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Abstract

We extend spectral graph theory from the integral circulant graphs with prime power order to a Cayley
graph over a finite chain ring and determine the spectrum and energy of such graphs. Moreover, we apply
the results to obtain the energy of some gcd-graphs on a quotient ring of a unique factorisation domain.
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1. Introduction

The study of ring-theoretic graphs includes unitary Cayley graphs, integral circulant
graphs, zero-divisor graphs and gcd-graphs. Mostly, this work involves determining
the eigenvalues (which are real) and computing the energy (the sum of the absolute
values of the eigenvalues) of the graph. The energy is a graph parameter introduced
by Gutman (see [3]) arising from the Hiickel molecular orbital approximation for the
total m-electron energy.

Let D be a unique factorisation domain (UFD) and ¢ € D a nonzero nonunit element.
Assume that the commutative ring D/(c) is finite. For a set C of proper divisors of c,
we define the ged-graph, D.(C), to be a graph whose vertex set is the quotient ring
D/(c) and whose edge set is

{{x+(c),y+(c)}: x,y € D and gcd(x — y, c) € D*C}.

This gcd-graph on a quotient ring of a unique factorisation domain introduced in [5]
generalises a gcd-graph or an integral circulant graph (whose adjacency matrix is
circulant and all eigenvalues are integers) defined over Z,,n > 2 (see [6, 11]). An
integral circulant graph can also be considered as an extension of a unitary Cayley
graph and has been widely studied (see, for example, [1, 3, 10]).

Since the number of divisors of ¢ = pi‘ e p,ik can be very large, the energy of gcd-
graphs (over D/(c) or Z,) is still not thoroughly studied. We shall give the energy
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of gcd-graphs whose divisor set C consists of certain prime powers, by studying the
energy of the Cayley graph over the finite ring D/ (pff ). When D = Z, this graph is
the integral circulant graph with prime power order studied by Sander and Sander
in [10]. They derived a closed formula for its energy and worked on minimal and
maximal energies for a fixed prime power p® and varying divisor sets. We extend
their results to Cayley graphs over certain finite commutative rings, called finite chain
rings, which have a simple ideal structure. The structure of these rings has been well
studied (see [8, 9]). They are finite local rings which generalise the ring D/(p*) and
the Galois ring Z,s[x]/(f(x)), where f(x) is a monic polynomial in Z,:[x] and the
canonical reduction f(x) in Z,[x] is irreducible.

We determine the spectrum and energy of a Cayley graph over a finite chain ring,
extending the treatment of integral circulant graphs with prime power order where the
energy is computed via a sum of Ramanujan sums [6, 10]. Our approach here is to
examine all eigenvalues with multiplicities and then obtain the sum of their absolute
values directly, similar to [5]. We also show that the graph defined over a finite chain
ring is indeed an integral circulant graph. The final section presents some applications
of the energy. We give further results for a gcd-graph over a quotient ring of a unique
factorisation domain using a tensor product and a noncomplete extended p-sum.

2. Cayley graphs over a finite chain ring

We begin with some notation in algebraic graph theory and ring theory.

Let A be a symmetric matrix. The set of all eigenvalues of A is called the spectrum
of A. If A4,. .., A are distinct eigenvalues of A of respective multiplicities my, . .., my,
we use the notation Spec A = ,ﬁ‘] - ,ﬁf{) to describe the spectrum of A. For a graph G,
the eigenvalues of G are the eigenvalues of its adjacency matrix A(G) and we write
Spec G for the spectrum of A(G). The sum of the absolute values of all the eigenvalues
of a graph G is called the energy of G and denoted by E(G).

For two graphs G and H, their tensor product G ® H is the graph with vertices
V(G) x V(H) and where (u, v) is adjacent to («’,v") if and only if u is adjacent to ©’ in
G and v is adjacent to V' in H. The adjacency matrix of G ® H is the Kronecker product
of A(G) and A(H), that is, A(G® H) = A(G) ® A(H).

