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Abstract

Let G be a transitive permutation group of degree n and let K be a nontrivial pronormal subgroup of
G (that is, for all g in G, K and K8 are conjugate in (K, K?)). It is shown that K can fix at most
3(n — 1) points. Moreover if K fixes exactly 3(n — 1) points then G is either 4, or S, or GL(d,2) in
its natural representation where n = 29 — 1 = 7. Connections with a result of Michael O’Nan are
discussed, and an application to the Sylow subgroups of a one point stabilizer is given.

1980 Mathematics subject classification (Amer. Math. Soc.): 20 B 05, 20 B 10.

This paper is concerned with finding an upper bound for the number of fixed
points of certain subgroups of a transitive permutation group G. In [16] it was
shown that the number of fixed points of a Sylow subgroup was strictly less than
half the total number of points. Here we generalise that result to the class of
nontrivial pronormal subgroups of G, that is, nontrivial subgroups K such that for
all g in G, K# is conjugate to K by an element of (K5, K). If p is a prime
dividing the order of G a p-subgroup K of G is pronormal if and only if each
Sylow p-subgroup of G contains exactly one conjugate of K, that is K weakly
closed in any Sylow p-subgroup of G containing it. In particular Sylow subgroups
are pronormal, and if G is soluble, then its Hall subgroups are pronormal. The
main result of the paper is the following theorem. The proof is by induction and
exploits results of Cameron [4, 5). (Note that if K is a permutation group on a set
@ then fixy K and suppg K denote its set of fixed points in € and its support
Q-fixg K in Q respectively.)
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THEOREM 1. Let G be a transitive permutation group on a set § of n points, and
let K be a nontrivial pronormal subgroup of G. Suppose that K fixes f points of Q.
Then

@f<i(n—1),and

(b) if f = 3(n — 1) then K is transitive on its support in , and either G = A, or
G = GL(d,2) acting on the n = 2% — 1 nonzero vectors, and K is the pointwise
stabilizer of a hyperplane.

This result may be compared, with a result of Michael O’Nan ([13], Theorem
A) on subgroups of prime order of primitive permutation groups. We note that
O’Nan’s result is true without the restriction that the subgroups have prime power
order. As a simple consequence of Theorem 1 and O’Nan’s results we have
Theorem 2.

THEOREM 2. Let G be a primitive permutation group on a set & of n points and let
K be a nontrivial subgroup of G satisfying: if g € G is such that suppg K N
suppg K& # @, then K is conjugate to K8 in (K, K8).

Then one of the following is true.

@) [ fixg K|< $(n — 1),

(i) G 2 4,,

(ili) G = GL(d, 2) on the n = 2¢ — 1 = T nonzero vectors,

(iv) G = AGL(d,2) on the n = 29 = 8 vectors.

(For if K is conjugate to K% in { K, K#) for all g in G then K is pronormal and
the result follows from Theorem 1; if not then the result follows from [16]
Theorem A.) A less trivial consequence is the following; we note that O’Nan’s
result is not strictly necessary for the proof.

THEOREM 3. Let G be a primitive permutation group on a set § of n points and let
K be a nontrivial subgroup of G such that fixg K is nonempty. Assume that K

satisfies

(*) If g € G is such that fixg K N fixg K% 5= & then K is conjugate to K% in
(K, K¥).

Then f =|fixg K|< in, and if f= 4n either G D A, or G = AGL(m,2) with
n=2"=8.

This has the following corollary.

COROLLARY TO THEOREM 3. Let G be a primitive permutation group on a set Q of
n points, let p be a prime dividing | G|/n, and let K be a Sylow p-subgroup of the
stabilizer G, of the point a of Q. Then f =|fixg K|< snand if f = in thenn = 2p
and GD A,
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Theorem 1 is proved in Section 2, and Section 1 consists of preliminary results
among which is the following application of a result of Wielandt.

PROPOSITION 4. Let G be a primitive permutation group on Q. For a € Q suppose
that K is a subgroup of G, satisfying:

(»*) If K& < G, for g € G, then K" = K for some h in G,.
Then K acts nontrivially on each orbit of G, in @ — {a}.

In Section 3 we prove a generalization of Theorem 3 and its corollary for
transitive groups. Our notation is fairly standard and follows the conventions of
[20]. However when it is convenient we shall use the notation of D. G. Higman [7]
for suborbits of a permutation group. If G acts as a permutation group on a set 2,
we shall call on orbit of G in suppg G a nontrivial orbit.

The author has appreciated the help of Drs. Marcel Herzog, Chris Godsil and
Brendan McKay in discussions relating to this work.

1. Preliminary results

In this section we first prove Proposition 4. Then we examine some properties
of the groups of Theorem 1(b) and some properties of pronormal subgroups
which will be useful in the inductive proof of Theorem 1. Finally we state for
convenience some known results about primitive groups with a small subdegree.

PROOF OF PROPOSITION 4. Let G, K satisfy the hypotheses of Proposition 4, and
let T be an orbit of G, in & — {a}. By [20] 18.1, for some g in G, K¢ < G, and
acts nontrivially on T'. Thus for some x in K%, B in I', we have 8* #+ 8. By
condition (+*) , K& = K for some # in G,. Then x* € K, B* € T" =T, and
(BM)F'xh = Bxh = Bh Thus K acts nontrivially on T.

Note we consider the groups 4, and GL{(d,2).

LEMMA 1.1. Suppose that G, K satisfy the hypotheses of Theorem 1 and G = A,,.
Then K has only one nontrivial orbit. If this orbit has length a then f = a — i (n),
where i (n) is the integer satisfying 1 <i (n) <a, n+ i (n) = 0(mod a). Thus if
f=in—1)thenn=2a—-1.

PROOF. Let a be the length of the shortest nontrivial orbit of K. Suppose that
f=aandlet T be a K-orbit of length a. Then there is an element g in 4, such that
I's C fixg K. Then T'® is an orbit both of K# and of (K, K#). Since K is
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pronormal K&" = K for some 4 in {( K, K#), but then I's* = '8 is an orbit for X,
contradiction. Hence f < a and so f = a — i (n) and the rest follows immediately.

Clearly G = A, has nontrivial pronormal subgroups. As a corollary to the proof
we have

COROLLARY 1.2. If G, K satisfy the hypotheses of Theorem 1 and G is a-transitive
then f = a — i (n) (where a is the length of the shortest nontrivial orbit of K).

