 2ur (1) + Eur ()P
< —(Juh () [P 2ug(t)) + §Zu0(t)p_1 + A7) with A(7) = 0" as 7 — 0T
— F(tuo(6)) + Euo(t)P + A7)

Flties) + 67 + A7) (see (H') (v))

<
B HEETTENT) (e (H) ().
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Since B4 < 0 and A(1) — 0T as 7 — 0T, for 7 > 0 small we have that
Aur) + Eur (71 < Ales) + €5 in W2(0,b)

= ur < C4 for all 7 > 0 small
= ug(t) <cy forallteT.

Similarly, working with ¢_ we produce a negative solution vy € —int C‘+ such that
c- <w(t)<OforallteT. O

Remark 4.4. Let

0,c4] = {u € W2E(0,b): 0 < u(t) < cy forall t € T},

per

[c_,0] = {u € WLP(0,b): c. <u(t) <0ae onT}

per

From the proof of Proposition 4.3, we have that
ug € intél(T) [0,up] and wg € intél(T) [vo, 0].

Invoking [2, Proposition 9], we infer that wg and vy are both local minimizers of ¢
(see (4.1)).

Reasoning as in [4, Proposition 8], we can have extremal solutions of (1.1) in the order
intervals [0, cy] and [c—,0].

Proposition 4.5. If Hypotheses (H') hold, then (1.1) has a smallest non-trivial solu-
tion @y € int C'y and a biggest solution ug € int C, with ug(t) < cy for all t € T in the
order interval [0, c;]; similarly in the order interval [c_,0].

By virtue of this proposition, we may assume that the two solutions ug and vy obtained
in Proposition 4.3 are extremal, namely that ug € int C‘+ is the biggest solution of (1.1)
in the order interval [0,cy] and vy € —intC, is the smallest solution of (1.1) in the
order interval [c_,0]. Using these two solutions together with variational methods and
truncation techniques, we produce two more non-trivial solutions of constant sign.

Proposition 4.6. If Hypotheses (H') hold, then (1.1) has two more non-trivial solu-
tions of constant sign, iU € int C’+ and ¥ € —int C+, such that ug < 4, ug # % and 0 < vy,

0 # vg.

Proof. As already mentioned, we assume that the solutions ug and vg from Proposi-
tion 4.3 are extremal in the order intervals [0, c4] and [c_, 0], respectively.

We show the proof for the positive solution u, the proof for the negative solution 0
being similar.

We consider the following truncation—perturbation of f(¢,x):

R _ ftuo(®) Fuo)Pt i @ < (),
ge(tw) = {f(t,:z:) + 2Pt if ug(t) < @. (44
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This is a Carathéodory function. We set
é_;,.(t,d?) = / g-‘r(tvs) ds
0

and introduce the C'-functional ¢y : W2(0,b) — R defined by

per
. 1 b
Yy (u) = ];[IIU’Ilﬁ + [lulP] —/O Gy(t,u(t))dt  for all u e Wy2(0,b).

Reasoning as in the proof of Proposition 3.3 and using Hypothesis (H’) (ii), we show that
1, satisfies the C condition. (4.5)

Moreover, Hypothesis (H') (ii) implies that
() = —o0 as &€ — +oo, £ €R. (4.6)

We consider the following truncation of g, (¢, z):

gu(t,x if x <cy,
gi(ta) = Orlh) AT <o (4.7)
g+(ticq) ifep <z
We set "
G_;,_(t,ﬂf) :/ g+(t,s) ds
0

and consider the C'-functional ¢ : W2(0,b) — R defined by

o (u) = [Hu 12+ [full?) / Ga(tou)dt for all ue WL2(0,b).
It is clear from (4.7) that ¢, is coercive. Also, it is sequentially weakly lower semi-

continuous. So, we can find i € W2(0,b) such that

4 (o) = 1nf[¢+(ﬁ> u€ Wséf(o b)]
U (i) =
= A(ug) = Ng+(1]o) with Ny, (u)(-) = g4 (-,u(-)) for all u € Wple}r’(O b).
(4.8)

From (4.8), as before (see the proof of Proposition 4.3), we show that

Qo € [ug, cq] = {u € WL (0,b): ug(t) < u(t) < cg forall t € T}

The maximality of ug implies that @y = ug. From Proposition 4.3 we know that ug(t) < cy
for all t € T. Since ¥4 |jp,c,] = V40,c.] (see (4.7)), it follows that ug is a local C*(T)-
minimizer of ¢. Hence, by virtue of [2, Proposition 9], we have that wug is a local