Prorosition 2.1 [1, 12]. Let G and H be graphs. Suppose that Ay, ..., A, are the
eigenvalues of G and 1, . . . , 1y, are the eigenvalues of H (repeated according to their
multiplicities). Then the eigenvalues of G ® H are Ajjj, where 1 <i<nand1< j<m.
Moreover, E(G ® H) = E(G)E(H).

The complement of a graph G, denoted by G, is the graph with the same vertex set
as G such that two vertices of G are adjacent if and only if they are not adjacent in G.

ProposiTion 2.2 [2, 12]. If a graph G with n vertices is k-regular, then G and G have the
same eigenvectors. The eigenvalue associated with the n-vector fn, whose entries are
all 1, isk for Gandn—k -1 for G. If ¥ # [ isan eigenvector of G for the eigenvalue
A, then its eigenvalue in G is —1 — A.
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A finite chain ring is a finite local ring such that for any two ideals I} and I, of this
ring, either I; C I, or I, C I;. Let R be a finite chain ring with unique maximal ideal M
and residue field of g elements. Let s be the nilpotency of R, that is, the least positive
integer such that M* = {0}. It can be shown that we have the chain of ideals

R=M>M>oM*>--->M° ={0}.
By [9, Lemma 2.4], we also have [M| = ¢*~ for all 0 < i < s and so
|Mi/Mi+1| =q

for all 0 <i<s. Thus, |R| =¢°. Moreover, M is principal, generated by some
6 € M\M?, and hence any element x € R can be written as

X=vo+ V0 + @+ v 67
where v; € V = {eg, e1,...,ep_1}, a fixed set of representatives of cosets in R/M. Let
C= (Ma]\Mal+1) U (Maz\Maz+l) U---u (Ma,\Ma,+1),

where0<a;<ar<---<a,<s-1.

Consider the Cayley graph Cay(R, C) whose vertex set is R and where x,y € R are
adjacent if and only if x — y € C. This graph generalises the gcd-graph defined over
Z,s with the set D = {p®, p®,..., p*} of proper divisors of p’, where two vertices
a,b € Z,s are adjacent if and only if gcd(b — a, p*) = p“ forsome i € {1,2,...,r}[4, 5].
The adjacency condition can be stated in terms of ideals as b — a belongs to the ideal
p%“Z but not p“*'7Z for some i € {1,2,...,r}.

Suppose that x, y € R have the form

X=Vo+ 0+l + - +v,1607,
V=t + U0+ vob + -+ 657

for some v;, u; € V. Then
x—y€R\M & vy # up.

Thus, the adjacency matrix for Cay(R, C) is

er+M e+M - e+ M
A B, .o B
B, A B,

Ao =| B B, e B,
B, B, A

where
B, = Jq.\—lxq.y—l if R\M C C,
Oq.r—]xqs—] ifR\M g C,
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and A is a ¢*~' x ¢*~! submatrix depending on M', i > 1. If B| = 0515451, WE set
Apg=1,8 A (Process A)

and, if By = Js-154-1, We set

Ao = ®A)). (Process B)

Here, J,x, is the matrix all of whose entries are 1 and X for an adjacency matrix X of
a graph G denotes the adjacency matrix J — I — X of the complement graph of G.
Next, we consider x,y € M such that

x=v0+ V292 + -0+ Vs,les_l,

y=ub+ Vo + -+ U 07
for some v;, u; € V. Then
x—yEM\M2 SV # U
Similarly, we have submatrices

g, = [Jog i M\M* cC,
270, ifM\M2 EC,

and A, which is a ¢°~2 x ¢*~? submatrix depending on M’ for i > 2 such that

Iq ® A, if B, = Oqsfzxqsfz,

(Iq ® Zz) if B, = Jqsfzxqs—Z.

Continuing this process yields the submatrices {A},...,A,—1} and {By, ..., Bs_1}.

