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To express a Determinant of the nth Order in terms of
Compound Determinants of the 2nd Order, and
vice-versa,

By R. F. MUIRHEAD.

(Read 13th March. Kecetved same date.)
1. Let ¢ (a b’ ¢”) denote the compound determinant,

(b' c)l)’ (al c!/)
bc)(ac)y
Then if A, B, ete., denote the co-factors of the elements a, b, etc.

in the determinant (a & ¢”), we have

I

where (' ¢”) denotes

g,, :, } etc.

¢(ab’ n ,Bl‘_cvl(ablcn)

2. Again, denoting by ¢ (a b’ ¢’ d"’) the compound determinant

¢ (bl cll dll/ ¢ (“l ()ll dll!)
% d.u), (@d | , we have

v g @@ A, & (@ ") _ .| A-B
4) (ab 'd ) =l (b ¢’ dlll), a" (a ¢’ du/ =d -A'B
2
= d”l . (cll dll') . (a bl c/l dlll).
Here A, B, etc., are the cofactors of a, b, etc., in the determinant
(a bl cll dll/).
3. The general formula of which the two preceding are special
cases is
2-:—3 2»—4
¢ (@, bycs...... L)y=(t)" . (8aily)  eeeen (csd,...... L) . (@, by¢,...... t,)

which can be established by mathematical induction without
difficulty, observing that

B (@ bycybutiss) = | § (e e & (acar s

and using the well-known theorem that in the determinant (a, b,...£,)

l ﬁ;gil =(Csyeeeenil) (B by cye...ty)
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4. Now let us denote ¢ (a, b,¢;...... t,) by ¢,
X (N t,) by ¢,

4’ ("'n—.e sn—l) tn) by d’n—z
¢(3n—l tn) by 4)1!—1
Also denote (a, b,...... t,) by 4,
(byey. ....1,) by &y
<8n—l t,.) by An—l
tn by A, or ¢,

81y tn»l

so that $pa=48,,=

ny n

The formula of the preceding article can now be written

2n—3 2»-4 21'—5 29
=4, AL A e A, A2, A, A A
Hence also
n—6 n—"
b= ALY Ay AL A,
n—6 n—7
é,=A2 s A A A,

d’n-:! = A: An—-l A?»..z AH
¢u—-2 = An A?t—-l An—z
¢n—l = A?. An—l
$u =0,

5. Hence we deduce

n—3 n—-2

” 52 i n—3
b B33t b, =4, A7 AZ.....AY ] A2

To prove this we have to show that the exponent of 4, in
the product, viz.,

P AL 3P+ (n-T-5)2+(n-r—-4)+(n-7-2)
ig=2n—-3,
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Now the former expression may be written

A R e N T U +224 204141
A L S +9224 21 41+1
et ettt a e reee e aaanens
+2242141+1
+2'+1+1
+1+1+2
=g L G L T e +22°4+242
=2n—r—3

Comparing this result with the expression for ¢; we find

S=is | i 7 @
SRR LR T R S

Thus the general determinant of nth order is expressed in terms
of compound determinants of the 2nd order.
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