LEMMA 1.3. Suppose that G = GL(d, 2), d = 3, acting on the set Q of n = 2¢ — 1
nonzero vectors. Let K be the pointwise stabilizer of a hyperplane A. Then K is
elementary abelian of order 2™, is regular on @ — A, and is pronormal. Moreover
no subgroup of K of index 2 is pronormal in G.

PROOF. It is well known that K is elementary abelian of order 297! and acts
regularly on € — A. Moreover K is pronormal since each Sylow 2-subgroup of
GL(d,2) contains exactly one conjugate of K. Now K has 297! subgroups of
index 2 and each of these groups has two orbits of equal length in @ — A. Thus
there are 2¢ — 2 orbits in € — A of these subgroups, and each of these orbits is
the intersection of € — A with one of the 2¢ — 2 hyperplane distinct from A.
Since G is 2-transitive on the set of hyperplanes it follows that all subgroups of
index 2 in K are conjugate in G. If L, L’ are distinct subgroups of K of index 2,
then both L and L’ are normal in (L, L’)= K and so neither is pronormal in G.

In the proof of Theorem 1 we shall use the following results repeatedly.

LEMMA 1.4. Suppose that K is a nontrivial pronormal subgroup of the group G.

(a) If K < H < G then K is a pronormal subgroup of H.

(b) If X is a normal subgroup of G not containing K, then KX/ X is a nontrivial
pronormal subgroup of G/X.

LemMA 1.5. Suppose that K is a nontrivial pronormal subgroup of a primitive
permutation group G on Q. If a € fixg K then K acts nontrivially on each orbit of G,
inQ — {a}.

The proof of Lemma 1.4 is straightforward and that of Lemma 1.5 is simply an
application of Proposition 4. Finally we quote some results about primitive
permutation groups with small subdegrees.

LEMMA 1.6. Let G be a simply transitive primitive permutation group on  of
degree n. Let o € X and suppose that G, has an orbit of length k in @ — {a}.
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(a) ([20] 18.7, 18.8) If k = 2 then n is prime and G is a Frobenius group of order
2n.

(b) ([21]) If k = 3 then G, is soluble with order dividing 48.

(c) ((18] Theorem 2.1 (10)) If k is 3 or 4 then either n is divisible by a prime
greater than 3 or n = 2° or n = 3° for some ¢ < k.

2. Proof of Theorem 1

Suppose that Theorem 1 is false, let n be the least integer for which a
counterexample of degree n exists, and let G be a counterexample of degree n.
Thus G has a nontrivial pronormal subgroup K with f = $(n — 1) fixed points in
2, G2 A,, and G is not GL(d, 2) in its natural representation for any d.

LEMMA 2.1. G is primitive on Q.

PRrROOF. Suppose that G has a set £ = {B),...,B,} of blocks of imprimitivity in
Q with [2|=1¢> 1, |B;|= b > 1, and n = tb. Since any block containing a point
of fixg K is fixed setwise by K and since f > 0 it follows that fixy K is nonempty.
By [20] 3.5 applied to K= as a subgroup of G=, N;(K) is transitive on fixy K. It
follows that f, =|fix z K| is independent of the choice of B in fixs K. Thus if we
set fs =|fixg K| then f = f5 fg. If for B in fixs K, KZ # 1 then the hypotheses of
Theorem 1 hold for the setwise stabilizer of B acting on B. Hence by minimality,
fz<3(b— 1), and so f < tfy < i(n — 1). If on the other hand K% =1 for B in
fixy K, then f = bfy and so K= # 1. The hypotheses of Theorem 1 then hold for
G* and again by minimality, fs < 3(¢ — 1), and f < {(n — 1). Thus G is primitive
on , since f= 1(n — 1).

LEMMA 2.2. G is 2-transitive on @ and f = 1(n — 1).

PROOF. Let a € fixg K. Then by Lemma 1.5, K acts nontrivially on each orbit
T of G, in & — {a}. By Lemma 1.4, the hypotheses of the theorem hold for G
with nontrivial pronormal subgroup K. Let {I;; 1 <j <5} be the G,-orbits in
@~ {a}, s=1, and let [I;|=n; and |[fix KNT;|=f, 1<j<s. Then by
minimality f =1+ 2 f, <1+ 33(n; — 1) = 3(n + 1 — s). Thus either f= }(n
— 1D ands<2ors=1andf= jn Assume that G, is transitive on & — {a} and
|fix K — {a}|= 3((n — 1) — 1). Then by minimality, either G, = 4,_,, or G, =
GI(d,2) with n — 1 =29 — 1 and K the pointwise stabilizer of a hyperplane.
Since G 2 4,, G, = GL(d,2) is the collineation group of (d — 1)-dimensional
projective geometry over a field of order 2 and d = 3. It follows from [6] 2.4.34
that G is a collineation group of a d-dimensional affine geometry over a field of
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order 2. Since fix K — {a} is a hyperplane of the projective geometry, then both
fix K and supp K are hyperplanes of the affine geometry. Now G is transitive on
hyperplanes (since G, is transitive on the hyperplanes containing a«), and so
(supp K')® = fix K for some g in G. Then K and K¥ centralise each other, a
contradiction since K is pronormal.

Thus f= 5(n — 1) and s < 2. Assume that s = 2. Then Ji=2(n; — 1) for
Jj = 1,2, and by minimality G, is doubly transitive on both I', and T, contradict-
ing [20] 17.7. Thus G is 2-transitive on .

Let G be d-transitive but not (d + 1)-transitive. Then since G 2 4, it follows
from [20] 15.1 that 2 << d < 5. It is easy to check that n > 11 and hence f > d. Let
A be a subset of Q& of sizem = n — d + 1 such that @ — A C fixg K, and let H be
the pointwise stabilizer in G of @ — A, Then H is transitive but not 2-transitive on
A,K C H,and|fix, H|=f—d+ 1 = $(m — d) = e > 0, say. Information about
an imprimitive H is given by the next lemma.

LEMMA 2.3. Let X be a transitive imprimitive permutation group on a set A of
m < n points having a nontrivial pronormal subgroup K with e = $(m — z) >0
fixed points where 2 < z < 5. Then one of the following is true.