W32(0, b)-minimizer of ¢4. We may assume that ug is an isolated critical point of .
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(otherwise we have a whole sequence of distinct critical points of 1&+ converging to ug
and since

Ky, Clu)=A{ue WLP(0,b): up(t) < u(t) for all t € T}

per

we are done; see (4.4)). Then, reasoning as in [3, Proof of Proposition 29|, we can find
0 € (0,1) small such that

Wi (uo) < inf[dy(u): [Ju— uoll = o =] (4.9)

Then, (4.5), (4.6) and (4.9) allow us to use Theorem 2.1 (the mountain pass theorem).
So, we obtain @ € WLP(0,b) such that

per

b (uo) < iy <y (@) (4.10)
and

P (@) = 0. (4.11)
From (4.10) we have that @ # ug, while from (4.11) we have that

A(@) +[a|"=*a = Ny, (@), with Ng, (u)(-)

g+ (- u(+)), for all uw € W 2(0,b). (4.12)

Acting on (4.12) with (ug — )" € Wj2(0,b) and using (4.4), we show that ug < .
So, (4.12) becomes

A(0) = Ny (1) (see (44)) = @€ intCy, ug < 1, up # 4 is a solution of (1.1).

Similarly, using vy € —int C; as the smallest solution of (1.1) in the order interval [c_, 0],
we produce a second negative solution v € —int C, 0 < vg, U # vg. O

Next, we produce a nodal (sign changing) solution for (1.1).
Proposition 4.7. If Hypotheses (H') hold, then (1.1) admits a nodal solution yo €
c\(T).

Proof. Let 7 € int C’+ be the smallest positive solution of (1.1) and let ¢y € —int C’+
be the biggest negative solution of (1.1). Also, let o = max(||ugllco, ||Vo]loo) (With wg,
vo the extremal solutions from Proposition 4.5) and let {; > 0 be as postulated by
Hypothesis (H') (v). We introduce the following truncation—perturbation of f(¢,x):

Ft,00(8) + &5100()[P2T0(t) if @ < To(t),
h(t,x) = { f(t,2) + €lalPe if 0 (t) < o < dio(1), (4.13)
[t ao(t) + Euo ()P~ if ag(t) < .

This is a Carathéodory function. We set

H(t,z) = /O " h(t,s)ds
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and introduce the C''-functional o: W1(0,b) — R defined by

per

O'(U) per

1 b
= I + €5 ) —/ H(t,u(®)dt for all u e WL2(0,5).
0

Also, let h(t,x) = h(t, +z7F),

Hy(t,z) = /Om hi(t,s)ds

and
b
ou(u) = %[nu’ng + € ull?) - / Ho(t,u(t)) dt

for all u € W2(0,b). Both are C'-functionals.

As before, we easily check that
K, C [vg, o). (4.14)
Moreover, the extremality of the solutions ug, U9 implies that
K, ={0,59} and K, = {7o,0}. (4.15)

Clearly, o is coercive (see (4.13) and recall that h (¢, z) = h(t,zT)). Also, o is sequen-
tially weakly semi-continuous. So, o4 admits a minimizer that, by virtue of Hypothesis
(H') (iii), is non-trivial. Hence, (4.15) implies that this minimizer equals 4o € int Cy. If

Wy = {ue€ WP(0,b): u(t) = 0 for all t € T},

per

then o|w, = oy|w,. Since 4y € int C,, it follows that g is a local C'(T)-minimizer
of o; hence, it is also a local W,2(0, b)-minimizer of ¢ (see [2]). Similarly, using o_, we
show that 99 € —int C is a local minimizer of . We may assume that o(0g) < o (@)

and, as before, we can find g € (0,1) small such that
o(%9) < o(tp) < inflo(uw): ||u — G| = o] = 7,- (4.16)

Since o is coercive (see (4.13)), it satisfies the C condition. This fact together with (4.16)
allows us to use Theorem 2.1 (the mountain pass theorem). So, we can find yo € W:2(0,b)
such that

(%) < a(tg) <7y < o(yo) = inf max o(y(t)) (see (4.16)), (4.17)

where I' = {y € C([-1,1], W}£(0,b)): v(—1) = @0, (1) = @} and

o' (yo) = 0. (4.18)

