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1. Introduction. The first discussion of the propagation of elastic waves in a thick
plate was given by Lamb [1] for the two-dimensional problem of & harmonic wave travelling
in a direction parallel to the medial plane of the plate. Lamb derived equations relating the
thickness of the plate to the phase velocities of two types of wave, one symmetric with respect
to the medial plane and the other antisymmetric. The symmetric modes of propagation
introduced by Lamb have been studied by Holden [2] and the antisymmetric modes have
been studied by Osborne and Hart {3]. More recently Pursey [4] has shown how the amplitude
of the disturbance is related to a given distribution of stress, varying harmonically with time,
applied to the free surfaces of the plate ; two types of source are considered by Pursey, one
producing a two-dimensional field of the Lamb type, and the other having circular symmetry
about an axis normal to the surface of the plate.

The purpose of the present paper is to derive formulae for the components of the displace-
ment vector and of the stress tensor at an interior point of the plate when time-dependent pres-
sures are applied to the free surfaces of the plate. As in the other papers cited, it is assumed
that the displacements and strains are small and that the substance is homogeneous, isotropic
and satisfies Hooke’s law, so that the equations of the classical theory of elasticity apply.
The method of solution follows that outlined in [5] and developed for the infinite solid in [6].
By a systematic use of the theory of integral transforms, expressions are established for the
stress and displacement in the general three-dimensional case in the form of triple integrals.
The simpler solutions corresponding to the case of axial symmetry and the two-dimensional
problem are also derived. In general the evaluation of the integrals occurring in these formulae

presents formidable difficulties. In one case—that in which the stress is due to pulses of pres-
sure moving uniformly along the boundaries—the integrals in the two-dimensional theory

reduce to single integrals which can be calculated numerically. The method is illustrated by
the calculation of the normal component of stress in the medial plane of the plate. Finally
the solution of the statical problem is derived from the ‘ steady-state *’ solution by letting the
velocity of the applied pulses tend to zero.

2. The General Solution of the Equations of Motion. We shall consider the distribu-
tion of stress in the interior of an infinite plate of homogeneous isotropic elastic material
bounded by the parallel planes z = +d. We shall assume that there are no body forces
operative in the interior of the plate. If we take a pair of orthogonal 2- and y-axes in the
central plane of the plate, z = 0, then in terms of the rectangular Cartesian co-ordinates
z, y and z the displacement vector may be denoted by the components (u, », w) and the
stress tensor by the components a,, o,, o,, T4y, 7,, and 7,,. In this system of co-ordinates
the equations of motion of the solid may, in the absence of body forces, be written in the
form

do, 07y , Oty 0%u
—a;- + ay + az = ()\+2}L)—atr—§, ................................. (21)
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a‘rz,, do, 07, o

Bl + ot T = (B G e 2.2)
aTmz aTvz aaz 02w
3 T 3y + = = (A4+2u) 3= R RN R R R (2.3)

where A and p denote Lamé’s elastic constants and 7 is a space-like variable related to the
time ¢ through the equation

T = €y ereieriineiiiii e (2.4)
where ¢, is the velocity of P-waves in the solid, so that
A+2
& = -f;ﬁ ............................................. 2.5)

The relation between the stress tensor and the displacement vector may similarly be
expressed by the set of six equations

(aoa)—/\<a—u+@+gz—u> 2 du v a_w>
o Tw Tl T T\ox ' oy | 0z M(a_x’@’az ’
Ju dv ow dv  du ow

(@+a_x, Ry $+%). ..................... 2.7)

We shall discuss the case in which the normal component of stress, o,, is prescribed
uniquely at every point of the bounding planes z = xd, and each of the shearing stresses
7., and 7, vanish identically at each point of these boundaries. No new principle is involved
in the calculation of the components of stress in the general case in which the shearing stresses
instead of being identically zero on the boundaries, assume prescribed values, and the analysis
extends along lines precisely similar to those outlined below. We therefore assume that our
boundary conditions are :—

(Tows Tyas Tax) = B

Tee = Tyz = 0, on theplanesz = £d;..cccovvvvinninieninnen, (2.8)
o, = —-plx, y, 7),ontheplane 2 = +d;..ccovvinvviiiiiininnnnn. (2.9)
o, = —py{x, ¥, 7),ontheplanez = —d. .....cooevviiiiiininns (2.10)