Lemma 2.3. Leti€{l,2,...,s — 1}. Assume that Spec A; = ,/,11‘1 ,/,lfz o ,f,kk), where A is the
largest eigenvalue. Then

- ¢ qg-D+4 A4 —-g" A A A
Spec (I, ® A;) = .
pec (ly ® Ay) ( 1 g=1 qm—=1) gmy --- qmy
In particular, if my = 1, then
—— (g-D+h h-gT b A
Spec(lq®A,)—( 1 g-1 gmy - qm)’

Proor. Observe that the size of A; is |M!| = ¢°~ and the graph associated with A; is
regular. Then

Specz':(qf-i—ﬁl—l -1-2; -1-2 - —1—@)

1 m1—1 nyp ny
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which implies that

— ¢ -4-1 1= -1-2 - —l—ﬂk)
S I,A)=
pec(ly ® A1) ( q gimy—=1)  gmy -+ gmy
and so
— s—i+1 _ s—i _ _ _ 1 _ s—i _ _
SpeC (Iq ®At) — (q (‘1 /ll 1) 1 1 (‘I ﬂl 1)
1 qg-—1
A= (-1=2) ~l=(=1=2d) - —1—=(=1-2)
qim; - 1) qmy qmy
B qs—i+l _ qs—i + /ll /ll _ qs—i /l] /12 .. /lk
1 g-1 qgm-1) gmy --- qgmy
by Propositions 2.1 and 2.2. O

Repeatedly applying (Process A), (Process B) and Lemma 2.3 yields the following
two lemmas.

Lemma 2.4. Let R be a finite chain ring with unique maximal ideal M, residue field of
q elements and nilpotency s. Let

C= (Ma|\Ma1+1) U (Maz\MazH) U---u (Ma,\Ma,.+1)
withO<a; <a, <---<a,<s-11Ifa, = s~ 1, then Cay(R, C) has the eigenvalues:

() (g-1 X5, ¢ %" with multiplicity g ;

@) g1+ (g = 1) S, ¢ with multiplicity g (q — 1) fork=2.....r;
3)  (q-1) 3¢ with multiplicity g%~ = g% fork =2,...,r;

4) -1 with multiplicity ¢°(q — 1).

Proor. Since a, = s — 1, A, = A,_; is the adjacency matrix of the complete graph on
|M¢| = |M*"!| = g vertices and so

SpecA,, = SpecA,_; = (q 1 ! q _11).
It follows from Proposition 2.1 and Lemma 2.3 that any eigenvalues of A; except
A1 (which is the degree of the regular graph) remain the same after (Process A)
and (Process B). So, —1 is an eigenvalue of Cay(R,C) with multiplicity g* (g — 1).
Next, we consider the eigenvalue ¢ — 1 of A,_;. We apply (Process A) until it reaches
a,_; + 1, which makes its multiplicity ¢ “-'~!, and follow by (Process B). By
Lemma 2.3, the eigenvalues of A,,_, induced from g — 1 are:

(1) qs—u,_l—l(q _ 1) + (q _ 1) — qx—a,_l—l(q _ 1) + qs_”r_l(q - 1) with multlpllCIty 1,
(2) g-1-¢g %! with multiplicity ¢ - 1;
(3) g 1 with multiplicity g(g* =" - 1).
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By the same reasoning, ¢ — 1 — ¢*'~! and g — 1 are eigenvalues of Cay(R,C)
with multiplicities ¢*-'(g — 1) and g% *!(g%~%171 — 1) = g% — g*1*!, respectively.
Applying these processes to the eigenvalue ¢*~-17!(q — 1) + (¢ — 1) until it reaches
a,—; yields the eigenvalues:

1) ¢ Y g-1)+g"* (g - 1)+ (g — 1) with multiplicity 1;

2 ¢ N g-1)+(g—1)— g *2>"! with multiplicity g — 1;

3) ¢ (g - 1) + (g — 1) with multiplicity g(g®-1~%-2"1 — 1).

Continuing this argument, we obtain the eigenvalues of Cay(R, C) as follows:

() (g-1) XL, ¢4 " with multiplicity a;;

() —¢" %+ (g - 1) XL, ¢4 with multiplicity g(g — 1) fork=2,...,r;
(3) (g—1) XL, ¢ with multiplicity g% — g+ fork=2,...,r;

(4) -1 with multiplicity g* (g — 1).