(i) m = yz, X has a set of z or y blocks of imprimitivity in A of length y or z
respectively, and in either case the action of degree y is A, or S, (withy =3 and y
odd), or GL(r,2) (withy =2"—1=17).

(i) m = 4y, z = 4, X has 2y blocks of imprimitivity of length 2 and X acts on the
set of 2y blocks as an imprimitive group with 2 blocks of imprimitivity of length y.
The representation of degree y is as in (1).

(iii) m = 2x, z =4, X has 2 or x blocks of imprimitivity of length x or 2, the
representation of degree x is primitive and the fixed point set of K in this
representation has size 1(x — 2).

PROOF. Assume that X is imprimitive on A with a set = = {B,,...,B,} of t > 1
blocks of imprimitivity of length b > 1, where m = tb. Assume that the blocks are
maximal proper blocks so that X acts primitively on 2. As in Lemma 2.1 fixy K is
nonempty and N,(K) is transitive on fixy K. Thus if ey =|fixy K| and ez =
|fixz K| for B in fixy K, then e = egep. Suppose first that for B in fixy K,
K% # 1. Then by minimality e, = 2(b — u) for some positive integer u. Also
either es = ¢ or K= # 1 so that (again by minimality) ey < 3. In the latter case
tm—z)=e<itey=4(m— ), thatism <2z — tusothate = §(m — z) <
(z—w)<32 Hence e=1, z =5, and m = 7 which is a contradiction. Thus
3(m —z) = e = teg = 3(m — tu), so that either 1 = z, u = 1 and (i) follows by
minimality, or z = 4 and ¢t = u = 2; here consideration of the action on B, and
B, of the subgroup of X fixing B, and B, setwise shows that one of (i), (ii), (iit), is
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true. Thus assume that K fixes pointwise each block in fixy K. Then K= # 1 and
by minimality e5 = 1(z — u) for some positive integer u, so that 2(m — z) = e =
bes = 3(m — bu). As aboveeitherb = z,u = 1 and (i) is true,orz = 4,b = u = 2,
and as X is primitive on =, (iii) is true.

The next lemma gives information about a primitive group H, and we make
this explicit in the corollary.

LEMMA 2.4. Let X be a primitive permutation group on a set A of m < n points
having a nontrivial pronormal subgroup K with e = 3(m — z) = 0 fixed points
where 1 <z <5. Then

() if z = 1, X is 4-primitive or X = GL(d,2),or X D A,,,

(i) if z = 2, X is 3-primitive, or m = 6, X = PGL(2,5), or m = 4, X = A,, or
m=2,

(iii) if z = 3, X is 2-primitive, or m = 9 and X is ASL(2,3) or AGL(2,3), or
m = Sand|X|is 10 or 20, or m = 3,

(iv) if 4 < z < 5, X has rank at most z; and if z = 4 and X is 2-transitive then X
is 2-primitive.

COROLLARY TO LEMMA 2.4. H is primitive and d is 4 or 5.

This corollary follows immediately from Lemma 2.2 and Lemma 2.4 parts (i),
(i1), and (iv).

PROOF OF LEMMA 2.4. Suppose that X satisfies the hypotheses of the lemma
with degree m < n, and e =|fix, K|= 3(m —z) =0, 1 <z < 5. Suppose also
that the lemma is true for groups of smaller degree. Clearly we may assume that
m =7, and e > 0. The proof is given in two steps.

Step 1. First assume that X is not 2-transitive; then z = 2 by minimality and
Lemma 2.2. Let § € fix, Kand letT',..., T be the orbits of X;in A — {8}, where
|T;|= m, for each i < s, and s = 2. By Lemma 1.5, K acts nontrivially on each T,
and so by minimality e, =|fix K N T;|= 3(m; — z,) for some positive integer z,,
and 2z, =z + 1. If z; = 1 for some j < s then by minimality X; acts on I as Ap s
Smj, or GL(r,2) with m; = 2" — 1. By [20] 17.7, X; cannot act 2-transitively on all
of the I} so we conclude that at least one of the z; is greater than 1. It is
convenient to order the T} so that z; <z, < --- <z then z, > 2. Suppose next
that z;, = 1 forallj < s — 1. Then by [5], s < 3 and if s = 3 then m = 41%(z + 2)?,
and m, = m, = 1(2¢2 + 4t + 1) for some odd positive integer t. Moreover by [4,
17], my = m(m, — 1)/k where k is 1, 2, or 3. It follows that t =1, m; =7,
k =2, and (by [5]), X;' D 4,. Here X; acts on T as on unordered pairs of points
of I, and as X fixes 3 points of I'; and has one orbit of length 4 (in order to be
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pronormal) it follows that K fixes exactly 3 points of I';. Thus z; = 15 > z which
is a contradiction. Thus s = 2, z; = 1, and 2 < z, = z < 5. Assume here that z is
2 or 3. Since X; on I is alternating or symmetric or GL(r,2), by [4, 17],
my, =m,(m, — 1)/k where k is 1, 2, or 3, and if kK = 3 then r = 4. Also, as X
cannot be 2-transitive on I}, it follows that Xj is imprimitive on I’, or z, = 3 and
m, is 3 or 5. In the latter case, m, 5 as m, = m(m, — 1)/k, and m, # 3
follows from [20] 18.4. In the imprimitive case it follows from [20] 18.2 and
Lemma 2.33i) that m, = z,m, so that (m, m,) is (3,6), (5,10), or (7,21). If
m, = 3 then (see [18]), X is A5 or S, on unordered pairs; here e = 4 and so K is
generated by a transposition. However such a group is not pronormal. If m; = 5
then e = 7 divides | X'} which is impossible by {18]. If m, = 7 then m = 39, and
e = 13 divides | X| which is impossible by [20] 13.10. Thus if X is not 2-transitive
then z = 3; if 3 < z < 6 then X has rank at most z; and if z = 3 and X has rank 3
thenz, =z, = 2.