To solve the set of nine partial differential equations symbolised by (2.1), (2.2), (2.3),
(2.6) and (2.7), subject to the boundary conditions (2.8), (2.9) and (2.10), we introduce the
three-dimensional Fourier transform defined by the equation

F(, 2, w) = (2m)-30 f ? f N fw F (@, g, 2, 1) eistton dudydr .....(2.11)

of all the quantities occurring in these equations. If we multiply both sides of each of our nine
partial differential equations by exp{i({x + ny + wr)}, integrate from — oo to + oo with respect
to each of the variables x, y and =, and make use of well-known properties of Fourier trans-
forms, (7, p. 27 and p. 43], we obtain the set of simultaneous ordinary linear differential

equations
160, +inTe, — D7y = (A+20)0%, oo, (2.12)
€Ty +i00y — DTy = (A+20)0, covvevvrnniiiiiinieeeeeene, (2.13)
UTpe +iTy, — DT, = (A+20)0%B, oovevvieeiniiiiiinnenieeennns (2.14)
1(0g Oy, 0,) = MET + 19 +1DW) + 2u(éd, 79, iDB), .evveevrereereens (2.15)
UToys Tym Tox) = M@+ E0, 0 +1D3, sDE, + &), .vevverrernnnnnnnn, (2.16)
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where we have written D to denote the operator 9/0z. If we now substitute from equations
(2.15) and (2.16) into equations (2.12)—(2.14) we obtain the set of three simultaneous ordinary
differential equations

(B2£2 + % — D = B2yl + (B2 = 1)€nB +3D(BE = 1) = 0, cevererene, (2.17)
(B2 = 1)Eni + (£2 + Bon? — D — B2o)5 +in(f = 1)DB = 0, .covevrnnennn. (2.18)
(B2 - 1)DG +in(B2 —1)Di + (£ + 72 — B2D2 — BR)iG = 0, evevvnne. (2.19)

for the determination of the Fourier transforms of the components of the displacement vector.
In these equations we have written

)\+2,u.

B = T (2.20)
By the ordinary methods for the solution of such differential equations we can readily show
that
% = {0, cosh (n,2) + £0, sinh (n,2) + 7,0, cosh (n,2) + 1,0, sinh (N2), ..oovvvieviininninnn.., (2.21)
# = 7@, cosh (n,2) + 7@, sinh (n,2) + 7,0, cosh (ny2) + 1,0 sinh (Ny2), .cooovevvenviienninnnn. (2.22)

% = in, @, cosh (n,2) +in, O, sinh (n,2) + (£ Og + 1 0g) cosh (ny2) +i(£O; + 10,)sinh (nz),...(2.23)
where 0,, 8,, 0,, 0,, 0;, and 6, are arbitrary constants, and
B R B B 2 AU (2.24)
It should be observed that though the arbitrary constants 8; (i = 1, 2, ..., 6) are independent
of z they may involve the parameters £, n and w. If we substitute from equations (2.21)-(2.23)
into the second and third equations of the set (2.16) we find that
Tee = p[2n,£0, sinh (n,2) +2n,£6, cosh (n,2)
+{(nd + £2)O; + £90} sinh (n2) +{(n + £2) O; + 1O} cosh (n,2)]
and that
Tys = u[2n,9 0, sinh (n,2) + 2n,1 O, cosh (n2)
+{€10; + (n§ +7?) 6.} sinh (n2) + {76, + (n +1°) Og} cosh (ny2)).
Now it follows from the boundary conditions (2.8) that both 7, and 7,,, will vanish on each of
the planes z = +d. We must therefore have
2n,£0, sinh (n,d) +{(n} + £*)O;5 + {7 0,} sinh (nd) =
2n,£0, cosh (n,d) +{(nd + £2)O; + {064} cosh (n,d)
27,70, sinh (n,d) +{(n§ + n?) Oy + {90} sinh (n,d) =
2n,m 0O, cosh (n,d) +{(n3 + 12) Og + £nO;} cosh (nd) = 0.
It is readily shown that the solution of these algebraic equations is

0,
0,
0

2

0, = (£ +7? - }B%?) sinh (nyd)Py,)