This completes the proof of the lemma. ]

Lemma 2.5. Let R be a finite chain ring with unique maximal ideal M, residue field of
q elements and nilpotency s. Let

C= (Mal\Ma1+l) U (Maz\Maz+1) U---u (Ma,\Ma,.+1)
withO<a;<ay<---<a,<s-1.1Ifa, # s — 1, the eigenvalues of Cay(R, C) are:
(1) (g- DXL, ¢4 with multiplicity g*;

2) =g (g - 1) XL, ¢4 with multiplicity g% (q = 1) fork =2,...,r;
()  (g- DXL, ¢ with multiplicity g% — ¢**! fork =2,...,r;

@) =g " with multiplicity ¢°(q — 1);

(5) O with multiplicity ¢**'(g*~ %' - 1).

Prook. Since a, # s — 1, A, 41 =0, so Zwl is the adjacency matrix of the complete
graph on |M%*!| = g~%~! vertices. Then

_ s—a,—1 _ 1 -1

and hence

s—a,—1
- el =1 -1
Spec ] ®Aw = S—a,—
Peely ® Aat ( q q(q '1—1))

and
Spec A,, = Spec (I; ® Zaﬁl)

qs—a, _ qs—a,—l _qs—a,—l 0
- ( 1 qg-1  qlg=" - 1))

By Lemma 2.3, —¢*“~! and 0 are eigenvalues of Cay(R,C) with respective
multiplicities ¢“(g — 1) and ¢“*'(¢**~' —1). The eigenvalue ¢** —g* ! =
¢ (g - 1) of A,, induces the eigenvalues of A,,_, as follows:
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1) ¢~ Yg-1)+ g % (g - 1) with multiplicity 1;

2 ¢ g-1)- ¢ %! with multiplicity ¢ — 1;

3) ¢** (g - 1) with multiplicity g(g* %=1 - 1).

Similarly, ¢*~*" (g — 1) = ¢*%~! and ¢*~“~!(q — 1) are eigenvalues of Cay(R,C)
with multiplicities g% (g — 1) and g%-'*!(g*~*-1~! — 1), respectively. Moreover, the
eigenvalue ¢*~*-171(g — 1) + ¢*"““!(g - 1) of A,,_, gives the following eigenvalues of
A

() ¢ Y g-1D+qg Y g-1)+ ¢ % (g - 1) with multiplicity 1;
2) qs_a’*'_l(q -+ qs_a"_l(q -1)- qs_a'*z_l with multiplicity g — 1;
3) ¢ g - 1)+ ¢ (g — 1) with multiplicity g(g® =" - 1).

ar-2

Repeating this process, we finally obtain the eigenvalues of Cay(R, C):

(1) (g- DXL, ¢4 " with multiplicity ¢*';

Q) —¢ %y (g-1) > g4 with multiplicity g%'(qg — 1) fork =2,...,r;
(3) (g-1) XL, ¢ %" with multiplicity g% — ¢** fork=2,...,r;

4) —¢*~%! with multiplicity ¢* (g — 1);

(5) 0 with multiplicity g**!(g*~¢~! - 1),

as desired. O

Finally, we compute the energy of the graph Cay(R, C).

THEOREM 2.6. Let R be a finite chain ring with unique maximal ideal M, residue field
of q elements and nilpotency s. Let

C= (Ma|\Ma1+1) U (Maz\Maz+1) U---u (Ma,\Ma,.+1)

withO<ay<ay<---<a,<s—1.Then

r—1

ECay(R.C) =2q - D(¢"'r=(q= 1) ). 3 govat),

k=1 i=k+1

Proor. Observe that the eigenvalues and multiplicities of items (1)—(3) in Lemmas 2.4
and 2.5 are identical. Moreover, the product of the eigenvalue and its multiplicity in
item (4) of Lemmas 2.4 and 2.5 is —¢*~' (g — 1). Thus, both cases have the same energy,
which can be obtained by a direct computation. O

ReEMARK 2.7. When R = Z,s, this result is [10, Theorem 2.1].

We shall close this section by showing that our Cayley graph is indeed an integral
circulant.