Assume then that z = 3, z; = z, = 2. Then as X, cannot be 2-transitive on both
I, and T, we may assume that it is imprimitive on I'; and its action satisfies
Lemma 2.3(i); in particular m,; = 2(mod4) and m, = 6. Suppose that Xj is
primitive on I,. Then either Xj is 3-transitive on I, or m, = 4 and XJ> = 4,, or
m, = 2. By Lemma 1.6, m, ¥ 2 (since m, = 6). By {4}, m;, = m,(m, — 1)/k
where kis 1or2, orm = (x+ 1)’(x + 4%, my, = (x + I)(x2 + 5x + 5), k = (x
+ 1)(x + 2) for some integer x = 1. In the latter case x is odd since m, is even,
and hence m, is odd, contradiction. Hence k is 1 or 2. By [20] 17.6, the only
nonabelian composition factor of X is 4., x = im,, or GL(r,2), 1m,; = 2" — 1,
r = 3. Also if m, is a power of 2 then, since m, = 2(mod 4) and m,; = 6, we have
m, =6, m, =4, m =11, a contradiction to [20] 11.6 and 11.7. Thus we may
assume (by [20] 11.3 and 12.1 and [3] page 202), that X[ has a simple normal
subgroup S which is 2-transitive of even degree m,, where S is 4., or GL(r, 2),
and im, is x, or 2" — 1 respectively. By [2, 10], (%m,, m2) is (5,6), (7,8), or
(15, 8) all of which contradict m; = m,(m, — 1)/k, k < 2.

Thus Xj is imprimitive on both I, and I',, with the actions given by Lemma 2.3.
By [20] 18.2 it follows that m; = m, = 2(mod4) and m, = 6. If m;, = 6 then
m = 13 contradicting [20] 11.6 and 11.7. If m; = 10 then m = 21, e = 9, and | K|
is divisible by 3. Hence | N(K)| is divisible by 27. However by [20] 13.10, | X| is
not divisible by 25 and so X; has only one composition factor 45. It follows that
| X5| is not divisible by 9, a contradiction. Thus m, = 14. Suppose that 4,
X = $m, is a composition factor of X;. Then X; contains a 5-element of degree at
most 20, a ¢ontradiction to [20] 13.10. Thus x = 4m, = 2" — 1, and X, has a
composition factor GL(r,2), r = 3. Let Y be the smallest normal subgroup of Xj
such that X;/Y is a (possibly trivial) 2-group. Then KY is represented as GL(r,2)
(acting on points or hyperplanes), on either a set of x blocks of imprimitivity in T}
or on each of two blocks of length x in I, for j = 1 and j = 2. Also the kernel of
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all these representations of K'Y is a possibly trivial 2-group. Let 8 be one of the
sets of size x on which KY is represented. Then K is the pointwise stabilizer of a
hyperplane and its normalizer in (KY)? is the setwise stabilizer of the hyperplane
and has index x in (KY)?; that is to say, if Y, is the kernel of KY on @ then
Ngy(KY)) has index x in KY. If g € Ny (KY)) then K¢ < KY, and so K is
conjugate to K® in (K, K#)=< KY,. Thus since N (KY)) contains Ng (K ), then
| KY: Ngy(K)|= x| Ngyp(KY)): Neyo(K)|= x| KY: N(K) N KY,|. Now
(KY)/Y, ~ GL(r,2) and KY has j composition factors isomorphic to GL(r,2)
for some 1 <j < 4.1If j > 1 then K7, is represented as GL(r, 2) on one of the sets
of length x described above. We define Y, inductively as the kernel of a
representation of KY, , as GL(r,2) as above, for 1 <k <. Then as above,
|KY,_,: N(KY,) N KY,_,|= x and the number of conjugates of K in N(KY,) N
KY, _, is equal to the number of conjugates of K in KY,. Thus |KY, :
N(K) N KY,_,|= x|(N(KY,) N KY,_ ) (N(K) N KY,_)|= x|KY,: N(K)
N KY, | for 1 <k <. Hence |KY: Ngy(K)|= x/|KY;: N(K) N KY,|, whether
or notj = 1. As we remarked above Y; is a possibly trivial 2-group, and | X;: KY|
is a power of 2. Thus | X;: N(K) N X;|= x’/2¢ for some ¢ =0, 1 <j < 4. Now
e=42""—=1)+ 1=2x—1 divides |X: N(K) N X,| which divides mx?*2°,
and this is clearly impossible. Thus if X is not 2-transitive then z = 4.

Step 2. In this second part of the proof we assume that X is 2-transitive but not
2-primitive on A of degree m < n, and e =|fix K|= 3(m — z) where 1 <:z < 4.
Then if 8§ € fix, K, X; satisfies one of (i), (i), (iii) of Lemma 2.3 where
e—1=|fix, K—{(8}|=3(m—1D)—(z+1),2<z+1<S5 Asm=T,e—1
> 0. Setu =z + 1. If in (i) or (iii), Xj has a set of u or 2 blocks respectively then
the kernel of the action on blocks is 2-transitive on each of the blocks. By [12]
Theorem D it follows that X = PSL(3,3), and e =5 divides | X| which is
impossible. If in (i) X acts as 4, or S, on a set of y blocks of length u then as K
fixes .a block pointwise and y is odd, it follows from [14] that X contains
PSL(3, u), u =2 or 4, or X is an extension of an elementary abelian group of
order 16 by A or S, u = 3. If u = 2 then (i) is true. If ¥ = 4 then | X| is divisible
by e| K| which is divisible by 27, a contradiction. If ¥ = 3 then e = 7 divides | X,
also a contradiction. Thus in case (i) X; acts as GL(r,2) on a set of 2" — 1 blocks
of length u. If r = 3 then m = 1 + 7u and e = 1 + 3u; e does not divide | X| if u
is 3 or 4 so uis 2 or 5. If u = 2 then the 7-element in N, (K ) must be a 7-cycle on
A, contradiction. If ¥ = 5 then by [15] Corollary Bl, the translates of B U {8}
form the blocks of a design on A with A = 1, where B is one of the blocks of Xj of
length u; further fix, K is the union of three blocks of this design containing §
which forces N, (K) to fix 8 whereas N,(K) is transitive on fix, K. Thus r = 4.
Let Y be the setwise stabilizer of one of the blocks B of the set = of blocks of X
in A — {8}. Then Y2 is an elementary abelian group N of order 2"~ ! extended by
GL(r — 1,2) acting irreducibly on N; thus Y= has no transitive representations of
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degree u, 2 < u < 5, and so the kernel Z of X; on 2 is nontrivial. It follows from
[14] Lemma 1.1 that either u = 2, X = GL(r + 1,2) (and so (i) is true), or Z is
semiregular on A — {§}. Assume the latter. Since K is the kernel of KZ acting on
B, where B € fixy K, it follows that K and Z centralise each other. Now | Xj:
N(NZ) N X5|= 2" — 1; any conjugate K¢ of K by an element g in N(KZ) N X;
is conjugate to K in (K, K¢) C KZ and hence is equal to K. Thus N(KZ) N X;
C N(K)N X; and it follows that |X;: NM(K)N Xz|=2"— 1. Thus e=1+
u2""' = 1) =|N(K): N(K) N X;| divides | X: N(K) N X5|= (1 + u(2" — )2~
— 1). It follows that u = 2, and by [9] 6C(2), X has a regular normal subgroup of
order m = 3° = 2"*! — 1; but there is no solution ¢ for any r = 4. Thus we may
assume that case (i) of Lemma 2.3 does not hold, and so u = 4.