8, = (£ +7° - 1B%?) cosh (n,d) D,

6y = -m¢sinh (n,d) P, e (2.25)
0, = -n.ysinh (n,d)9P,,

®, = —n,¢ cosh (n,d)D,,

& = —nym cosh (n,d)P,, J

where @, and @, are arbitrary.
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If we substitute these values for the @’s into equations (2.21)-(2.23) and then substitute
these expressions into the third equation of the set (2.15) we find that
G, = Zip[ (&2 + 72 — § B2w?)2{sinh (n,d) cosh (n,2) P, + cosh (n,d) sinh (n,2)D,}
— 0y, (£2 + 92) {sinh (n,d) cosh (ny2) D, + cosh (n,d) sinh (n,z) P,}].
Now it follows from equation (2.9) that

o, = —Dy{§, m, w)whenz = +d, and that o, = -p,({, 5, @) when z = —d,
so that the equations for the determination of the constants @, and &, are
%%1 = (€2 + 9% - $ B2w?)¥{sinh (n,d) cosh (n,d)P, + cosh (n.d) sinh (n,d)D,}
~ 1y Mo €2 +72) {sinh (n,d) cosh (n,d)P, + cosh (n,d) sinh (n,d)D,}.
;—% = (£ 4+ 72 — 1 B2w?)?{sinh (n,d) cosh (n,d)P, — cosh (n,d) sinh (n,d)P,

— 0, (£2 +9?) {sinh (n,d) cosh (n,d)®D, — cosh (n,d) sinh (n,d)D,}.
Solving these equations for @, and @, we find that

¢1=%, 2=§%, .................................... (2.26)
where
P=- 3Py +D,) {(£2 + 92 — 1 f2w?)? cosh (n,d) sinh (nyd) — myn,(£2 + 9?) sinh (n,d) cosh (n,d)}1,
...... (2.27)
and
Q = — (P, - Do) {(£2 +7* — 1 f*w?)? sinh (n,d) cosh (nyd) —n (€2 + n?) cosh (n,d) sinh (nd)}~2. -
...... (2.28)

Substituting from equations (2.25)-(2.28) into equations (2.21)-(2.23) we obtain finally
for the Fourier transforms of the components of the displacement vector

i = f(—fzil;i—w {P sinh (n,d) cosh (n,2) + @ cosh (n,d) sinh (n2)}
_’%if {P sinh (n,d) cosh (n,2) +@ cosh (m,d) sinh (2,2)}, +ecvverernnnn. (2.29)
7= ’%ﬁg—@ {P sinh (nyd) cosh (n,d) + @ cosh (n,d) sinh (n,z)
_”g’;’i” {P sinh (n,d) cosh (n,2) + @ cosh (n,d) sinh (02)}, +evvrvevennee. (2.30)
W= %—ﬂi_%ﬁ) {P sinh (n,d) sinh (n,2) + @ cosh (n,d) cosh (nz)}
- ﬁ(f—;:i) {P sinh {n,d) sinh (n,2) + @ cosh (n,d) cosh (n;2)}. ......... (2.31)

The expressions for the components themselves are then found by inverting these formulae
by means of the Fourier inversion theorem for multiple transforms [7, p. 45] :—

(u, v, w) = (2m)312 f ° f . f (@, 5, Beiertwton 3 dn du. ..., (2.32)

Similar expressions can be obtained for the components of the stress tensor. For
example, it follows from the third equation of the set (2.15) and the equations (2.29)-(2.31)
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that
s = 1_5"{(521 + 712 — $82w?)? cosh (n,z) sinh (n,d) — nyn,(£% +7?) sinh (n,d) cosh (n,2)}
+§{(§2 + 7% — $B2w?)? sinh (n,2) cosh (n.d) — n,n,(€2 + 72) cosh (n,d) sinh (ny2)}. ...(2.33).
In the symmetrical problem in which p, = p, the expression for 7, on the central plane
z = 0 assumes a much simpler form. We find that

[6.)m0 = P{(£2 + n2 — ] B2w®)? sinh (n,d) — nyny(£2 + n2) sinh (n,d)}, ©ovevenen.s (2.34)

where P is given by equation (2.27) with p, = p,. Inverting equation (2.34) by means of the
appropriate Fourier theorem we then obtain an expression for the normal component of stress
at the base of an elastic strip 0 < z < d when the base z = 0 rests on a rigid foundation and a
pressure p, is applied to the surface 2 = d.