Let R be a finite chain ring R with unique maximal ideal M and residue field of
g = p' elements. Assume that R is of nilpotency s and M is generated by 6 € M\M?>.
Then, for each x € R,

X=Vo+ V0 + 120>+ +v,_ 0,
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where v; € V = {eg, e1,...,ep_1}, a fixed set of representatives of cosets in R/M, and
C] — (Ma]\Ma]+l) U (Maz\Maz+1) U---u (Ma,-\Ma,+1)

with0 <a; <ap <--- <a, <s— 1. Note that the ring Z,s = Z, is a finite chain ring
with the chain

Zpts D prls D p2Zprs DD p”_lZpts D pl‘Sme = {0}

having
Zps D p'Zys D p*Zps >+ 2 pU VL 5 pZ e = {0)

as a subchain. This observation implies that each a € Z,+ can be expressed as

a=co+cip+ep’+ e ptV,
where ¢; €{0,1,...,p" — 1}. Let g : ¢; > i be a bijection from V onto {0, 1,..., p" — 1}.
Let Cy = {p@?, p@i*l, . pat+=l  pat pat+l | p@*1=1} 'We shall show that the
graphs Cay(R, C1) and Cay(Z,«) are isomorphic.

Define f : Cay(R,C/) — Cay(Z,,C>) by

FOo+vi0+ -+ v, 10" = g(vo) + gv)p' + g)p™ + -+ + gvy_)p .

Then f is a well-defined bijection. To see that f is an isomorphism, we let
X=vo+vi0+10* +---+v,,60°" and y=up+uf+ Wb+ +u 1607

Suppose that x and y are adjacent in Cay(R,C)). Then x —y € M%“\M%*! for some
a;. This means that v; = u; for i <a; and v, # u,. Thus, g(v;) = g(u;) for i < a;
and g(vy) # g(ug), s0 f(x) — f() € p“'Zys\p“*V'Z,u. Then, as elements of Z,
gcd(f(x) = f(), p*") = p/, where a;t < j < (a; + 1)t and thus f(x) and f(y) are adjacent
in Cay(Z,», C). Conversely, assume that f(x) and f(y) are adjacent in Cay(Z,s,C>).
Then, as elements of Z, gcd(f(x) — f(v), p*) = p’, where a;t < j < (a; + 1)t for some
a;. It follows that for

(s—1)t

f(x) = go) + gv)p' + g)p™ + -+ + gvy_1)p and

FO) = gluo) + gu)p' + gu)p* + - + glus_)p®™,

we have g(v;) = g(u;) for i < a; and g(v,,) # g(ug,). Thus, x —y € M\ M“*! and hence
x and y are adjacent in Cay(R, C;). Hence, we have shown the following proposition.

ProrosiTioN 2.8. Let R be a finite chain ring with unique maximal ideal M, residue
field of g = p' elements and nilpotency s. Let

Cl — (Mal\Ma1+l) U (Maz\Ma2+1) U---U (Ma,\Ma,+1)

withO<ay<ay<---<a,<s—1.Then

Cay(R’ Cl) = Cay(Z])‘T, Cz)s

_ 1t art+l ajt+r—1 a,t aart+1 a,t+t—1
where Cy = {p™, p"", ..., pY e, P ptt L pr 1.
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3. ged-graphs over a unique factorisation domain

Let D be a unique factorisation domain (UFD) and ¢ € D a nonzero nonunit element.
Assume that the commutative ring D/(c) is finite. Write ¢ = p}' --- p}* as a product of
irreducible elements.

We now study the ged-graph D.(C). Suppose that for each i € {1,2,...,k}, there
exists a set C; = {p?“,p?"z, e, p?""} with0 <a; <ap <--- <ay, <s;— 1 sothat

C={p{" - p it e{l,2,...,r)forallie{1,2,...,k}).
Then, for x,y € D/(c),
xis adjacent to y & ged(x — y,¢) € D*C  ged(x -y, p;') € D*C; for all i.
This implies that
D.(C) = Cay(D/(p'"),C1) & - - ® Cay(D/(p), Co),

where each factor on the right is the Cayley graph over the finite chain ring D/(p}") for
which we have already computed the energy in Section 2. Recall from Proposition 2.1
that £(G ® H) = E(G)E(H) for two graphs G and H. Therefore, we have the following
theorem.