If in case (iii) of Lemma 2.3 X; has a set 3 of blocks of length 2, by minimality
X is 3-primitive on 2 or x is 6 and X5 = PGL(2,5) or x is 4 and X5 = 4, (since
m = 7). In the first and third cases X is AGL(2, 3) or ASL(2, 3) by [15] Theorem
C and Theorem B respectively, while the case x = 6 cannot arise (since e = 11
cannot divide | X |). Suppose that case (ii) of Lemma 2.3 holds, with m — 1 = 4y.
If 4, is involved then consideration of a 5-element in 4, and [20] 13.10 shows that
yis 3 or 5. If y = 3 then X = PSL(3, 3) (see [18]) and X; does not have blocks of
size 2. If y = 5 then 25 does not divide | X|, by [20] 13.10, while 27 divides ¢| K|
which divides | X|; these two assertions are incompatible with the structure of Xj
as its only composition factors are Z, and A;. Thus GL(r,2) is involved in Xj
where y = 2" — 1 = 7. By [11] the kernel Z of X; on its set of 2y blocks in
A — {8} has order at most 2 and so K and Z centralise each other. It follows as
above that e = 1 + 4(2""' — 1) divides | X: N(K) N X;|= (1 + 42" — 1))2" —
1), which gives a contradiction.

Steps (1) and (2) complete the proof of Lemma 2.4 after noting that none of
ASL(2,3), AGL(2, 3) and PGL(2, 5) have transitive extensions.

LEMMA 2.5. Let X be a primitive permutation group on a set A of m < n points
having a nontrivial pronormal subgroup K with e = 3;(m — 4) = 0 fixed points.
Then X is 2-transitive.

PROOF. Suppose that X is not 2-transitive, and that m is the least degree for
which such a group X exists. Then (see [18]) m = 16. Let § € fix, K and let
I,,...,T,, s = 2, be the orbits of X;in A — {8}, where |I;|= m,, |fix KN T;|= ¢,
=3(m;—z),and 1 <z, <z,<---<z.ByLemma24,2<s=<3 and in the
proof of that'result we showed thatif s = 3 thenz, > 1, thatisz, = 1,2, = z; = 2.
In this case by {4, 17] and minimality, m,, say, is m;(m, — 1)/k where k < 3 and
m, = 15 if k = 3. Further by Lemma 2.4, [20] 17.7, and [5], X, is imprimitive on
both I, and [}, and by Lemma 2.3, and [20] 18.2-18.4, m, = m; = 2m,. Thus
m, =2k + 1is 3 or 5. If m; = 3 then m = 16, and we have a contradiction to
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Lemma 1.6. If m; =5 then m = 26, and ¢ = 11 divides | X| contradicting [20]
13.10.

Thus s =2 and (z,, z,) is (1,4) or (2,3). Consider the case (1,4) first. By
minimality and [4,17] m, = m,(m, — 1)/k where k < 3 and m, is odd. By the
minimality of m and [20] 17.7, X; is imprimitive on I', and so by Lemma 2.3,
m, = 0(mod 4) so that m; = lI(mod4). The case kK = 1 is impossible by |1, 7).
Thus if X' is alternating or symmetric then by [4], k =2 and m, =10 =
0(mod 4), contradiction. Hence m, = 2¢ — 1, d = 3; but again m, = 1(mod 4).

Thus z; =2, z, = 3. By [20} 17.7, X; is not primitive on both I'; and T3.
Suppose that X; is primitive on I'|, so that X; is imprimitive on I),. By the
minimality of m either Xj is 4-transitive on I', or m, is 2, 4 or 6 and Xj is
2-transitive on I',. The case m, = 2 is impossible by Lemma 1.6 since e > 1. Also
by [4), m, = m,(m, — 1)/k where k is 1 or 2 (for even if m, is 4 or 6 then
k < 4(m, — 1)sok < 2). Since m, is even and m, is odd, k = 2 and m = 2(mod 4).
By [20] 17.6, X is faithful on T, and so the only nonabelian composition factors
of X, are A, where x = m,/3 is odd, or GL(r,2) where m,/3 =2"—-1>=17.
Since m, = 2(mod 4), and by [3] page 202 and [20] 11.3 and 12.1, either X' has a
simple normal subgroup S which is 3-transitive on I';, or m; = 6. Thus if m, > 6,
S is A,, x odd, or GL(r,2). By [2, 10} and since m, = 2(mod 4), it follows that
m, = 6, and XJ' =~ PGL(2,5). Thus m, = 15, m = 22, and e| K 2| which is 27 or
81 divides | X|; further K contains a 3-element of degree at most 9 and this
contradicts [13] Theorem E.

Thus Xj is imprimitive on T'; and its action is given by Lemma 2.3, in particular
m, = 2(mod 4). Suppose that Xj is primitive on I',. Then by the minimality of m,
either X; is 3-transitive on T, with m, = 5, or m, is 3, 5, or 9 and X; ? is soluble.
In the latter case Xj is soluble and m, = 6, m, = 3 or 9, by [20] 18.3, 184. If
m, =3 then m = 10 and this is impossible by [18], as S5 on pairs has no
subgroup fixing e = 3 pairs. If m, = 9 then K contains a 3-element of degree 6, a
contradiction to [13] Corollary 4. Thus X; is 3-transitive on I', of odd degree
m, = 5. Then by [3] page 202, and [20] 11.3, 12.1, X[ has a simple normal
subgroup S which is 2-transitive on I,. By [20] 17.6, Xj is faithful on I'; and it
follows that S is either A, where x = 3m, is odd or GL(r,2) where r = 3,
m; = 2(2" — 1). Hence by [2, 10] either m; = 2m, or (m,, m,) is (14,15). It
follows from [4] that m, = 2m, = 10, e| K" |= 18 divides | X |, and K contains a
3-element of degree 6, contradicting [13] Corollary 4.