3. Solution of the Equations of Motion in the Case of Axial Symmetry. We shall
now derive a formal solution of the problem for the case in which the pressures p, and p, which
are applied to the boundaries of the thick plate are both distributed symmetrically about the
z-axis. In these circumstances we can describe the displacement vector by a pair of com-
ponents w, and u,, where (r, §, z) are the cylindrical polar co-ordinates of a point. The non-
vanishing components of the stress tensor may then be denoted by o,, 04, o, and =,.,. If we
substitute from the stress-strain relations

ou, u, Ou, ou, u, Ou,
(o 0g, O )—/\(ar +a)+2 (ar ——,az> .................. (3.1)
and
ou, OJu,
Tz = I (E + -a-r—) .......................................... (32)
into the equations of motion
do, 07, 0,—0 o%u,
7+ 3 = (A+2p) 55 BIB 0 et (3.3)
or,, 0o, _ 0%u,
e + % + 22 = (A+2p) = 2 e (3.4)

we find that the components of the displacement vector satisfy the pair of simultaneous partial
differential equations

2
o%u, 0%,

o%u, 1 ou, u, . B
B ( 72t B 1‘—2> +(8%-1) PR B2 g e (3.8)
*u, 10w, o 9 (Ou, wu, o 02U, o, 0%,
a—r2*+; 'a—r+(B -1) az<ar ) +B 3 B e e (3.6)

If we now multiply both sides of equation (3.5) by ef“wrJ,(ér) and both sides of equation
(8.6) by eferrJ (¢r) and integrate with respect to r from 0 to oo and with respect to = from
— 00 to + 00 we find that these equations are equivalent to the pair of simultaneous ordinary
differential equations

(B282 - D2 — B2, + E(B2-1)Da, = 0, .coveviriiiiiiiiiin (3.7

(B2 -1)Da, + (€2 - BD? - BPuw)i, = 0, .covvriiiiiiiiiiininn, (3.8)
for the transforms 4%, and @, defined by the equations
- 1 [ o3 o

%, = @) f_w et dr fo v (E) A, e (3.9)
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4, = ;/(lTw)fiw eter dr f: 1, Jo(Er)dr. oo, (3.10)

In equations (3.7) and (3.8), D denotes the operator d/dz as before, and B is given by equation
(2.20). It isreadily shown that the solution of the pair of equations (3.7) and (3.8) is contained
in the relations
i, = £{4 cosh (n,z) + B sinh (n,2)} + n,{C cosh (n,2) + D sinh (n42)}, ......... (3.11)
%, = —n{4 sinh (n,2) + B cosh (n,2)} - £{C sinh (n,2) + D cosh (n,2)}, ...... (3.12)
where A, B, C and D are arbitrary constants and

13
3§
I

ne =2 -w? M = 82— Bl i (3.13)
If the conditions on the boundary surfaces are
Ty = 0,002 = Hd, ciiiiiiiiiii (3.14)
o, = =p(r,7)onz = +d, cooiiiiiiniii (3.15)
O, = —Po(r, TI)ONZ = —d, ciiiiviiiiiiiii (3.16)
then it follows from equations (3.14) and (3.2) that :
Da,-¢a, = 0,ontheplanesz = £d. ...cooovvveviininiennnn... (3.17)

From this we find that
4 = (£ ~1ff?) sinh (n,d)0;, B = (£*-1B%?) cosh (nyd)0,,
= - ¢n, sinh (n,d)0,, D = -¢n, cosh (n,d)8,, }
where 6, and 6, are arbitrary constants.
Making use of the fact that the boundary conditions (3.15) and (3.16) are equivalent to
the relations

0, = -P(§,w)onz =d; 7, = -py({,w)onz = -d,

where Pralé w) = :/-éﬂ—) f : ot dr j : N VAT 3 Y (3.19)

we find that
@1 = —P/(zl"’)’ @2 = —Q/(2IJ’); ................................. (3.20)
where

P = —§(P, +5,){(¢& - }B2w?)? cosh (n,d) cosh (nyd) — £2n,n, sinh (n,d) cosh (n,d)}-, ...... (3.21)