From (4.17) we have yo ¢ {09, @o }, while from (4.18) and (4.14) we have yg € [09, @o]. So,
if we show that yg # 0, then the extremality of g, ¥g implies that yg is nodal. According
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0 (4.17), in order to establish the non-triviality of yq it suffices to produce a path v, € I
such that o|,, < 0=0(0).
To this end, let M = WLE(0,b) N OBY" furnished with the W32 (0, b)-topology and let

M.=Mn Cl( ) furnished with the C’l( )-topology. Then, M, is dense in M for the
WLE(0,b)-topology. We consider the two sets of paths

per

€ C([_la 1]7M) ’?(_1) = _ﬁ0> ’?(1) = ﬁ0}7
ﬁc = {'Ay € C([_la 1]aMC): ’A}/(_l) = _a07 '3/(1) = ’0'0}
Evidently, I, is dense in I" for the C([-1, 1], M)-topology. Hypothesis (H') (iii) implies
that we can find p* € (A1, A*) and gy € (0, min{ming |¥g|, ming @Gg}) such that

M—\x|p < F(t,z) foraa.teT, all |z] < do. (4.19)
p

The density of I, in I for the C([-1,1], M)-topology and Proposition 2.2 imply that we
can find 4 € I, such that

o

&’7(5)

P
<A +e forall se[-1,1], withe € (0, 4" — A1). (4.20)
P

Note that 4([—1,1]) € CY(T) is compact and recall that @ € int Cy, 5 € — int .. So,
we can find ¥y € (0,1) small such that

[Fou(t)] < 6y forallteT and You € [Dg, 0] for all u € 4([-1,1]). (4.21)

For any u € 4([—1,1]), we have that

% ’
(o) = 2o/~ [Pt dou(e) de
0
(see (4.13), (4.21) and recall the choice of dy > 0)
p
%[)\1 +e—p'] (see (4.20), (4.19) and recall that ||ul, = 1)
<0 (see (4.20)).

Let 49 = ¥o. Then,
O'HO <0 (4.22)
and the continuous path 4y connects —dgty and Jytyg.

Let a = 04 (up) = infoy <0 = 01(0). Note that K3 = {u € Ko, : p(u) = a} =
{@p} (see (4.15)). Apply the second deformation theorem (see, for example, [21, p. 349]
and [23, p. 3]) to produce a deformation h: [0,1] x (69 \ {0}) — o9 such that h(0,-) = id
and

h(1,09\ {0}) = {0}, (4.23)
o (h(s,u)) < oy (h(r,u)) forall s,7€[0,1], 7<s, ueol\ {0} (4.24)
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We set 44 (s) = h(s, o), s € [0,1]. Then,
44(0) = h(0,940) = Fg and 44 (1) = h(1,949) = Gy (see (4.23))
—> 44 is a continuous path connecting 91y and .
From (4.22) and (4.24), it follows that
o4ls, <O0. (4.25)

For u € 44(]0, 1]), we have that

b
o(u) = [IIU’IIP+§QIIUHP] /(H(t,u+)+H(t7—u’))dt

= o (u / H(t,—u~)dt. (4.26)

From (4.13) and Hypothesis (H') (v), z = 0 is a global minimizer of x — f(¢,x) +
(&5/p)|w|P on [—o, 0] for a.a. t € T. So,

b
/ H{t,—u~)dt > 0.
0
Hence,

o(u) <oyp(ut)  (see (4.26))
= 0]5, <0 (see (4.25) and recall that o (u) = o4 (u')).  (4.27)

Similarly, we produce a continuous path 4_ that connects —J1iy and ¥y such that
O":yi < 0. (428)
We concatenate y_, 4y, 4 and produce . € I' such that

oly, <0 (see (4.22), (4.27), (4.28))
= yo#0 and soyy € C*(T) is a nodal solution of (1.1).

So, summarizing, we have the following multiplicity theorem for (1.1).

Theorem 4.8. If Hypotheses (H') hold, then (1.1) has a smallest non-trivial solution
U € int C’+, a biggest non-trivial solution vy € —int C+ such that

c— <vo(t) <0< wug(t) <cy foralltel,
at least two more solutions of constant sign @ € int C’+, U € —int C’+ such that
up < U, ug £ U and 0 < vy, U F# vy,
and at least one nodal solution yo € C*(T).
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