Thus Xj is imprimitive on both T'; and T,. It follows from Lemma 2.3 and {20]
18.2 that m, /2 = m,/3 = x for some odd x = 3. If X; involves 4, with x =9
then X; contains a 7-clement of degree at most 35, contradicting [20] 13.10. Thus
if X; involves A then x is 3, 5 or 7. If x = 7, a Sylow 5-subgroup of X fixes 11
points and so | X| is divisible by 11, contradiction. If x = 5 then e = 11 divides
|X|, contradiction. If x =3 then m =16, m, =9 divides | X|, and N(K)
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contains a 3-element g which fixes I', pointwise and so has degree at most 9. It
follows from [13] Theorem E that a Sylow 3-subgroup of X has order 9, and it
clearly fixes only one point and has an orbit length 9. Since |fix, g|= 7 does not
divide | X| it follows by [20] 3.5 that (g) is not weakly closed in a Sylow
3-subgroup of X, and this clearly has the wrong orbit lengths. Thus x = 2" — 1,
r = 3, and the only insoluble composition factor of X; is GL(r,2). By a similar
argument to that in the proof of Lemma 2.4 we can show that e = 5.2""! — 4
divides mx36¢ = (5x + 1)x>6°¢ for some ¢ = 0. It follows that ris 3 or 4. If r = 4
then m; = 30, and m, = 45. If y € T', then X;, has orbits in 'y — {y} of lengths
1, 14, 14 or 14, 15. If I'(y) is the orbit of X, of length 30 then A =|I'; N I'(y)]|is
0, 1, 14, 15, 28 or 29; since X is primitive A # 29 by [7] Corollary 3, and by [7]
Lemma 5, 2(19 — A)/3 is an integer. Hence A = 14, which contradicts [7] Lemma
7. If r = 3 a similar argument shows that A = 7, u = 4. However if n € T, then
the X, orbit lengths in I'; are sums of 1, 1, 6, 6, and no sum of these is equal to
1 = 4. This completes the proof of Lemma 2.5.

It follows from Lemmas 2.4 and 2.5 that d = 5 and H is primitive but not
2-transitive of rank at most 5. To complete the proof of Theorem 1 we show that
this situation is impossible. This follows from the next lemma since we are
assuming that H has degreem = n — 4> 7.

LEMMA 2.6. Let X be a primitive permutation group on a set A of m < n points
having a nontrivial pronormal subgroup K with e = 3(m — 5) = 0 fixed points.
Then either m is 5 or 7, or X is 2-transitive.

PRrOOF. By [18] the result is true for m < 13, so assume that m = 15 is minimal
such that X is not 2-transitive. Let § € fix, K and let I';,...,I,, s =2 be the
orbits of X; in A — {8}, where |I;|=m,, |fix KN TI;|=e¢, = 3(m;, — z;) and
1<z <:.--<z.Bylemma24, 2z =6and2<s =<4, and from the proof of
that result, if s > 3 then z,_|, = 2. Firstlet s = 4; then z, =z, = 1, z, = z, = 2.
By Lemma 2.4 and [5] X is imprimitive on I'; and T, and these actions are given
by Lemma 2.3. By {20] 18.2, and Lemma 2.3, 2m, = 2m, = m; = m,. Now by
[4] one of the subdegrees is equal to m,(m, — 1)/k = 2m,. Thus k = 3(m, — 1)
and by [4], m, is 3 or 5. Thus m = 1 + 6m, is 19 or 31, a contradiction to [20]
11.6 and 11.7. Thus s is 2 or 3.

Suppose that s is 3. Then (z,, z,, z;) is (1,2, 3) or (2,2,2). Consider the case
(1,2, 3); X, is 2-transitive on I'; and (by Lemma 2.4, [5], Lemma 1.6, and [20] 17.7
and 18.3), imprimitive on I, and either imprimitive on I'; or m; is 3 or 5 and Xj is
soluble. From Lemma 2.3, and [20] 18.2, 18.3, (m,, m,, m;) is (x,2x,3x) for
some odd x = 3 or is (3,6, 3). The latter is impossible by [20] 11.6 and 11.7, so
m,=1im, = m,/3 = x = 3. Now by {4, 17] one of m,, m; is x(x — 1)/k where

https://doi.org/10.1017/51446788700027348 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700027348

[13) Transitive permutation groups 81

k<3.Ifm,=x(x~ 1)/kthenk = (x — 1)/21is 1 or 2 by [4] and m is 19 or 31,
a contradiction as before. Similarly if m; = x(x — 1)/k then x =3k + 1 =7 as
m, is odd. Then m = 43, again a contradiction.

Thus if s = 3 then z, = z, = z, = 2. If X is imprimitive on all three suborbits
then by Lemma 2.3 and [20] 18.2, m; = m, = m; = 2x = 2(mod 4). If X; has 4,
as a composition factor with x = 9 then X contains a 7-element of degree at most
42, a contradiction to [19]. Thus if X; has A, as a factor then x is 3, 5, or 7 and m
is 19, 31, or 43 respectively, a contradiction to [20] 11.6 and 11.7. So x = 2" — 1
= 7. By a similar argument to that in the proof of Lemma 2.4, we can show that
e = 3x — 2 divides mx%2° = (6x + 1)x62¢ for some ¢ = 0, a contradiction. Thus
we may assume that Xj is primitive on at least one suborbit and we may suppose
that m, is maximal among the m; such that X, is primitive on I;. By the
minimality of m, Xj is 5-transitive on I'}, or m; < 6 and Xj is 2-transitive on I';.
Then by [4], m, say is m(m, — 1)/k where k is 1 or 2 (even if m, < 6). By the
maximality of m,, X, is imprimitive on I';, and by Lemma 2.3, m, = 6 so m, = 4;
also m, = 2(mod 4). By [20] 17.5, X, acts faithfully on the union of suborbits on
which it is imprimitive. Hence by Lemma 2.3 and [20] 18.2 the only insoluble
composition factor of Xj is A, where x = m,/2 = 3 is odd, or GL(r,2) where
m, =2(2" — 1), r = 3. By [20] 11.3, 12.1 and [3] page 202, if m; > 6 then X; has a
simple normal subgroup S which is 4-transitive on I'| of even degree m,. Since §
must be A, or GL(r,2) this is impossible. Hence m, is 4 or 6. If m, is 4 then by
[20] 18.3, X; is soluble so that m, = 6, and m; is 4 (if X; is primitive on I';) or 6
(if X; is imprimitive on I3). If m, is 4 we have a contradiction to [5] while if m, is
6 then m = 17, contradicting [20] 11.6 and 11.7. If m; = 6 then since m, is even
m, = 30, a contradiction by Lemma 2.3 and [20] 18.2.