Q = -3(P, - P){(£* - 1B2w?)? sinh (n,d) cosh (n,d) — £2n,n, cosh (n,d) sinh (nd)}-1. ...... (3.22)
The components of the displacement vector therefore possess the transforms

%, = £(£2 —~ $B2w?)? [cosh (ny2) sinh (n,d) @, +sinh (n,2) cosh (n,z) cosh (n,d)6,]

— ényny[sinh (n,d) cosh (n,2) 0, + cosh (n,d) sinh (1,2)0,], .evvvvveeeeeriireinnnnnn., (3.23)
6, = —n,(€® - 3B2?) [sinh (,2) sinh (n,d) O, + cosh (n,2) cosh (n,d)O,]
+ £2n,[sinh (n,d) sinh (n,2)®, + cosh (n,d) cosh (72)@,], ......cc....... (3.24)

where 6, and 8, are given uniquely by the equations (3.19)-(3.22). The final solution of the
problem is therefore given by the integral expressions

1 ° fwr w ?
"= f T owd f L R ACOL—— (3.25)
— 1 ® fwr w ? o’
" = g f " e f AL —— (3.26)
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where 4, and 4%_ are given by the expressions (3.23) and (3.24).

4. The General Solution of the Two-Dimensional Problem. The solution of the
two-dimensional problem in which the physical conditions are identical in all planes parallel to
the wz-plane (plane strain) can be derived by writing down the equations of plane strain and
the corresponding stress-strain relations and solving them by a process similar to that employed
in § 2 for the three-dimensional case. We may however derive the two-dimensional solution
from the three-dimensional one by considering the solution in the latter case when the applied
pressures p, and p, are functions of z and = only, that is

=D, ), Pa = Pol®,T), e, (4.1)
so that, in the notation of § 2,

Pi(é, M w) = 2mEpy(§, w)3(n),}
Pol€, my @) = (2m)ipy(€, w)8(n),
where 6(n) denotes the Dirac delta function of argument » and

Bralbw) = o f :o f :, Pral® VA A dr e, (4.3)

are the two-dimensional Fourier transforms of the functions p,(z, 7), (%, 7). On substituting
from equations (4.2) into equations (2.29)-(2.31) we obtain the expressions

i = (’—g)mg—(fz—'*ﬁ——“w {P sinh (m,d) cosh (m,2) + @ cosh (myd) sinh (m,2)}

i
- ( 2) " mﬂn:i——s(—’l) {P sinh (m,d) cosh (my2) + @ cosh (m,d) sinh (my2)}, ...... (4.4)
B = 0, eetee ittt e et et e e e et e e e st e sttt e st et e et e et eate et e sre e eneenes (4.5)
W= g)m (8 - ’}ﬁz‘”z) 8(7) {P sinh (myd) sinh (m,z) + @ cosh (myd) cosh (m,2)}

- (_2_>1/. e (D sinh (m,d) sinh (my2) + ® cosh (m,d) cosh (m52)}, «.verveenne. (4.6)
for the Fourier transforms of the components of the displacement vector. In these equations
m = £2—w?, mi = £2— P2 oot 4.7

P = ~ 1B @) +Ful€, )] {(§* - 1B%?)? cosh (1myd) sinh (myd)
~mymy€2 sinh (m,d) cosh (mud)} L, .oviinnninnn, (4.8)

Q = -}[Bil¢, ©) - Dol )] {(€° - §°w?)? sinh (m,d) cosh (m.d)
—mym,€® cosh (m,d) sinh (md)}L,............ (4.9)

and the transforms 7,(£, w), Po(£, w) are defined by equations (4.3). Inserting these expres-
sions into Fourier’s inversion theorem (2.32) we obtain the expressions

w = 43 f f £ — 1 B2?) (P sinh (myd) cosh (m,2)
+@ cosh (myd) sinh (myz)} e~¥€=+w7) d£ de

j f mymy{P sinh (m,d) cosh (myz)
4'L7TI.L —00
+@ cosh (m,d) sinh (my2)} e=5€=+9) d€ dey, vovvrvvveennnen. (4.10)

https://doi.org/10.1017/52040618500033645 Published online by Cambridge University Press


https://doi.org/10.1017/S2040618500033645

160 J. FULTON AND I. N. SNEDDON

w= o 7 |7 e - 120 (B sinb () sink (my2)