Tueorem 3.1. Let D be a UFD and let ¢ = p}' --- p}* be a nonzero nonunit in D
factored as a product of irreducible elements. Assume that D/(c) is finite and, for
each i €{1,2,...,k}, there exists a set C; = {p?”,p?"z, .. .,p?""} with 0 < aj <ap <
-+ < ajy, < 85;— 1 such that
C= {plll“' ---pzk"' (,€{1,2,...,r;} forallie{1,2,...,k}}.
Then
E(Dc(C) = E(D 1 (C1)) -+ - E(D s (C))-

Remark 3.2. Recall that if a matrix A has eigenvalues A, ..., 4,, then the eigenvalues
of A+1are 4, +1,...,4, + 1. Hence, one can obtain the energy of the gcd-graph
in Theorem 3.1 when C; contains p;’ using this fact and the eigenvalues computed in
Lemma 2.4 or 2.5.

Now, we study the case where some C; = { p;j }. To compute the energy in this case,
we shall use a graph operation which is more general than the tensor product called a
noncomplete extended p-sum [7] defined as follows.

Given a set B C {0, 1}¥ and graphs G, ..., Gy, the NEPS (noncomplete extended
p-sum), G = NEPS(G1, ..., Gy; B), of these graphs with respect to the basis B has as
its vertex set the Cartesian product of the vertex sets of the individual graphs, that is,
V(G) = V(Gy) X - - - X V(Gy). Two distinct vertices x = (xq,...,x) and y = (y1,..., %)
are adjacent in G if and only if there exists some k-tuple (8i,...,Br) € B such that
x; = y; whenever §; = 0 and x;, y; are distinct and adjacent in G; whenever 8; = 1. In
particular, when B = {(1, 1,..., 1)},

NEPS(Gy,...,.Gi;B)=G1 G, ® --- ® Gy.
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The eigenvalues of the graph NEPS(Gy,...,Gy; B) are presented in the next
theorem.

Tueorem 3.3 [1]. Let Gy, ..., Gy be graphs with ny, . .., n; vertices, respectively, and,
forie{l,... k}, let A, ..., Ain, be the eigenvalues of G;. Then the spectrum of the
graph G = NEPS(Gy, ..., Gy; B) consists of all possible values

_ Bi B
Hiy,.oix = Z /llil o ‘/lkik
Bi,---.Pr)eB

with1 <ij<n;for1 <l<k.

Next, we consider ¢ = p' --- p‘;" written as a product of irreducible elements.

We suppose that / < k and that, for each i€ {1,2,...,1}, there exists a set
Ci={pi", p,....p;"} with0 < ajy <ap <+ <ay < s; — | so that

C ={p|" - ppit - p¥ i e{l,2,..., ) forallie {1,2,...,1}).

Then

D.(C') = NEPS(D1(C1), D,(C2). ... D,x(Co: (..., 1,0,...,0)}),
1 2 k —— N——
[ k=1

where C; = { p;j} for [ < j < k. By Theorem 3.3, all eigenvalues of D.(C’) are the
eigenvalues of
Cay(D/(p}"),C1) ® --- ® Cay(D/(p}"),C1)

each repeated H';:l ol |D/(p;’ )| times. We deduce the following result from
Theorem 3.1.

Tueorem 3.4. Let D be a UFD and let ¢ = pY' - -+ pf(k € D a nonzero nonunit factored
as a product of irreducible elements. Let | < k. Assume that D/(c) is finite and
that, for each i € {1,2,...,1}, there exists a set C; = {p?”, p?iz, el p?""} such that
0<aj <dap <---<ap, <s;—1and

Ay

C' ={p, ‘--p;””p‘;fl' ---p;zk c€{1,2,...,r) forallie(1,2,...,1}}.

Then k

j=l+1
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