Thus s = 2 and (z|, z;) is (1,5), (2,4), or (3,3). Consider the case (1,5). By
[4,17), m, = m)(m — 1)/k where k < 3. It follows from the minimality of m and
[20] 17.7 that X, is imprimitive on I’,, and by Lemma 2.3 and [20] 18.2,
m, = 5m,; so m, = 5k + 1. Since m, is odd kK = 2 and m = 67, a contradiction
to [20] 11.6 and 11.7.

Next consider the case z, = 2, z, = 4. Suppose first that X; is primitive on TI',.
Then by Lemma 2.5 and [20] 17.7, X; is 4-transitive on I', or m; < 6 and Xj is
2-transitive on T'|, and Xj is imprimitive on I,. By [4], m;, = m,(m, — 1)/k where
k is 1 or 2. Suppose that m, <m,/4 and that y € T'. By Lemma 2.3, X)>
involves a 2-transitive representation of degree m,/2 or m,/4, and so by [§]
Hilfsatz 1, all orbits of X;, in I, have length a multiple of m,/4. Now if I'(y) is
the orbit of X, of length m, then X;, is transitive on I'y — {y} and I'(y) — {8}
and it follows from [7] Corollary 3 that I'(y) — {6} C I,. Hence m; — 1 = m, /4,
contradiction. Therefore m; = m,/4 = m(m, — 1)/4k, where k =1 or 2, and
so (m,, m,) is (8,28), (6, 15), (4,12), (4,6) or (2,2). Now m, is divisible by 4, so
m, is 4 or 8 and X;' is alternating or symmetric. By [4], k=1, so m =17, a
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contradiction to [20] 11.6, 11.7. Hence X is imprimitive on I';. If m, < im, and
if y € T,, then all orbits of X;., in I'; have length a multiple of 3m, (by Lemma
2.3 and [8] Hilfsatz 1). If T',(y) is the orbit of X, of length m,, then if m, < 3m,
we must have [)(y) — {8} C I,. Hence I, U {8} is fixed setwise by ( X, X, )= X,
contradiction. Thus m, = $m,. If X; is primitive on T, then by Lemma 2.5 it is
2-transitive and hence by (4], m|, = m,(m, — 1)/k = m,(m, — 1)/2k, that is
k= (m, — 1)/2. By [4), m, is 3 or 5, a contradiction since m, is even. Hence Xj
is imprimitive on both T, and T, and m, < 2m,. Suppose first that X, satisfies
Lemma 2.3(i) or (ii). Then by [20] 18.2, m; = 2x, m, = 4x for some odd x = 3,
and m = 1 + 6x. Since m is not prime x = 9. As above we can show that 4, is
not involved; hence x = 2" — 1 = 15, and we show as above that e = 3x — 2
divides (6x + 1)x%6¢, for some ¢ = 0, a contradiction. Thus X} satisfies Lemma
2.3(iii), and by the minimality of m either the representation of degree y = jm, is
5-transitive or y < 6. If y < 6 then by [20] 18.4, (m,, m,) is (6, 8) or (10, 12). The
first case is impossible by [18] since S; on pairs has no subgroup fixing e = 5
pairs; in the other case it is also impossible since m = 23 is prime. Thus y = 8 and
so by [20] 11.3, 12.1, X,;rz has a composition factor $ which is 4-transitive of
degree y. If S is not a composition factor of X;' then the kernel Y of X5 on I, has
two orbits of length y in I', (by [20] 13.1), and is 4-transitive on each. If y € I,
and I'(v), I (y) are the orbits of X, of length m,, m, respectively, then
p=[I, N Ty(y)|is O, y, or 2y. By [7] Corollary 3, u = y. Thus Y has 1 orbit of
length y in T',(y) and fixes the remaining points of I'/(y). Since the lengths of the
orbits of Xz, in I'(y) are either 1, 1, 3m; — 1, ym; — 1, 0r 1, 3m| — 1, 3m,, and
since Y is normal in X;, and y is even, it follows that y is 3m, — 1. Then as Y is
4-transitive on this orbit of length y it follows that X[, involves the alternating
group of degree 3m, = y + 1, a contradiction to [20] 18.2. Thus § is a composi-
tion factor of X' hence is either 4, where x = $m, is odd or GL(r,2) where
m, = 2(2" — 1) = 14. Since S is 4-transitive of even degree y we have a contradic-
tion.

The final case is s =2, z; =2z, = 3. By Lemma 2.4, [20] 17.7, and since
m = 15, X; is not primitive on both suborbits. We may therefore assume that X
is imprimitive on I',. If Xj is also imprimitive on I', then by Lemma 2.3, [20] 18.2
and 184, m; =m,. If A,, x =m,/3 odd, is involved then by considering a
7-element as before, x < 7, but then m is prime. Hencem, /3 =2"— 1= 7. 1f ris
3 then m is prime; if r is 4 then e = $(m — 5) = 43 divides | X|, a contradiction
to [23] 13.10. If r = 5 then arguing as before we can show that e = 3x — 2 divides
(6x + 1)x°6° for some ¢ = 0, a contradiction. Thus Xj is primitive on I, and by
Lemmas 2.4 and 2.5 is either 3-transitive, or m, is 9, 5 or 3 and Xj is soluble, by
[20] 18.3. In the latter case m; = 9, and so only the primes 2 and 3 divide | X;|;
thus m, is 3 or 9. Since m = 15, m, is 9 and then m = 19 is prime. Thus Xj is
3-transitive on I, and m, = 5. If m, <m, /3 and if y € T}, then all orbits of X,

https://doi.org/10.1017/51446788700027348 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700027348

f1s] Transitive permutation groups 83

in I'; have length a multiple of m,/3 = m, by [8] Hilfsatz 1; hence T', is also an
orbit for X, a contradiction as before. So m, = m,/3 and both m, and m, are
odd. By [4] it follows that m, = 21, m, = 7. In this case XJ> = A4, and we have a
contradiction to [4). This completes the proof of Lemma 2.6.