—w J —o

+@ cosh (m,d) cosh (my2)} e-#Ex+wn) d¢ de

- fm fw m, &2 {P sinh (m,d) sinh (my2) + @ cosh (myd) cosh (m,2)} e~iEx+07 @£ do,
HJ —0 J —0

for the components of the displacement vector in this problem of plane strain.
In problems in which the applied normal forces are symmetrical with respect to the
medial plane of the strip so that the boundary conditions are

O, = =P 7), Tor =0, 2= 2d, ecereiiriiieneienne (4.13)
we find that v = 0 as before and that

e - f ° f © BE e - 1) sinh (md) osh ()
- mymy¢ sinh (m,d) cosh (myz)] eiz+o) e dw, ...... (4.14)
w = f f ;"g ) [0y (£2 - } fe?) sinh (myd) sinh (m,2)
—my £ sinh (m,d) sinh (my2)] e=i=+en df dw, ...... (4.15)
where
S¢, w) = (£ - 4 f20?)? cosh (m,d) sinh (m,d) — m;m,£? sinh (m,d) cosh (m.d), ...(4.16)
and
- 1 -] -]
Pl¢, w) = ——f f plx, 7)efE2te dudr, L (4.17)
2 —t0 J —
Substituting from equations (4.14) and (4.15) into the stress-strain relations we obtain the
expressions
ot 0, = I f w?(£2 — 3 B2w?) sinh (myd) cosh (m,2) e~ilézten) dE doy, ...(4.18)
277' —o0 —cof

(m,d) cosh m,z

1
o= [ IR
_w) 2 _ 3 B2?) sinh (m,d) cosh (m,2)} e~5€=+om d¢ du, ......(4.19)
Tay = -2’; f :o f :, ?g:’)) m &£ — 3R2?) {sinh (m,d) sinh (m,z)
- sinh (m,d) sinh (my2)} e-6=+o) @ dw, ... (4.20)

for the determination of the stress components.

5. Pulses of Pressure Moving Uniformly along the Boundaries. We shall now con-
sider the particular case of pulses of pressure applied to the bounding surfaces and moving
along them with uniform velocity V. If the pulses are symmetrical in the sense of the last
section and if they have ““ shape ” p(z), then we have

plz, 1) = plr - Vt) = p(z —ﬁlT)s
where B, = V/c,. Inserting this expression in formula (4.17), performing the integration with
respect to + and making use of the formal properties of the Dirac delta function we find that

D(E o) = PEN@+BLE), coevrvririeeeeiieee e, (5.1)
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where we have written

If we then substitute from equation (5.1) into equations (4.14) and (4.15) we find that, after
we perform the integration with respect to w, the expressions for the components of the
displacement vector reduce to

% = - 4:1.”‘ ffw f(g)(i)if) [(1 = 482) sinh (xyéd) cosh (x;£2) — k,x, sinh (k,éd) cosh (k,£2)] d£,
we= ~ Llr_“ f : f_(?“f_)g 5 [ia(1 - ) sinh (y6d) sinh (y£2) = sinh (xy6) s ()] d&,
where

B2 = BB% = P22, ovviiiiiiiii (6.3)
and

=188 k=1 e (5.4)

If we assume further that p(6) is an even function of 4, and make a change of variable in
these integrals from % to » where u = %d, the expressions for the components of the dis-
placement vector become

f Al (u/ d) [(1 - 4p2) sinh w, cosh (2u,/d) — kyk, sinh %, cosh (zu,/d)]
sin {(” - dm)“} Qi ......(5.5)
and

we -t P(u/d) [(1 - 382) sinh w, sinh (zu,/d) —sinh u, sinh (zu,/d)]

277;1. flw)
X €OS {(x—fdm)u} du, ...... (5.6)

211';1,

where we have written %, = xu, 4, = xu, and

fla) = (1 —4B2)2 cosh u, sinh u, — xyxc, sinh %) cosh %y, vevvvnninnnnnn. (8.7)
In a similar way we may derive the values of the components of the stress tensor from the
equations

