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Let (XxY , S *T, xx x •$ ) denote the completion of the 
Car tes ian product of the cr-finite and complete "measure spaces 
(X,S,yu.) and ( Y , T , v ) [ 3 ] . Let Ax and Ay denote a rb i t r a ry 
length functions defined on (X,S,yu) and (Y , T, v ) respect ively, 
A£ > ^y t^ i e conjugate length functions C^l • We suppose that 

(1) >xy<f>= *xy<l fl>= ^xC A y( f )3 

is defined for every f(x,y) measurable (SxT). The Fubini 
theorem implies that f(x,y) is measurable (T) for almost all x. 
Thus Axy(f) will be defined when ?W(f) Is measurable (S). If 

L Y = L? , 1 ^. p < oo , this is implied by the Fubini theorem. 
General conditions ensuring that Av(f) is measurable (S) are 
given in [ l , Theorem 3*2]. When AXyW 1S defined for every 
f(x,y) measurable (SxT), it is a length function and L XY is a 
Banach space [ l , Theorem 3. lj • 

We note that if 1 £ p < °o a n c j 

\lë(*)l = ( / x l g l P d / U ) 1 / P ' ^yCg(y)] =( / y | g l P d ^ ) 1 / P , 

and h(x,y) is measurable (SxT), then 

\y(h) = 7ix[Ay(h)] ={ / x ( / y ! h | p d v j d / * ) 1 ^ 

= [ / x x y N x . y H P d ^ x V ) ] 1 ^ 

by the Fubini theorem. Thus if 7\x and A correspond to the 
p -norms i n ( X , S , u>) and (Y , T, s? ) "k^y corresponds to the 
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p-norm in the product space . The theorem below is no doubt 
well known when L x and L Y a re LP spaces for two indepen-
dent values of p, 1 £ p < co . (For the case E x = L. Y = \J*, 
see [ 4 ] . ) 

If K(x,y) is measurable (SxT) and g(y) € L, " Y, 
K(x,y)g(y) is measurable (SxT) and, since X and Y a re dT-finite, 
the Fubini theorem implies that 

(2) Kg(x) = ^K(x ,y)g(y)dV 

is measurab le (S). 

THEOREM, (i) Each element K(x, y) in E ^ X Y is the 
kernel of a l inear t ransformation K of L n Y into L x defined 
by (2) with UK |( ^ ^ ( K ) . 

(ii) Suppose that K^x.y) € L ^ x y , i = I, 2, . . . and that 

(3) £ » A x y ( K i ) < « . 

Then { S l ^ K ^ x , y) j is a Cauchy sequence in E x ^ and, if 
K(x,y) is a limit in norm of this sequence, the sequence of 
bounded l inear t ransformat ions {^Z^K^ } converges in norm to 
the bounded l inear t ransformat ion K. Thus, for every g € L^Y, 
^_RK£g(x) converges strongly to Kg(x) i n E ^ x C 5 , p. 150*3. 
F u r t h e r m o r e , given g £ L *Y, there exists a set X ^ C X with 
7^X(X - XQ) - 0 such that ZI^K£g(x) converges pointwise to 

Kgfx) in X Q . In par t icular if for e € S, >vx(e) = 0 implies that 
yU-(e) = 0, as is the case for the LP spaces , 1 ^ p ^ o° , then 
2IY^i&(x) c o n v e r g e s pointwise to Kg(x) almost everywhere . 

Proof, (i) The assumption that K(x,y) € L * ^Y implies 
that K(x,y) is measurable (S*T) and that Axy(K) < oo . The 
definition of A^C^yfK)] then implies that Ay(K) € L > x , 
Thus the set E *= ( V £ X: "A (K) = oo ] i s > x - n u l l ( i . e . 
/ \ X (E co) = 0) [2, p . 579] . Thus /Vy(K) is defined and finite in 
a set X0 with \(X - X0) = 0. 

If g(y) € L * Y , K(x,y)g(y) £ Ll(Y) for x £ X0 and 

(4) /y |K(x,y)g(y)( d ^ Ay(K) > *(g) . 

Thus, using (E 2) and(L 4) for /\XC2] , (1) and (4) above, 
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(5) 7Vx(Kg) 4 AXL Ay(K) A*(g)l = AÇ(g) *xy<K) < °° • 

Thus Kg(x) € L x and (2) defines a t ransformation Kof L Y 
into L x . That K is linear is easily verified and (4) implies 
that llKll 4 ^xy(K) so that K is bounded. 

(ii) The part concerning pointwise convergence requires 
proof. We set 

T(x) = l i m n ^ 0 0 2 l ^ \ K i g ( x ) | 

where this limit is defined, and = 0 e lsewhere . Then f is 
measurable (S) and, using (5), 

>x(f) = s u P n A x ( £ * l K i g l ) 4 s u f t £ j > x (K i g ) 

4 ^ y ( g ) £ I ^ x y ( K i ) < » • 

Thus f € la x and is finite in a set XQ with X - XQ A x -nul l . 
For x € XQ, 2 1 n Kig(x)> n = 1, 2, . . . , i s a Cauchy sequence 
in R and defines a limit 

f(x) =Z°J Kig(x). 

We define f(x) = 0 in X * X Q . If K corresponds to a kernel 
K(x,y) which is a limit in norm of JEIn Ki(x,y), 

\ ( f - Kg) « Ax( Z £ 11 K i g I ) + Ax(Kg - £ ? K i g ) , 

and the second t e rm on the right tends to zero as n -> oo . 
Now 2Tn|Kj;g(x)( inc reases to f l °? [Kig(x)l ^ XQ whence, 
using (L 5) for ^ x , 

n f l 
l K i g l ] 

4 l i m m ^ 0 0 5 : S - l 7v x ( lK i g l ) 

= zn°;1>»x<iK igi) 

<cA£"<g)l_n+l ^ x y ( K i ) - ^ 0 as n-»oo. 

Thus \ . ( f - Kg) = 0, f - Kg f 0 in a > x -nul l set a n d ^ K i g ( x ) 
converges to Kg(x) pointwise outside a ^ x -nu l l se t . 
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COROLLARY. If g € L "V and K^x.y) is a Cauchy 
sequence in L *Y converging in norm to K(x,y), if K ,̂ K are 
the bounded linear transformations with kernels K[(x,y), K(x,y) 
then there is a subsequence K .̂ with K^.g(x) (defined by (2) ) 
converging pointwise to Kg(x) outside aJ Ax-null set. 

We choose a subsequence ^K: (x,y)} with 
J 

K y ^ ) + Z j = l ^ ( K i j + i - Ki.) < oo . 
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