Thus the proof of Theorem 1 is complete.

3. Proof of Theorem 3 and its corollary

In this section we prove the following generalizations of Theorem 3 and its
corollary for transitive groups.

THEOREM 3. Let G be a transitive permutation group on a set Q of n points and
let K be a nontrivial subgroup of G such that fixg K is nonempty. Assume that K
satisfies

(*) If g € G is such that fixg K N fixg K& = @ then K is conjugate to K& in
(K, K?&).

Then f =|fixg K|< 3n, and if f = in either

(1) fixg K is a block of imprimitivity for G, or

(ii) G has a set = of m blocks of imprimitivity in  such that G* is A, or S,,, or
AGL(d,2) in its natural representation where m = 2% = 8. Moreover K fixes half
the blocks pointwise and is transitive on the remaining blocks.

COROLLARY TO THEOREM 3. Let G be a transitive permutation group on a set
of n points, let p be a prime dividing | G|/n, and let K be a Sylow p-subgroup of the
stabilizer G, of the point Q. Then f =|fixq K|< in if f = §n then K is semiregular
on Q and either

(i) fixq K is a block of imprimitivity for G, or

(ii) G has a set Z of 2p blocks of imprimitivity in Q such that G* D A4,,,.

PROOF OF THEOREM 3'. Let G, K be as in Theorem 3'. Suppose first that, for all
g in G, fixg K N fixy K& is nonempty. Then by assumption K and K¥ are
conjugate in ( K, K#), that is K is pronormal in G. Thus by Theorem 1, f < jn.
So suppose that K has a conjugate K¢ such that fixg K and fixg K¢ are disjoint.
Then n =|fixg K U fixg K#|= 2 fso that f < in. If f = }n then clearly suppg K¢
= fixg K.

To complete the proof we must examine the case f = in more closely. Let
a € fixg K and define H = (K#| K% < G,, g € G). Let € denote the conjugacy
class of K in G and if L is a subgroup of G let € N L denote the set of conjugates
of K contained in L. Then €N G, is a generating set of H. Let B = fixy H. Then
clearly if 8 € B, CN G, = C N Gg. Suppose that g € G is such that B N B% #* &,
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say B8 = yforsome 8,y € B.Then (CN G,)¥=(CN Gg)¢=CN G, =CN G,
that is g fixes setwise a set of generators of H. Thus g € Ny(H) and so B# = B.
We have therefore shown that B is a block of imprimitivity for G in Q. Now B is a
subset of fixg K and if B = fixg K then part (i) is true. So assume that B is a
proper subset of fixg K. Then there is a conjugate K* of K such that K < G, and
fixg K # fixg K", that is fixg K* contains points of both fixg, K and suppg K.

Let 2 = {B#|g € G} and consider the action of G on =. The setwise stabilizer
X of Bin G is Ng(H), for clearly N;(H) C X, and if x € X, say a* = 8 € B,
then (CN G =€CNG=CN G, so that x ENg(H). Let K’ €CNX. If
fixg K’ N fixg K # & then K’ and K are conjugate in {( K’, K )< X. If not then
fixg K’ = suppg K, and the subgroup K”* defined above is such that fixg K*
contains points of fixg K and fixg K'. It follows that K’ and K are conjugate in
(K’, K*, K y< X. Thus all conjugates of K contained in X are conjugate to K in
X. By [20] 3.5, Ng(K) is transitive on fixs K, and so K fixes pointwise all
members of fixy K.

Let A be an orbit of X in £ — {B}. Suppose that K acts trivially on A and let
C € A. By our remark above C C fixg K. Let K’ €N G, C N X. Then
K’ = K* for some x € X and so (K')* = (K*)* = (K*)* = 1. Thus C € fixs K’
and so C C fixy K’. Hence C is fixed pointwise by all members of a generating
set for H, and so C C fixg H = B, a contradiction. Thus X 4 5£ 1 and in particu-
lar X2 # 1. So X2 is a transitive group with nontrivial pronormal subgroup K
(by Lemma 1.4) and so by Theorem 1, f, =|fix, K|< 1(A| —1). Thus ; |=|=
fixg KI/|B|={fixs K|= 1+ S <1+ Z4(A| -1 = }(Z|+1 - < }[3),
where r is the number of orbits of X in 2 — {B}. It follows from Theorem 1 that
X is transitive on £ — {B} and X=~{#} is alternating or symmetric, or is GL(d, 2)
for some d = 3. In the former case G2 is alternating or symmetric. In the case of
GL(d,2), K% is a 2-group and by O’Nan’s result [13] Theorem A, G* = AGL(d, 2).
This completes the proof of Theorem 3.

PrROOF OF COROLLARY TO THEOREM 3'. Let G be a transitive permutation group
on 2 of degree n, let a € Q, let p be a prime dividing | G, |, and let K be a Sylow
p-subgroup of G,. It is easy to check that K satisfies condition * of Theorem 3’
and so f=|fixg K|< §n. Suppose that f= in. We showed in the proof of
Theorem 3’ that in this case K has a conjugate K’ such that fix, K = suppy K’
Then (K, K’y= K X K’ is a p-subgroup of G containing K and for all 8 € fix, K,
K X Kj < Gp. Since K is a Sylow p-subgroup of Gz we must have K; = 1. Thus
K’ and hence K are semiregular on the points they permute.

Finally we must consider the action of G on the set Z of blocks of imprimitivity
in case (ii) of Theorem 3'. Let H, B, 2 and X be as in the proof of Theorem 3’. Let
Y be the pointwise stabilizer of B. Then K < Yand Y <« X. Now X {8l is 4 _,
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or S,_,, or GL(d,2) where |=|= m, and | Z|= 27 = 8 respectively. Since K acts
nontrivially on X it follows that Y= %} contains 4,,_, or GL(d, 2) respectively.
Since K is a Sylow p-subgroup of Y and fixes half the blocks of =, the groups
GL(d,2) do not arise, and in the case of 4,,_, and S,, ,, n must be 2p. This
completes the proof.
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