2 . 2(1 —=182) oy
oyto0, = (B l)ﬁl(l %ﬂZ)f pf(u/d) sinh u, cosh (zu,/d) cos {(x )u} du, vooviieiiiiiins (5.8)
0, =0, = — -——f pu/d [1eyxc, sinh u, cosh (zu,/d) — (1 —3B3)(1 — 1B2) sinh u, cosh (zu,/d)]
-] z = L3 1 2 2 1
X cos{ th }du, ............ (5.9)
1- P(u/d)

Tes = ( jgg)ﬁ 1}((1/) [sinh u, sinh (2u,/d) —sinh w, sinh (zu,/d)]

X sin {(x - th)u} ) (5.10)

It will be observed that the z-component of the displacement vector is zero everywhere
on the medial plane z = 0, so that this solution also applies to the case of an elastic strip of
thickness d resting upon a perfectly rigid foundation whose boundary forms the co-ordinate
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plane z = 0, with a pulse of pressure moving with uniform velocity V along the upper surface
z = d of the elastic strip. The pressure transmitted by this elastic strip to the rigid foundation
is of some interest ; it is determined by the formula

! é \s ]
V=0-4C
>
_g / )
5 \g 3 _
I
- ...2 -
V=0
I ! ,/(x-Vt)(d 1
2 Y | g
4 o N— |
Fig. 1

(0demn = =g | 2O 1 gy sinh g~ (1 - g1 - 2 i ]

f
X COoS {(—x-;——;/t—)ﬁ} du. .oooviinenn. (6.11)

In particular, if the loading is a point force of magnitude P, then p(z) = P§(x), and

P(€) = P, so that equation (4.31) reduces to

P J“‘ [(1 —48%)2 sinh u, ~ (1 - B3)Y3(1 - BZ)V2 sinh ] {(:z: - Vt)u}
- = cos du.

wd Jo flw) d
This integral can be evaluated easily by Filon’s method [8] and the variation of the pressure
(0:):=0 With = — V¢ is shown graphically in Fig. 1, for the case in which A = u (i.e. Poisson’s
ratio is }) and V = 0-4c,. For comparison the corresponding pressure in the statical case
V = 0 is also plotted. Comparing the two curves we see that when the force is moving the
pressure is greater immediately below the point of application of the force than it is in the
statical case but that it falls off more rapidly on either side. These calculations would appear
to indicate that in considering the effect of dynamical loads on elastic structures it is not
sufficient to take the values of the stress components given by the statical theory.

(02)zm0 =

6. Solution of the Statical Problem. It is a simple matter to deduce from the
last section the solution of the statical problem in which the infinite strip — 00 <2 < + o0,
-d <2z < +dis deformed by the application of normal stresses p(x) to each of the surfaces
z = * din the case where p(x) is an even function of x. From the definitions of %, and u,
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it follows from equation (5.7) that, for small values of V,

f(u) = 3B - B3) (sinh 2u +2u).

Similarly we can show that
(1 - 482) sinh u, sinh (zu,/d) — sinh w, sinh (zu,/d)

= 3(B% - B2) [« cosh w sinh (zu/d) — (zu/d) sinh u cosh (zu/d)] — 483 sinh w sinh (zu/d),
and that
(1 —482) sinh w, cosh (zu,/d) — k,x, sinh %, cosh (zu,/d)

= 3B sinh u cosh (2u/d) — (B3 — B2) [(2u/d) sinh w sinh (zu/d) +u cosh u cosh (zu/d)].
Inserting these expressions into equations (5.5) and (5.6), letting ¥ tend to zero and making
use of the results

lim —PL = —(1-2), lim =Pl = —21-v)
v—o i - B3 T ov—0 B - B3 '

in which v denotes Poisson’s ratio, we find that the components of the displacement vector in
the statical case are

1 f*_ (u) {u cosh u cosh (zu/d) + (2u/d) sinh u sinh (zu/d) + (1 — 2v) sinh % cosh (zu/d)}

“ = T 011 d sinh 2u +2u
x 8in (%) du,
1 (*_ fu\ [ucosh usinh (zu/d) — (2u/d) sinh u cosh (2u/d) +2(1 — v) sinh % sinh (zu/d)
w=-—| p= :
audot \d sinh 2u +2u

X COS (%‘) du,

in agreement with a known result [7, p. 412].
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